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Elastic/viscoplastic/plastic deformation

elastic
§
. viscoplastic
[
~ plastic
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Maxwell model

E:
C:
E c Eela:
0_/\/\/\_|:_° gvis
e
g:

Young's modulus
viscous modulus

strain at elastic element
strain at viscous element
strain

stress

c = Eela + cvis

o=Ee™ o=

stress-strain relationship in Maxwell model:

E
o+ —o=Ee¢
c
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Maxwell model
ordinary differential equation of the first order:

. E )
o+ —o = Ee
c
stress at time t:

t
a@):/m&;ﬂt”dﬂdﬂ

0

In general,

a(t):/O r(t —t')e(t')dt

Function r(t — t'): relaxation function
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Three-element model
E: Young's modulus

E c1, ¢ viscous moduli
I: E; Y :I :cz g¥18t:  strain at Voigt element
E— iQ . .
evs: strain at viscous element
C .
! e strain
o: stress

e = Evoigt + 8vis

o= Egvoigt + CléVOigt, o= C2évis

stress-strain relationship in three-element model:
E EC2 X G

o+ o=
-+ 6 -+ o c+ G
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Three-element model
ordinary differential equation of the first order:

E EC2 . C1C
g =
a+ o a+ao a+ o

stress at time t:

qn:AZu—ﬂamdﬂ

Lad
E dt
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where

E __E (4
(t—t)= 2 e aat") <1

c+ o
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Isotropic deformation models

elastic deformation
specified by a constant E:

o= Ee

2D isotropic elastic deformation
specified by two constants A and p (Lamé's constants):

o= A+ pl)e

110 200
h=|110|, L,=[020
000 00 1
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Isotropic deformation models
viscoelastic deformation

specified by an operator E + ¢ d/dt:

-

E+ci>5

dt

Nodal elastic forces
stress-strain relationship

o= A+ pl)e
a set of elastic forces applied to nodal points:

elastic force = —(AJ\ + pJ,)ux

2D isotropic viscoelastic deformation
specified by two operators A\ and

o= M+ ply)e

A= )\ela + )\visi p= ,LLEIa

+ visi
dt’ FP:

from stress-strain relationship to nodal force set
replacing I\ by J, I, by J,, and € by uy in the
stress-strain relationship yields the elastic force set
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Isotropic deformation models

viscoplastic deformation
specified by a convolution with a relaxation function:

o(t) = /0 Kt — t) &(t) dF
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Nodal viscoelastic forces
stress-strain relationship
o = h(A\"e + \"5¢) + [,(

replacing I\ by Jy, I, by J,, and € by uy in the
stress-strain relationship yields a viscoelastic force set

ela vis 2

poe+ e

)

2D isotropic viscoplastic deformation
specified by two relaxation functions:

o(t) = /Ot R(t — ') &(¢)) ¢’

R(t—t)=n(t—t)h+r(t—t)l,

4

a set of viscoelastic forces applied to nodal points:
viscoelastic force = — (A uy + A\ dy)

_ JH ( Iuela ux + NViS uN)
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Maxwell model
relaxation function

r(t —t') = Eexp {—g(t - t')}
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Nodal viscoplastic forces
stress-strain relationship

o(t) =1\ /Otr,\(t— t/)é(t’)dt'+lu/0

t
r(t—t)e(t)dt

2D isotropic viscoplastic deformation
two relaxation functions:
(t- 1]

(¢~ 1)}

ela

n(t—t') = X" exp {—;\\vis

ela

I’H(t _ t/) _ uelaexp {_:u'

vis

replacing I\ by Jy, I, by J,, and € by uy in the
stress-strain relationship yields a viscoplastic force set

4

a set of viscoplastic forces applied to nodal points

t
viscoplastic force = — J,\/ n(t—t') an(t) dt’
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Three-element model

relaxation function
EC2
1+ o

C1C1

r(t—t) = e ara(tt) (1 =

)
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0
t
—J | r(t—1t)an(t)dt
0
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Nodal viscoplastic forces

introduce

2D isotropic viscoplastic deformation
two relaxation functions:

ela, )\vis )\ela )\vis d

t—t)=—"2_ —— _(t—t)p [1+ 22—
I’,\( ) )\\1/1s 4 )\\2/1s CXp { )\\1115 + )\le( )} ( + Jela dt)

ela  vis ela vis d

rﬂ(t - tl) = i:s bz vis S {_ Visu Vis(t - tl)} <1 + 'ull e

Py PY® pet> dt

)

t
f= / n(t —t') ax(t) dt’
0
t
f,= / r(t —t') an(t') dt’
0

Vectors f, and f, have dimension of force/length

Nodal vescoplastic forces
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viscoplastic force = —J\f, — J,f,
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Maxwell model
introduce

t
fA:/ )\e“"exp{—A
0
t
m:/ luelaexp{_u
0 K

Nodal vescoplastic forces

ela

/\vis(t - t')} an(t') dt’

ela

—(t— t’)} ux(t') dt’

FE formulation of viscoplastic deformation

a set of equations of elastic deformation:

—Kuy + fog + AAf — Miiy =0
elastic force

4

viscoplastic force = — £, — J, F, a set of equations of viscoplastic deformation:
: el e cla oa — Wb — I f, + foe + AAa — Miin =0
= ot X = o A sy
n n viscoplastic force
r M ela » M ela
f;l - _Mvis f” Un = _Mvis f“ T
vz 2z
Maxwell model Maxwell model
ordinary differential equation of the first order:
. E ) .
o+ 20' = E¢ uNn = WN
M —A w | | —hb =+
¢ —AT oW AT(2avy + a2uy)
. ela .
X )\ela ela f)\ — ___f)\ + A\E aVN
— ela~ cla \vis
f;\ T )\vis f>‘ + Aoy = \vis f>‘ + AT w cla
ela ela f - _ f + ela
S elas- M ela H vis M HUN
ﬁ;——ﬁﬂz—i-ﬂ UN——mf;rHi N 1Y
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Three-element model Three-element model
introduce
t )\ela)\vis aela , )\vis
_ 2 TaweogEtt) [ 1 NEW,
f“/o DT t S th ) (£) dt
t Mela,u\éis o pfla (t—t)) uxlzis Un =W
Visy,vis . .. / ’ .
f = / ey s e Uy + —-dx | (t) dt M Al w | _ | b=+ g
0 T H —AT A AT(2aw + a?uy)
Nodal vescoplastic forces ) \ela el \gis AV ASS
- fh=—— —f+ — —vy . —Uy
= — — V1S V1S V1s V1S VIS V1s
vescoplastic force b — 1, AV + Ay AVE + A ATE 4+ A
. A ela ela, vis vis, ,vis
. /\ela )\ela)\;ls A\lns)\;ls f. _ /,l/ + /,L /,62 [,Ll /,62
fi=— Xlzis n Xzzis A /\xlzis n /\x2/is VN )\\{is T )\\2,15 N Iz uxlzis + uxzzis H Mxlris + Mgis uxlfis + ‘uxzfis
1 la, vis is | vis
Me a f Me augls /j/\ll'lsu\zllb .
- _u\llis + N;is 1 M\l/is + M\zlis N M\llis + /’[/‘2,15 N
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Three-element model Example (Sample Program)
ordinary differential equation of the first order:
. E Ec, e . w o o o
&+ o= &+ E o w o w
Cl _|_ c2 Cl _l’_ C2 C]. + C2 20 20 il 20 20
i /\ela )\ela /\\2113 )\\{is )\\2/is :: :: :: ;:
(I T T Ve VAP VOES Tk R B EE
ela ela , vis vis , vis o 0 o o
fo__H K" Ho . Hi Mo s
= —— —f, — — - — Wom e e Moo womowoe Mo owomw e s o0 om o ow
+ + + . . .
f M f Tt Fr i simulation movie
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Example (Sample Program)

% o 0 2 ® w0 “ o 10 2 % Yoo 0 0 % 4
w w w w
' : T R '
M 0 0w w4 Mo 0 10 2 % w0 o o 0 2w 4w Mo o 0 2
simulation movie
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Summary

one-dimensional inelastic deformation
o Maxwell model

@ three-element model

2D/3D inelastic deformation
@ isotropic deformation models
o formulating nodel force sets

@ finite element formulation
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Handouts

Sample programs (MATLAB) are available at:

http://www.ritsumei.ac.jp/ hirai/edu/common/
soft_robotics/Physics_Soft_Bodies.html
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