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Agenda

@ One-dimensional Inelastic Deformation
© Multi-dimensional Inelastic Deformation

© Finite Element Method in Inelastic Deformation
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Elastic/viscoplastic/plastic deformation

elastic

. viscoplastic
~ plastic
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Maxwell model
E:  Young's modulus
C

viscous modulus

E c g®2: strain at elastic element
o_/\/\/\_|:_° eVis: strain at viscous element
£: strain
o:  stress

e = gela + €v1s

o= Ee™ o=ce™

stress-strain relationship in Maxwell model:

o+ —o =Ee¢
c
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Maxwell model
ordinary differential equation of the first order:

o+ —o=Ee¢
c
stress at time t:
t
o(t) = / Fe~S-0)¢(¢') dr
0

In general,

o(t) = /Otr(t —t)e(t)dt

Function r(t — t'): relaxation function
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Three-element model

E: Young's modulus
E C1, Gp: viscous moduli
[ EE Y ] ECZ gvoigt:  strain at Voigt element
_o 3 - -
ev's: strain at viscous element
C .
! E: strain
o: stress

e = 2,_:voigt 4+ Evis
o = E€v01gt + Cl&:vmgt’ o = C2év1s

stress-strain relationship in three-element model:

. E Ec, . €16
o+ —0o = €+ €
c1+ o c1+ o c1+ o

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Inelastic Deformation 6 /27



Three-element model
ordinary differential equation of the first order:

. E Ec, . €10
o+ o= €+
c1+ o c1+ o c1+ o

stress at time t:

o(t) = /Otr(t _ ) () dr

where
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|sotropic deformation models

elastic deformation
specified by a constant E:

o= Ee

2D isotropic elastic deformation
specified by two constants A and p (Lamé’s constants):

o= (\\+ ,LL/ﬂ)éf
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|sotropic deformation models

viscoelastic deformation
specified by an operator E + ¢ d/dt:

d
= E —
4 ( +Cdt>8

2D isotropic viscoelastic deformation
specified by two operators A and u:

o= ()\/)\ + ,ulu)e

d o d
)\ = )\ela Vs _ ,cla vis
+ dt’ o= p dt
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|sotropic deformation models

viscoplastic deformation
specified by a convolution with a relaxation function:

o(t) = /Otr(t _ ¢) &)

2D isotropic viscoplastic deformation
specified by two relaxation functions:

o(t) = /Ot R(t — t') &(t)) d¥

R(t—t)=n(t—t)h+r(t—t)l,
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Maxwell model
relaxation function

r(t —t') = Eexp {—g(t — t’)}

2D isotropic viscoplastic deformation
two relaxation functions:

)\ela

I’)\(t . t/) — )\elaexp {—)\Vis(t — t/)}
ela

r(t —t') = ;™ exp {—'Zvis(t — t')}
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Three-element model
relaxation function

Eco __£ (41 ad
t—t) = cto 1 -
r( ) c + Cge i + E dt

)

2D isotropic viscoplastic deformation
two relaxation functions:

. ela)\\zzis ela .
nt—t)=——F"—¢€ ——(t -t 1
/\( ) )\\lus i )\\2/15 Xp{ )\ills 4 )\le( )} ( +

ela ,,vis ela
Bl H /
. M1~ o p1o o

)\\{is i
)\ela dt

vis

m” d

)
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Nodal elastic forces
stress-strain relationship

o= ()\/)\ + ,LLIM)E
a set of elastic forces applied to nodal points:

elastic force = —(AJy + pJ,)ux

from stress-strain relationship to nodal force set
replacing [\ by Jy, /|, by J,, and € by uy in the
stress-strain relationship yields the elastic force set
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Nodal viscoelastic forces
stress-strain relationship

o — I)\()\elae + )\visé-:) + /M(Mela€ + /LViSé)

replacing I, by Jy, I, by J,, and € by ux in the
stress-strain relationship yields a viscoelastic force set

\’
a set of viscoelastic forces applied to nodal points:
viscoelastic force = — JA(/\elauN + /\ViSUN)

o Ju( 'uela ux + 'uvis UN)
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Nodal viscoplastic forces
stress-strain relationship

o(t) = Iy /Ot n(t—t)e(t)dt' +1, /Ot r,(t—t)e(t')dt’

replacing I, by Jy, I, by J,, and € by uy in the
stress-strain relationship yields a viscoplastic force set

4

a set of viscoplastic forces applied to nodal points

t
viscoplastic force = — J,\/ n(t —t") ax(t") dt’
0

t
— Ju/ r,(t —t') ax(t') dt’
0
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Nodal viscoplastic forces

introduce
t
f\= / n(t —t') ax(t) dt’
0
t
f, = / r,(t —t') ax(t') dt’
0

Vectors f, and f, have dimension of force/length

Nodal vescoplastic forces

viscoplastic force = —J\f\ — J,f,
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Maxwell model
introduce

t )\ela
f\ = / )\elaexp {_)\vis(t — t’)} L'lN(t’) dt’
0
t Iuela
f, :/ ,uelaexp{— —(t — t')} ix(t) dt’
0 MVIS

Nodal vescoplastic forces

viscoplastic force = —J\f, — J,f,
. )\ela ela
fi= =T bt Ay = =T A+ A
i ela ela
fu = _Zvis o+ p iy = _Zvis o+ 1

17 / 27
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Maxwell model

ordinary differential equation of the first order:

0+ —o = Ec
C

J
)\ela | )\ela |
_ ela - ela
f;‘__)\visf)‘—}_)\ UN__Avisf—i_)\ WN
ela ela
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Three-element model
introduce

COATA () A
f\ :/O We AYB+AY (uN+ )\elauN) (t’) dt’

t ela vis ~__ ycla (t—¢' vis
o [ A (o
0 M5+ 13 m

Nodal vescoplastic forces

vescoplastic force = —J\f\ — J,.f,

X )\ela )\ela)\vls )\VIS)\VIS
fL=—— —F, — v
A )\\lns + )\\2/15 At )\v1s + )\v1s )\v1s + )\v1s

Mela ,uela Iuws IUVIS ,uVls

vis VlS vis VlS VN vis VlS VN
ST 4y Y + 3
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Three-element model

ordinary differential equation of the first order:

. E EC2 . (5)S))
o+ o= €+ €
G+ o G+ & a+ &
U
. )\ela )\ela )\ViS )\vis )\ViS
fh=—— oY N\ pa—" - 172y
A )\\lzls T )\\2/15 A )\\lzls T )‘.‘QIISVN )\\1718 + )\\2715 N

ela ela ,,vis vis , ,vis

: u o o
f = — T T f - T — V] — V]
12 luxlrls + quzrls 2 luxlrls + quzfls N qulfls 4 quzfls N
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FE formulation of viscoplastic deformation

a set of equations of elastic deformation:

—KUN+ f;a,xt +AAA — MUN =0
elastic force

4

a set of equations of viscoplastic deformation:

— I — Juf + foxg + AXg — Miiy = 0

viscoplastic force
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Maxwell model

lJN = VWN
M —A |-/N . _J)\f)\ - Jufu + f;axt
—AT A | | AT(2avy + a?uy)
. ela
f>\ _ _)‘ : f)\—l-)\elaVN
)\v1s
. ela
o= —C it v
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Three-element model

M Al w —hh — Juf, +féxt
AA AT(204VN + « UN)

ela ela \ vis vis ) vis
A Al )y AV A

= — )\xlris n )‘Xis f + )\vis n )\Vis WN + )\vis n )\vis 4N
f" B uela f N 'uela ,uws Mxlfls ,uxzqs
=

—,LL]_IS + /J/VIS H ,LL]_IS + /J/VIS \/N /J,i/IS + ILLVIS VN
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Example (Sample Program

40 40 40 40
30 30 30 30
» S

20 20 20 20

10 10 10 10

0 0 0 0
-10 -10 -10 -10

10 0 10 20 30 40 -0 0 10 20 30 40 10 0 10 20 30 40 10 0 10 20 30 40
40 40 40 40

30 30 30 30

20 20 20 20

10 10 10 10

0 0 0 0
-10 -10 -10 -10

10 0 10 20 30 40 -0 0 10 20 30 40 10 0 10 20 30 40 10 0 10 20 30 40

simulation movie
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Example (Sample Program)

a0 W w0 a0
30 = 30 30 30
20 20 20 20
N
10 - 10 10 10
0 N 0 0 0
-10 -10 -10 -10
10 o 10 20 30 40 -10 0 10 20 30 40 10 0 10 20 30 40 10 o 10 20 30 40
) W “ a0
30 30 30 30
20 20 20 20
10 10 10 10
) 0 o )
-10 -10 10 -10
10 o 10 20 30 40 -10 0 10 20 30 40 10 0 10 20 30 40 10 o 10 20 30 40

simulation movie
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Summary

one-dimensional inelastic deformation
@ Maxwell model

@ three-element model

2D /3D inelastic deformation
@ isotropic deformation models
e formulating nodel force sets
@ finite element formulation
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Handouts

Sample programs (MATLAB) are available at:

http://www.ritsumei.ac.jp/ hirai/edu/common/
soft_robotics/Physics_Soft_Bodies.html
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