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A note on uniform resolvent estimates of Dirac operators

Hubert Kalf, Takashi Okaji and Osanobu Yamada

Abstract. A standard trace theorem can be used to estimate

(1) ‖〈x〉−s(α · p− z)−1〈x〉−s‖
uniformly for non-real z if s > 1/2. In contrast, it is shown that
such an estimate holds for

(2) ‖〈x〉−s(α · p+mβ − z)−1〈x〉−s‖
if s = 1, but not for s < 1. However, with the help of a slightly
refined trace theorem it is possible to replace the weight 〈x〉−s by
|x|−t〈x〉−s (0 ≤ t < 1/2, t+ s > 1/2) in (1) and by |x|−t〈x〉−1+t

(0 < t < 1/2) in (2).
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2 Kalf, Okaji and Yamada

1 Introduction

Let

H0 = α · p =

3∑
j=1

αjpj H = H0 +mβ (m > 0), pj =
∂

∂xj
,

where x = (x1, x2, x3) ∈ R3 and αj and β are 4 × 4 Dirac matrices
satisfying αjαk + αkαj = 2δjkI4 (1 ≤ j, k ≤ 4 ) with α4 := β. We
regard H0 and H as selfadjoint operators acting in the Hilbert space
L2 := L2(R3)4. We use the norm ‖ · ‖ and the inner product (· , ·)
in L2. In the present note we investigate the weighted estimate of the
resolvents

R0(z) = (H0 − z)−1, R(z) = (H − z)−1,

uniformly for Im z �= 0. Simple uniform resolvent estimates for Dirac
operators are the starting point of the investigations in [Ka]. For
Schrödinger operators a typical uniform resolvent estimate

‖|x|α−1|D|α(−Δ− z)−1|D|α|x|α−1‖ ≤ const. (Im z �= 0) (1.1)

is shown as Theorem 1 in [KY] for each 0 ≤ α < 1/2 (see also [RS1],
[RS2]), where

〈x〉 =
√

1 + |x|2, |x| =
√
x21 + x22 + x23 for x = (x1, x2, x3) ∈ R3

and ‖T‖ is the operator norm of a bounded operator T on L2. Here we
use also the weighted Hilbert space for s ∈ R

L2
s = L2

s(R
3)4 := {f(x) | ‖f‖s := ‖〈x〉sf(x)‖ <∞}

and the Sobolev space

Hs = Hs(R3)4 := {f(x) | ‖f‖Hs = ‖〈ξ〉sf̂(ξ)‖ <∞},

where

f̂(ξ) = (2π)−3/2
∫
R3

e−i〈ξ,x〉f(x) dx.
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Uniform resolvent estimates 3

2 The massless case

Theorem 2.1. For any s > 1/2 there exists a positive constant Cs such
that

‖〈x〉−sR0(z)〈x〉−s‖ = ‖〈x〉−s(α · p− z)−1〈x〉−s‖ ≤ Cs

for any non-real z.

Outline of the proof. Let

(α · p)u− zu = f, z = λ+ iε, ε �= 0,

for 〈x〉sf ∈ L2 (s > 1/2). Let

P±(ξ) =
1

2

(
I ± α · ξ

|ξ|
)

=
1

2

(
I ±

∑3
j=1 ξjαj

|ξ|

)
,

which satisfies
(α · ξ)P±(ξ) = ±|ξ|P±(ξ)

in view of (α · ξ)2 = |ξ|2I4. Therefore we obtain

û(ξ) =
1

|ξ| − z
P+(ξ)f̂(ξ)− 1

|ξ|+ z
P−(ξ)f̂(ξ)

and

(u, f) = (û, f̂) =∫
R3

[
〈P+(ξ)f̂(ξ), f̂(ξ)〉

|ξ| − z
− 〈P−(ξ)f̂(ξ), f̂(ξ)〉|ξ|+ z

]
dξ. (2.1)

Let 1/2 < s < 3/2. For any f ∈ L2
s, that is, f̂ ∈ Hs we can define the

trace operator γ(k) from Hs to Σ := L2(S2)4 for each k > 0 by means
of

(γ(k)f̂)(ω) = kf̂(kω) (ω ∈ S2),

such that

‖γ(k)f̂‖Σ ≤ Cmin{kθ, 1} ‖f‖s (k > 0), (2.2)

‖γ(k1)f̂ − γ(k2)f̂‖Σ ≤ C|k1 − k2|θ ‖f‖s (|k1 − k2| ≤ 1) (2.3)

with θ = s − (1/2) > 0 (see [Ku, §2.4 and Chapter IV]). Then (2.1)
above implies

(u, f) = (û, f̂) =∫ ∞

0

(P+(·)γ(k)f̂ , γ(k)f̂)Σ
k − z

dk −
∫ ∞

0

(P−(·)γ(k)f̂ , γ(k)f̂)Σ
k + z

dk.
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Privalov’s theorem and the trace theorem guarantee that there is a pos-
itive constant C such that

|(u, f)| ≤ C‖f‖s

which shows

‖u‖−s ≤ C‖f‖s,
or by setting g = 〈x〉sf ,

‖〈x〉−sR0(z)〈x〉−sg‖ ≤ C‖g‖. �

Corollary 2.2. Let s > 1/2 and

Cs := sup
Im z �=0

‖〈x〉−sR0(z)〈x〉−s‖.

Let Q(x) be a measurable 4× 4 Hermitian matrix-valued function Q(x)
satisfying

sup
x∈R3

〈x〉2s|Q(x)| < 1/C .
s

Then H0 +Q is purely absolutely continuous on R.

The proof follows directly from the resolvent equation

〈x〉−s(H0 +Q− z)−1〈x〉−s
=

(
1 + 〈x〉−2sQ(x)〈x〉−sR0(z)〈x〉−s

) 〈x〉−sR0(z)〈x〉−s.

Remark 2.3. It is shown in [KOY] that, if

sup
x∈R3

|x||Q(x)| < 1.

Then zero is not an eigenvalue of H0 +Q.

Remark 2.4. In contrast to the Schrödinger case it is shown in [Y] that

‖〈x〉−s(α · p− λ± i0)−1〈x〉−s‖

with s > 1/2 does not decay as |λ| → ∞.
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3 The massive case

The following property was proved in [IM] by the method of weakly
conjugate operators. The idea of proof given here was stimulated by [O]
and [BG].

Theorem 3.1. Let m > 0. Then there exists a positive constant C such
that

‖〈x〉−1(α · p+mβ − z)−1〈x〉−1‖ ≤ C

for any non-real z.

Outline of the proof. Since

(α · p+mβ − z)−1 = (α · p+mβ + z)(p2 +m2 − z2)−1,(
α · p∓

√
z2 −m2

)−1
=

(
α · p±

√
z2 −m2

)
(p2 +m2 − z2)−1,

we have

〈x〉−1(α · p+mβ − z)−1〈x〉−1
= 〈x〉−1(α · p±

√
z2 −m2)−1〈x〉−1 (3.1)

+(mβ + z ∓
√
z2 −m2)〈x〉−1(p2 +m2 − z2)−1〈x〉−1. (3.2)

The first term (3.1) can be estimated by Theorem 2.1, while the second
term (3.2) is given by (1.1) of [KY]. �

Corollary 3.2. Let

C1 := sup
Im z �=0

‖〈x〉−1R(z)〈x〉−1‖.

Let Q(x) be a measurable 4× 4 Hermitian matrix-valued function Q(x)
satisfying

sup
x∈R3

〈x〉2|Q(x)| < 1/C1.

Then H +Q is purely absolutely continuous on R.

The non-existence of eigenvalues ±m is obtained in Theorem 1.2 by [BG]
under a similar condition..

Proposition 3.3. Theorem 3.1 does not hold for s < 1, that is, we cannot
expect

‖〈x〉−s(α · p+mβ − z)−1〈x〉−s‖ ≤ C (3.3)

for any non-real z.
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For the proof we prepare

Proposition 3.4. For s < 1 we cannot expect a uniform resolvent esti-
mate

‖(−Δ− z)−1f‖−s ≤ Cs‖f‖s
for any non-real z and f ∈ L2

s.

Proof. Although the proposition is wellknown, we give a simple proof.
Let us assume the uniform resolvent estimate

‖(−Δ− z)−1f‖−s ≤ Cs‖f‖s (s < 1)

for any f ∈ L2
s and z ∈ C such that Im z �= 0. Let u ∈ C∞0 and put

f = (−Δ− z)u into the above inequality. we then have

‖u‖−s ≤ Cs‖(−Δ− z)u‖−s ≤ Cs‖Δu‖−s + Cs|z|‖u‖−s
for any u ∈ C∞0 and z ∈ C such that Im z �= 0. In the limit z → 0 we
obtain

‖u‖−s ≤ Cs‖Δu‖s
for any u ∈ C∞0 . Now we can prove

Lemma 3.5. Let s < 1. Then there is not any positive constant Cs such
that ‖u‖−s ≤ Cs‖Δu‖s for any u ∈ C∞0 .

Proof. Let g = t(r−α, 0, 0, 0) and ϕ ∈ C∞ such that ϕ = 1 (r ≤ 1), = 0
(r ≥ 2). Take R > 0 as sufficiently large and put ϕR(x) := ϕ(x/R)(1−
ϕ(x)). Then,

‖ϕR g‖2−s =

∫
R3

(1 + |x|)−2s|ϕR(x) g(x)|2 dx

≥ C0

∫ R

2
r−2s−2α+2 dr

is divergent as R → ∞, if −2s − 2α + 3 ≥ 0. On the other hand,
‖Δ(ϕR g)‖s is convergent as R→∞, if 2s−2α−1 < 0. Therefore there
is a contradiction, if we find α such that

s− 1

2
< α ≤ −s+ 3

2
,

that is, if s < 1. �

Hubert Kalf, Takashi Okaji and Osanobu Yamada
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Proof of Proposition 3.3. Let us write

αj =

(
0 σj
σj 0

)
,

where σj are Pauli matrices and

H = H0 +mβ =

(
mI2 σ · p
σ · p −mI2

)
(m > 0).

Suppose (3.3) for some s < 1. Then

‖u‖−s ≤ Cs‖(H ±mI4)u‖s
for any u ∈ C∞0 . Let us consider the case

H +mI4 =

(
2mI2 σp
σp 0

)
.

If u = t(v, w) satisfies

‖v‖−s + ‖w‖−s ≤ C ′s(‖2mv + (σp)w‖s + ‖(σp)v‖s)
and by putting v = −(1/2m)(σp)w, we have

‖w‖−s ≤ ‖v‖−s + ‖w‖−s ≤ C ′s(‖2mv + (σp)w)‖s + ‖(σp)v‖s)
=

C ′s
2m
‖Δw‖s.

Therefore we have a contradiction by the same reason as in Lemma 3.5.
�

4 A refined trace theorem with non-smooth weight functions

In the trace theorem (2.2) and (2.3) we propose that the condition
s > 1/2 for the weight function ρ(r) := 〈r〉s is necessary mainly to
the integrability condition∫ ∞

0
ρ(r)−2 dr <∞.

Recently we noticed that the trace theorem can be proved by replacing

ρ(r) = rt 〈r〉s

with 0 < t < 1/2 and t+ s > 1/2. If we use the result we obtain in the
massless case

A NOTE ON UNIFORM RESOLVENT ESTIMATES OF DIRAC OPERATORS
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Proposition 4.1. For any 0 ≤ t < 1/2, t+s > 1/2 there exists a positive
constant Cs,t such that

‖|x|−t〈x〉−sR0(z)〈x〉−s|x|−t‖
= ‖〈x〉−s|x|−t(α · p− z)−1〈x〉−s|x|−t‖ ≤ Cρ

for any non-real z.

In the massive case we have

Proposition 4.2. Let m > 0. For any 0 < t < 1/2 there exists a positive
constant C such that

‖|x|−t〈x〉−1+t(α · p+mβ − z)−1〈x〉−1+t|x|−t‖ ≤ C

for any non-real z.

The detailed proofs will be given in our forthcoming paper.
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ENHI Grant Number 15K04956.
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A Possibility of Soseki Natsume as a Pragmatist: Exploring the 
implications in Theories of Japanese People directing Globalization 

Tsukasa Yamanaka 

  This paper attempts to reinterpret Soseki Natsume’s theory of civilization from the perspective of 

pragmatism, and stand out in relief as a pragmatist. Besides it argues that his thought has a significant implication 

to current Japanese society which is at the mercy of gloablization. According to Sato (2014), acceptance of 

pragmatism by Soseki has been hardly discussed except for some pointings from Hideyo Yamada (1983) and 

Shunsuke Tsurumi (2007: 182-185), therefore the approach of these considerations seem to be thought to have 

novelty. Picking up especially “Gendainihon-no-kaika” and “Watashi-no-kojinshugi” among his criticisms, the 

paper explores Soseki’s pragmatism and his suggestions for how to behave in the global society. 
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The shape of the smoke is also shown in the left.  
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