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Abstract� Let � � A � B be an inclusion of C
�algebras of C
�index��nite
type with depth 	
 We try to compute topological stable rank of B �� tsr�B��
when A has topological stable rank one
 We show that tsr�B� � 	 when A
is a tsr boundedly divisible algebra� in particular� A is a C
�minimal tensor
product UHF � D with tsr�D� � �
 When G is a �nite group and � is an
action of G on UHF� we know that a crossed product algebra UHF o� G has
topological stable rank less than or equal to two


These results are a�rmative datum to a generalization of a question by B

Blackadar in ����
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�� Introduction

The notion of topological stable rank for a C��algebra A� denoted by tsr�A
�
was introduced by M� Rie�el� which generalizes the concept of dimension of a
topological space �����
� He presented the basic properties and stability theorem
related to K�Theory for C��algebras� In ���� he proved that tsr�A��Z
� tsr�A
���
and asked if an irrational rotation algebra A� has topological stable rank two�
I� Putnum �����
 gave a complete answer to this question� that is� tsr�A�
 � ��
Moreover� using the notion of approximate divisibility and U� Haggerup�s striking
result ���
�
� B� Blackadar� A� Kumjian� and M� R�rdam ����
 proved that every
nonrational noncommutative torus has topological stable rank one� Naturally� we
pose a question of the how to compute topological stable rank of A �� G for any
discrete group G�

On the contrary� one of long standing problems is whether a �xed point algebra
of a UHF C��algebra by an action of a �nite group G is an AF C��algebra� O�
Bratteli ����
 proved that any �xed point algebra of an UHF�algebra by a product
type action of a �nite abelian group is an AF C��algebra� In �
		� B� Blackadar
����
 constructed a symmetry on the CAR algebra whose �xed point algebra is not
an AF C��algebra� Note that A� Kumjian �����
 constructed a symmetry on a
simple AF C��algebra whose �xed point algebra is not an AF C��algebra� Later�
D� Evans and A� Kishimoto proved that for any compact group G �� feg and p � ��
there exists an action of G on Mp� whose �xed point algebra is not an AF C��
algebra� All t hese constructions embodied expressing the AF C��algebra A as
an inductive limit A� � A� � � � � � A � limAn� where each C��algebra An is
not an AF C��algebra� This is related to the classi�cation theory of simple unital
AH�algebras ���������������
� Indeed� applying the classi�cation theory G� Elliott
constructed a symmetry � on an UHF algebra� and proved that UHF o� �Z��Z

is not AF C��algebra� but AI�algebra� that is� the inductive limit of direct sums of
C���� ��
 �Mn�C 
� Note that this crossed product algebra has topological stable
rank one and real rank one� B� Blackadar proposed the question in the same article
whether tsr�A��G
 � � for any unital AF C��algebra A� a �nite group G� and an
action � of G on A�

In this paper we try to solve B� Blackadar�s question from more general situation
using C��index theory de�ned by Y� Watatani �����
� In the case that an inclusion
� � A 	 B is of index��nite type with depth � if A is tsr boundedly divisible algebra
�see ���� De�nition ���� and section �
 with tsr�A
 � � we show that tsr�B
 � �
�Theorem ���
� Hence if A is a UHF C��algebra� we conclude that tsr�B
 � �
under the above condition� Therefore we get an a�rmative data to B� Blackadar�s
question� Namely� for any UHF C��algebra A� a �nite group G� and an action � of
G on A� we conclude that a crossed product algebraA��G has tsr�A��G
 � �� We
can not still get the complete answer� but it seems to guarantee that the question
would be solved a�rmatively�

This paper is organized as follows� In section � we state a number of preliminary
results about topological stable rank� In section � we explain a brief survey of
C��index theory� In section � we study the quasi�basis for the induced conditional
expectation of the derived inclusion � � pAp 	 pBp from the inclusion � � A 	 B
and a non�zero projection p � A� We give a new estimate of topological stable rank
for the inclusion of index��nite type with depth � in section � and give the main
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theorem� that is� that topological stable rank of a crossed product algebra of a UHF
algebra by any �nite group and any action has less than or equal to ��
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�� Topological stable rank

In this section we present a de�nition of topological stable rank and some basic
estimate formulas for it�

De�nition ���� Let A be a unital C��algebra and Lgn�A
 be the set of elements
�bi
 of A

n such that

Ab� �Ab� � � � ��Abn � A�

Then topological stable rank of A� tsr�A
� to be the least integer n such that the
set Lgn�A
 is dense in An� Topological stable rank of a non�unital C��algebra is

de�ned by topological stable rank of its unitaization algebra �A

Note that tsr�A
 � � is equivalent to have the dense set of invertible elements

in �A� Here are some formulas for computing stable rank of C��algebras�

Lemma ���� Let A be a unital C��algebra� and let a�� a�� � � � � an � A� The follow�
ings are equivalent�

��
 There are c�� c�� � � � � cn � A such that c�a� � c�a� � � � �� cnan is invertible�
��
 There are c�� c�� � � � � cn � A such that c�a� � c�a� � � � �� cnan � ��
��
 a��a� � a��a� � � � �� a�nan is invertible�

Proof� Standard� �

Theorem ��� �����
� ��
 Let J be a closed two�sided ideal of C��algebra A� Then

tsr�A
 � maxftsr�J
� tsr�A�J
 � �g�

��
 Let n be a positive integer� Then

tsr�Mn�A

 �

�
tsr�A

 �

n

�
� ��

where ftg denotes the least integer which is greater than or equal to t�
��
 Let p be a non�zero projection in A� Then tsr�A
 � � if and only if tsr�pAp
 �

tsr���
 p
A��
 p

 � ��
��
 Let � be an action of A� Then

tsr�Ao� Z
� tsr�A
 � ��
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��
 Let K be a C��algebra of compact operators on an in�nite dimensional sepa�
rable Hilbert space� Then

tsr�A
 � � if and only if tsr�A� K 
 � ��

From the point of C��module we have the following formula for topological stable
rank�

Theorem ���� Let � � A 	 B be an inclusion of C��algebras� Suppose that there
are elements fvig

n
i�� � B such that

B � Av� �Av� � � � ��Avn�

Then
tsr�B
 � n� tsr�A
�

Proof� The proof is the same as in ���� Theorem ����� We will put a sketch of its
proof for a self�contained�

We �rst assume that tsr�A
 � �� Let fai�v� � � � � � ainvn j i � �� � � � � ng be n
elements in B� Then��
BBB�

a��v� � a��v� � � � �� a�nvn
a��v� � a��v� � � � �� a�nvn

���
an�v� � an�v� � � � �� annvn

�
CCCA �

�
BBB�

a�� a�� � � � a�n
a�� a�� � � � a�n
���

���
� � �

���
an� an� � � � ann

�
CCCA

�
BBB�

v�
v�
���
vn

�
CCCA

� av

Since tsr�Mn�A

 � � by Theorem ��� ��
� we can approximate the matrix �aij

close enough by an invertible matrix x � �xij 
 in Mn�A
� Then the element y � xv
is close to av� Since �v�� v�� � � � � vn
 � Lgn�B
� �x��v� � � � � � x�nvn� � � � � xn�v� �
� � � � xnnvn
 belongs to Lgn�B
 by Lemma ���� and is close to �a��v� � � � � �
a�nvn� � � � � an�v�� � � ��annvn
� which completes the proof in the case that tsr�A
 �
��

Similarly� one can prove the theorem when tsr�A
 � � using Theorem ��� ��
� �

Corollary ��	� Let � � A 	 B be an inclusion of C��algebras� and let E be a
faithful conditional expectation from B to A of index �nite type� That is� there is
a quasi�basis f�vi� v

�
i 
g

n
i�� in B�B such that any element x � B can be written as

x �

nX
i��

E�xvi
v
�
i �

nX
i��

viE�v
�
i x
�

Then
tsr�B
 � n� tsr�A
�

Proof� Since
B � Av�� �Av�� � � � ��Av�n�

we are done by Theorem ���� �

Corollary ��
� Let A be a unital C��algebra and let G be a �nite group� Then

tsr�Ao� G
 � jGjtsr�A
�

where jGj is the cardinal number of G�
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Proof� Let � � G� Aut�A
 be a representation and we assume that the crossed
product Ao�G acts on some Hilbert space� Let fuggg�G be implemented unitaries
of �g such that �g�a
 � ugau

�
g� for all a � A� Then any element x in A o� G can

be written as x �
P

g�G agug� Let E � A o� G � A be the canonical conditional

expectation by E�x
 � ae� Then�

x �
X
g�G

E�xu�g
ug� �x � Ao� G�

Therefore it follows from Corollary ��� that

tsr�Ao� G
 � jGjtsr�A
�

�

Remark ���� The estimate of topological stable rank of crossed product in Corol�
lary ��� is not best one� Indeed� in the case of G � Z�nZ we have

tsr�Ao� G
 � tsr�A
 � ��

using Theorem ��� ��
� But� in section � we show more better estimate in the case
that A is tsr boundedly divisible with tsr�A
 � �� G any �nite group� and � an
action of G on A as follows�

tsr�Ao� G
 � ��

�� C��Index Theory

In this section we summarize the C��index theory of Y� Watatani �����
�
Let � � A 	 B be an inclusion of C��algebras� and let E � B � A be a faithful

conditional expectation from B to A�
A �nite family f�u�� v�
� � � � � �un� vn
g in B �B is called a
quasi�basis for E if

nX
i��

uiE�vib
 �

nX
i��

E�bui
vi � b for b � B�

We say that a conditional expectation E is of index��nite type if there exists a
quasi�basis for E� In this case the index of E is de�ned by

Index�E
 �

nX
i��

uivi�

�We say also that the inclusion � � A 	 B is of index��nite type�

Note that Index�E
 does not depend on the choice of a quasi�basis ����� Exam�

ple �����
 and every conditional expectation E of index��nite type on a C��algebra
has a quasi�basis of the form f�u�� u

�
�
� � � � � �un� u

�
n
g ����� Lemma ������
� Moreover

Index�E
 is always contained in the center of B� so that it is a scalar whenever B
has the trivial center� in particular when B is simple ����� Proposition ������
�

Let E � B � A be a faithful conditional expectation� Then BA�� B
 is a pre�
Hilbert module over A with an A�valued inner product

hx� yi � E�x�y
� x� y � BA�
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Let E be the completion of BA with respect to the norm on BA de�ned by

kxkBA � kE�x�x
k
���
A � x � BA�

Then E is a Hilbert C��module over A� Since E is faithful� the canonical map
B � E is injective� Let LA�E
 be the set of all �right
 A�module homomorphisms
T � E � E with an adjoint A�module homomorphism T � � E � E such that

hT�� �i � h�� T ��i �� � � E �

Then LA�E
 is a C
��algebra with the operator norm kTk � supfkT�k � k�k � �g�

There is an injective ��homomorphism � � B � LA�E
 de�ned by

��b
x � bx

for x � BA and b � B� so that B can be viewed as a C��subalgebra of LA�E
� Note
that the map eA � BA � BA de�ned by

eAx � E�x
� x � BA

is bounded and thus it can be extended to a bounded linear operator� denoted by
eA again� on E � Then eA � LA�E
 and eA � e�A � e�A� that is� eA is a projection in
LA�E
� A projection eA is called the Jones projection of E�

The �reduced� C��basic construction is a C��subalgebra of LA�E
 de�ned to be

C��B� eA
 � spanf��x
eA��y
 � LA�E
 � x� y � B g
k�k

����� De�nition ������
�
Then we have

Lemma ���� ����� Lemma ������


��
 eAC
��B� eA
eA � ��A
eA�

��
 	 � A� eAC
��B� eA
eA� 	�a
 � ��a
eA� is a ��isomorphism �onto	�

Lemma ���� ����� Lemma ������
 The following are equivalent�

��
 E � B � A is of index��nite type�
��
 C��B� eA
 has an identity and there exists a number c with � 
 c 
 � such

that

E�x�x
 � c�x�x
 x � B�

The above inequality was shown �rst in ���� by Pimsner and Popa for the con�
ditional expectation EN � M � N from a type II� factor M onto its subfactor N
�c can be taken as the inverse of the Jones index �M � N �
�

A conditional expectation EB � C
��B� eA
� B de�ned by

EB���x
eA��y

 � �Index�E

��xy for x and y � B

is called the dual conditional expectation of E � B � A� If E is of index��nite type�

so is EB with a quasi�basis f�wi� w
�
i 
g� where wi � uieAIndex�E


�

� � and f�ui� u
�
i 
g

is a quasi�basis for E ����� Proposition ������
�
Even if Index�E
 is scalar� we do not know the relation between the number of

pairs in a quasi�basis and Index�E
 ����� Example �������	� Lemma ����
� Izumi
� however� showed recently that if we extend a conditional expectation E from ��
unital C��algebra D onto stable simple C��algebra C with DC � D to a faithful
conditional expectation �E from the multiplier algebra M�D
 onto M�C
� then it
has only one pair as a quasi�basis����� Proposition ����
�
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The inclusion � � A 	 B of unital C��algebras of index��nite type is said to
have �nite depth k if the derived tower obtained by iterating the basic construction

A� 
 A 	 A� 
B 	 A� 
 B� 	 A� 
 B� 	 � � �

satis�es �A� 
 Bk
ek�A
� 
 Bk
 � A� 
 Bk��� where fekgk�� are projections derived

obtained by iterating the basic construction such that Bk�� � C��Bk� ek
 �k � �

�B� � B� e� � eA
� Let Ek � Bk�� � Bk be a faithful conditional expectation
correspondent to ek for k � �� Moreover we have

Lemma ���� ����� Lemma ������
 Suppose Index�E
 is in A� Then�
ek��ekek�� � �Index�E

��ek��
ekek��ek � �Index�E

��ek

for � � k�

When G is a �nite group and � an action of G on A� it is well known that an
inclusion � � A 	 Ao� G is of depth �� We will give its proof for a self�contained�

Lemma ���� Let A be a unital C��algebra� G a �nite group� and � an action of G
on A� Then an inclusion � � A 	 Ao� G is of depth 
�

Proof� Assume that Ao� G acts on some Hilbert space H � and there are imple�
mented unitaries fuggg�G such that �g�a
 � ugau

�
g and any element x � Ao�G can

be written by x �
P

g�G agug for some ag � A� Let E � Ao�G� A be the canon�

ical conditional expectation by E�
P

g�G agug
 � ae� Then a set f�u�g� ug
gg�G is a

quasi�basis for E� Note that Index�E
 � jGj� where jGj is the cardinal number of
G�

Let

� � A 	 Ao� G 	 B� 	 B� 	 � � �

be a sequence of basic constructions�
Claim �� uheAu

�
h is a projection from EAo�G to Auh for each h � G�

Proof� It is obvious that uheAu
�
h is projection� Since

uheAu
�
h�
P

g agug
 � uheA
P

u�hagug
� uhE��h���ag
u

�
hug


� uh�h���ah
 � ahuh�

we have the claim �� �

Claim �� For any h � G uheAu
�
h � A� 
B��

Proof� Since for any a � A

uheAu
�
ha � uheAu

�
hauhu

�
h

� uheA�h���a
u
�
h

� uh�h���a
eAu
�
h

� auheAu
�
h�

we have the claim �� �

Claim �� fuheAu
�
hgh�G are orthogonal projections in B��

Proof� Trivial�
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Claim �� �A� 
B�
e��A
� 
B�
 � A� 
B�� where e� is a projection correspondent

to the dual conditional expectation from B� to B��
Proof� Note that �A� 
B�
e��A

� 
B�
 is a closed two�sided ideal of A� 
B� ���	�
Theorem ������ii
�
� So we have only to show that this ideal contains an identity�

Since ugeAu
�
g � A� 
B�� we have

�ugeAu
�
g
e��ugeAu

�
g
 � ugeAe�eAu

�
g

� �
jGjugeAu

�
g � �A� 
 B�
e��A

� 
 B�
�

The last equality comes from Lemma ���� Hence

� �
X
g�G

ugeAu
�
g � �A� 
 B�
e��A

� 
 B�
�

This means that the inclusion A 	 Ao� G is of depth �� �

Remark ��	� When A is simple and � is outer� the crossed product A o� G is
simple �����
 and we easily have

��
 A� 
 B� is isomorphic to
P

g�G C eg � where eg � ugeAu
�
g

��
 A� 
 B� is isomorphic to MjGj�C 
�

�� Quasi�basis for a conditional expectation

Let � � A 	 B be an inclusion of unital C��algebras and E � B � A be a faithful
conditional expectation of index��nite type� Let f�vi� v

�
i 
g

n
i�� be a quasi�basis for

E�
The following is kindly informed by Y� Watatani �����
 to the �rst author�

Proposition ���� Under the above situation if a projection p in A has elements
fyjg

m
j�� in A such that

Pm
j�� yjpy

�
j � �� then a set f�pviyjp� py

�
j v

�
i p
g��i�n���j�m

is a quasi�basis for a conditional expectation Fp � EjpBp from pBp onto pAp�
Moreover Index�E
 � Index�Fp
�

Proof� It follows from the direct computation� Indeed for any b � B we haveP
i�j pviyjpFp�py

�
j v

�
i ppbp
 �

P
i�j pviyjpE�y

�
j v

�
i ppb
p

�
Pn

i�� pvi�
Pm

j�� yjpy
�
j 
E�v

�
i ppb
p

�
Pn

i�� pviE�v
�
i pb
p � p�pb
p � pbp�

Similarly� X
i�j

Fp�pbppviyjp
py
�
jx

�
i p � pbp�

So f�pviyjp� py
�
jx

�
i p
g��i�n���j�m is a quasi�basis for Fp and

Index�Fp
 �
P

i�j pviyjpy
�
jx

�
i p �

Pn
i�� pvi�

Pm
j�� yjpy

�
j 
v

�
i p

�
Pn

i�� pviv
�
i p � �Index�E

p�

�

Corollary ���� Let � � A 	 B be an inclusion of unital C��algebras and E � B �
A be a faithful conditional expectation of index��nite type� Suppose that A is sim�
ple� Then for any non�zero projection p in A the conditional expectation Fp �
EjpBp � pBp� pAp is of index��nite type�
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Proof� Since A is simple� there are �nite elements ai such that
P

i aipa
�
i � �� So

the statement comes from the previous proposition� �

The following result shows that the Jones projection of Fp in the previous result
is eAp�

Proposition ���� Let � � A 	 B be an inclusion of C��algebras with �nite index�
and let eA be the Jones projection correspondent to a faithful conditional expectation
E � B � A� Suppose that A is simple� Then for any projection p � A� eAp is the
Jones projection for the conditional expectation Fp � EjpBp � pBp � pAp and
pC��B� eA
p is the basic construction for Fp�

Proof� For any x � pBp

eApxeAp � E�px
eAp � E�pxp
eAp � Fp�x
eAp�

Since A is simple� the map

pAp � x� xeAp�� xeA
 � L�E


is injective� where E is a Hilbert A�module obtained by the basic construction�
Then by ���� Proposition ������� eAp is the Jones projection and C��pBp� eAp
 is
the basic construction for F � It is obvious that C��pBp� eAp
 � pC��B� eA
p� �

The following result means that the number of elements in quasi�basis is stable
under the particular situation�

Proposition ���� Let � � A 	 B be an inclusion of C��algebras with �nite index�
Suppose that there is a C��subalgebra D of A such that eA is full in D�
C��B� eA
�
Then there are �nitely elements fvig

n
i�� in D� 
 B such that for any non�zero

projection p � D the sets f�vi� v
�
i 
g

n
i�� and f�pvi� pv

�
i 
g

n
i�� are quasi�basis for E

and Fp� respectively�

Proof�
Since �D� 
 C��B� eA

eA�D

� 
 C��B� eA

 � D� 
 C��B� eA
� there are �nitely
elements fxig

n
i�� in D

� 
 C��B� eA
 such that

nX
i��

xieAx
�
i � ��

Using the standard argument�����
 we can �nd vi � B such that vieA � xieA� Since
E is faithful� vi � D� 
B�

Since for any b � B

b � � � b �
Pn

i�� vieAv
�
i b

�
Pn

i�� viE�v
�
i b
 �

Pn
i�� E�bvi
v

�
i �

it follows that f�vi� v
�
i 
g

n
i�� is a quasi�basis for E�

From the simple calculus we know that f�pvi� pv
�
i 
g

n
i�� is a quasi�basis for Fp� �

�� Topological stable rank of inclusions of C��algebras

In this section we prove the following main result�
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Theorem 	��� Let � � A 	 B be an inclusion of unital C��algebras and E � B � A
be a faithful conditional expectation of index��nite type� Suppose that the inclusion
� � A 	 B has depth 
 and A is tsr boundedly divisible with tsr�A
 � �� Then B
is tsr boundedly divisible� Moreover we have tsr�B
 � ��

Recall that a C��algebra A is tsr boundedly divisible ����� De�nition ����
 if there
is a constant K �� �
 such that for every positive integer m there is an integer
n � m such that A can be expressed asMn�B
 for a C��algebra B with tsr�B
 � K�
For any unital C��algebra A with tsr�A
 � � a C��minimal tensor product algebra
A� UHF is a typical tsr boundedly divisible algebra�

Before giving the proof� we state a useful result by B� Blackadar�

Lemma 	��� ���� Lemma A��
 Let A be a unital C��algebra and p be a full pro�
jection in A such that

Pn
i�� uipvi � � for some elements ui� vi in A� Then

tsr�A
 � tsr�pAp
 � n
 ��

Remark 	��� Very recently� B� Blackadar sharpened the estimate in the previous
lemma ����
� That is� for any unital C��algebra A and non�zero projection p � A
tsr�A
 � tsr�pAp
�

The following estimate is the converse of Corollary ����

Proposition 	��� Let � � A 	 B be an inclusion of unital C��algebra of index�
�nite type� Let f�vi� v

�
i 
g

m
i�� be a quasi�basis for a faithful conditional expectation

E from B onto A� Then we have

tsr�A
 � m��tsr�B
 � �

 �m � ��

Proof� Let B� be the basic construction derived from this inclusion and E� be
the dual conditional expectation from B� onto B� Note that a set

f�vieA�Index�E


�

� � �Index�E


�

� eAv
�
i 
g

m
i�� is the quasi�basis for E�� Hence from

Corollary ��� we have

tsr�B�
 � m� tsr�B
�

By ���� Lemma ������ there is an isomorphism � � B� � qMm�A
q
such that


�xeAy
 � �E�v�i x
E�yvj
�
m
i�j���

where q � �E�v�i vj
�� Note that q is a projection�
Claim� There are Xi� Yi �Mm�A
 such that

Pm
i��XiqYi � ��

Proof of the Claim� Let

�Xi
h�k �

�
E�vk
 if h � i
� others

� �Yi
h�k �

�
E�v�h
 if k � i
� others

for each � � h� k � m�
Then from a simple calculation we have

mX
i��

XiqYi � ��

So from Lemma ��� we have

tsr�Mm�A

 � tsr�qMm�A
q
 � m
 ��
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Since ��B�
 is isomorphic to qMm�A
q and tsr�B�
 � m� tsr�B
� we have

tsr�Mm�A

 � m� tsr�B
 �m
 � � m�tsr�B
 � �

 ��

Since from Theorem ��� ��
 we have

tsr�A

 �

m
� � � tsr�Mm�A

 � m�tsr�B
 � �

 ��

it follows that

tsr�A
 � m��tsr�B
 � �

 �m � ��

�

Proof of Theorem 	��

Let

� � A 	 B 	 B� 	 B� 	 � � �

be the derived tower of iterating the basic construction and fekgk�� be canonical
projections such that Bk�� � C��Bk� ek
� where e� � eA� Since � � A 	 B is of
depth �� we have

�A� 
 B�
e��A
� 
 B�
 � A� 
 B��

Hence there exit some n � N a quasi�basis f�ui� u
�
i 
g

n
i�� for the conditional expec�

tation E� from B� onto B so that ui � A� 
 B� for � � i � n �see the proof of
Proposition ���
�

Since B� is stably isomorphic to A� we know that tsr�B�
 � � by Theorem ���
��
� Take non�zero projection p in A� Since ui � A� 
 B� for � � i � n� a set
f�pui� u

�
i p
g

n
i�� is a quasi�basis for the conditional expectation Fp � E�jpB�p from

pB�p onto pBp� Hence from Proposition ��� we have

tsr�pBp
 � n��tsr�pB�p
 � �

 �n � �
� �n� 
 �n� ��

The last equality comes from that tsr�B�
 � � and Theorem ��� ��
�
Since A is tsr boundedly divisible� for any l � N there are k � N with k � l and

a C��algebra D such that A �� Mk�D
� Hence there is a matrix system fei�jg
k
i�j��

in A such that B ��Mk�e���Be���
� Then from the above estimate we have

tsr�e���Be���
 � n� � �n
 �
��

Therefore B is tsr boundedly divisible� From Theorem ��� ��
 we can conclude that
tsr�B
 � �� �

Corollary 	�	� Let A be a tsr boundedly divisible� unital C��algebra with tsr�A
 �
�� G a �nite group� and � an action of G on A� Then A o� G is tsr boundedly
divisible� Moreover we have tsr�Ao� G
 � ��

Proof� Since the inclusion � � A 	 A o� G is of index��nite type with depth �
by Lemma ���� we can get the statement from Theorem ���� �

Corollary 	�
� Let A be a unital C��algebra with tsr�A
 � �� G a �nite group�
and � an action of G on A� Then �A� UHF 
o��id G is tsr boundedly divisible�
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Proof� Since A�UHF is tsr boundedly divisible and tsr�A�UHF
 � � by using
Theorem ��� ��
� it comes from Corollary ���� �

When A in Corollary ��� is the trivial C��algebra C � we can get an a�rmative
data for B� Blackadar�s question�

Corollary 	��� Let A be a UHF C��algebra� Let G be a �nite group� and � be an
action of G on A� Then Ao� G is tsr boundedly divisible and

tsr�Ao� G
 � ��

Remark 	��� The estimate in Theorem ��� is best possible� Indeed in ��� Exam
ple 	����� B� Blackadar constructed an symmetry action � on CAR such that

�C��� ��� CAR
oid�� Z� �� C��� ���B�

where B is the Bunce�Deddens algebra of type �	� Then since K��B
 is non�trivial�
we know that

tsr�C��� ��� B
 � ��

�See also ��
� Proposition �����


Befor ending this section we present an inclusion � � A 	 B with index � such
that A is a tsr boundedly divisible and B can not be realized as some crossed
product algebra of A by Z��Z�

Let A be a unital C��algebra� � an action of Z��Z on A� and B be the crossed
product Ao� Z��Z� Let E the canonical conditional expectation and u an imple�
mented unitary u such that ��u
 � uau� for a � A as in the proof of Lemma ����
Then f��� �
� �u�� u
g is a quasi�basis forE� Note thatE�u
 � �� By ���� Lemma ������
there is a ��isomorphism � � C��B� eA
� qM��A
q such that

q �

�
E�� � �
 E�u�

E�u
 E�uu�


�
�

�
� �
� �

�

and

��xeAy
 �

�
E�x
E�y
 E�x
E�yu�

E�ux
E�y
 E�ux
E�yu�


�

for x� y � B� Here eA is the Jones projection for the inclusion A 	 B� Therefore
we can identify the basic construction with M��A
�

By this identi�cation�

A ��

��
a �
� ��a


�
j a � A

�
B ��

��
a b

��b
 ��a


�
j a� b � A

�

and

��eA
 �

�
� �
� �

�
� ���
 eA
 �

�
� �
� �

�
� ��u
 �

�
� �
� �

�
�

It is easy to see that ���eA
� � ��
 ��eA
� in K��A
�
From this observation we have

Lemma 	�
� Let A be a unital C��algebra and � an action of Z��Z on A� Let
B be the crossed product A o� Z��Z and eA the Jones projection of the inclusion
A 	 B� If � � C��B� eA
 � Mn�A
 is the canonical isomorphism� then we have
���eA
� � ��
 ��eA
� in K��A
�
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Proposition 	���� Let A be a simple unital C��algebra� Suppose that p is a pro�
jection in A with �p� �� ���p
� in K��A
� Then the inclusion pAp 	 pBp can not be
represented as pAp 	 pAp�� Z��Z for any � � Aut�pAp
�

Proof� By the identi�cation� ��p
 �

�
p �
� ��p


�
� The Jones projection for the

conditional expectation Fp � EjpBp � pBp � pAp is eAp by Proposition ���� so

��eAp
 �

�
p �
� �

�
� Then ��p
eAp
 �

�
� �
� ��p


�
� By the assumption� ���eAp
� ��

���p
 eAp
� in K��A
 and hence ���eAp
� �� ���p
 eAp
� in K��pAp
� So we have
the conclusion by Lemma ��
� �

Remark 	���� When A � A� � A� for simple unital C��algebras A� and A�� we
can also get the same conclusion in Proposition ����� Indeed� eAp becomes the
Jones projection of the inclusion pAp 	 pBp as the same argument in Proposition

��� �

The following example is due to T� Katsura and N� C� Phillips�

Example 	���� Let � be an automorphism on CAR � K such that ���� � e�
� ��
���e�� in K��CAR
� where e� is a minimal projection� Such an automorphism can
be constructed by modifying the shift operator in ����� Set D as the unitaization of
CAR� K � Then � can be an automorphism on D� We call it � again�

De�ne a symmetry � on D�D by ���a� b

 � �����b
� ��a

 for �a� b
 in D�D�
Consider the inclusion

D �D 	 �D �D
o� Z��Z�

Since
������ e�� �� e�

� � �������� e�
� ���� e�
�

�� ���� e�� �� e�
�

in K��D �D
 by the construction� We know that the inclusion

���e�� ��e�
�D�D
���e�� ��e�
 	 ���e�� ��e�
��D�D
o�Z��Z
���e�� ��e�


can not be represented as

���e�� ��e�
�D�D
���e�� ��e�
 	 ���e�� ��e�
�D�D
���e�� ��e�
o�Z��Z

for any � � Aut��� � e�� � � e�
�D � D
�� � e�� � � e�

 by Proposition ���� and
Remark ����� Note that

��� e�� �� e�
�D �D
��� e�� �� e�
 �� CAR � CAR�

that is� the algebra is tsr boundedly divisible� �
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