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Agenda

© Planar Rotation
@ Description of Planar Rotation
@ Lagrange Equation of Planar Rotation
@ Rotation Matrix

© Spatial Rotation
@ Description of Spatial Rotation
@ Lagrange Equation of Spatial Rotation
@ Forced Spatial Rotation

9 Quaternion
@ Describing Spatial Rotation using Quaternions
@ Rotation Dynamics using Quaternion
@ Description of Forced Rotation
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Spatial and object coordinate systems

y O —xy  spatial coordinate system
O —¢&n  object coordinate system
n a unit vector along &-axis
b unit vector along n-axis
P lall=1 — aTa=1
o : M Ibl=1 — bTh=1
— alb — a'b=b"a=0

&, m: object coordinates of point P spatial coordinates of point P

I

Note: a and b depend on time. £ and 7 are independent of time.

x=CE%a+nb = {a
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Spatial and object coordinate systems

O — xy  spatial coordinate system
O —¢n  object coordinate system
a unit vector along &-axis
b unit vector along n-axis
lall=1 — aTa=1

b|l=1 — b'h=1

alb — atb=bTa=0

&, m: object coordinates of point P spatial coordinates of point P

Bl

Note: a and b depend on time. £ and 7 are independent of time.

x=£&+nb = {a
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Angular velocity in planar rotation
differentiating relationships between a and b w.r.t time:
ala=1—a%a=0
b'h=1—b"h=0
a'b=0-a"h+b"a=0
-—w w
describing a and bin object coordinate system:
a=(a"a)a+ (bTa)b = wb
b=(a"b)a+ (b"b)b = —wa
velocity of point P(£,7)
x = £a+nb=w(b—na)
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Angular velocity in planar rotation
interpretation
w = bTa angular velocity
lall=1 — ala— a|b
Ibll=1 — bLb— bja
[al=1 = |lal=w
[al=1 = [lbl=w
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Kinetic energy of rigid body
Divide a rigid body into a finite number of masses.
m; the i-th mass
(&,mi) object coordinates of the i-th mass
position of mass m; x; =&a+ ﬁib
velocity of mass m; x; =&a+nb=w(b—na)
kinetic energy of mass m;
lm-XTi(- = 1m- WA (&b —na)T (&b — nia)
2 (kavi A 2 1 1 17/ ) 771
1
= Emi W2(5i2 + 77r2)
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Kinetic energy of rigid body

kinetic energy of rigid body rotating on plane

1o, N~ L o0 o
Zim;x, X = Zim,w (& +n)

i

= 5./(4}2

where

inertia of moment

J="mi (& +n)

Note: J is constant (independent of time)
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Computing Lagrange equation of planar rotation
description that satisfies relationships between a and b

=[s] o=

w=b"3=1[-5 Cg][—c-ze]ézé

angular velocity

kinetic energy
1 .
T = - J&?
2

work done by external torque 7 around point O

W =70
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Computing Lagrange equation of planar rotation

Lagrangian
L=20 40
2
Lagrange equation of motion
oL doL_
o0 dtah
r—J6=0
Ji=r

equation of planar rotation
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Inertia of moment in rigid continuum

Let p be planar density of a rigid body.

m; — pdédn
>
; s

inertia of moment:

J=Y"mi(§+n)
1

J= 24 p?)ded

/sp(ﬁ +n?) dédn
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Introducing rotation matrix
spatial coordinates of point P(£,7)
x = fa+nb

- [=]e][3]
n
R~ ¢
= R¢
R rotation matrix

b_aTaaTb_lo
| bta bTH| |01

Re-[ 5 ][

R is an orthogonal matrix

RTR = RR™ = b, (unit matrix)
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Computing kinetic energy using rotation matrix
differentiating RTR = by, w.r.t time:
RTR+ RTR = 05 (zero matrix)
(RTR)" + (R"R) = 022
RTR is a skew-symmetric matrix:

To 0 w
Re=] %, 4]

mwmwm=w‘?}ﬁiﬁ}=“f;}

2
=w* hy2
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Computing kinetic energy using rotation matrix
differentiating x = R with respect to time:

x = R¢
quadratic form:
xTx = ¢"RTR¢ = ¢"RTRRTR¢
=€ (RTR)'(RTR) € = € hua
— 2%
kinetic energy of a rigid body:

1 . 1 1
T:ZEm,-x,-Tx,- = Zim;wzﬁ,-T&; = EJw2

where

J:ZmiE;TEf:me(f,'2+7I,'2)
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Spatial and object coordinate systems

£ O — xyz spatial coordinate system

O — &nC object coordinate system

5 a, b, ¢ unit vectors along
¢ &-, -, and ( axes
¢ ol 1 y ata=b"b=c"c=1
L ath=bTc=cTa=0
X
&,m,(: object coordinates of point P spatial coordinates of point P
3
x=Ef+nb+(c = | alb|c n| = R¢
¢
R 3

Note: a, b, c depend on time. &, 7, ¢ are independent of time.
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Spatial and object coordinate systems

O — xyz spatial coordinate system
O — ¢&n¢ object coordinate system

a, b, ¢ unit vectors along
&-, -, and ¢ axes

atla=b"b=c"c=1

a'b=b"c=c"a=0

&, m, C: object coordinates of point P spatial coordinates of point P

g

x=E%+nb+Cc = | alb|c n| = R¢
¢
R 3

Note: a, b, ¢ depend on time. &, 7, ¢ are independent of time.
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Angular velocity vector in spatial rotation
rotation matrix R

al

RTR = b" alb|c
e’

= hy3 (unit matrix)

R is an orthogonal matrix

differentiating RTR = k3 w.r.t time:
RTR+R™R = (R"R)" + (R"R) =

RTR is a skew-symmetric matrix:

) 0 —we n
RT R = OJC 0 *wg
—wy W 0
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Angular velocity vector in spatial rotation

—(DEJb —(Dnc —(,\)Ca
OEC < mcb
¢ o a on ona b o
y 2%
G——
a b b c c a
we = cTh w, =a%¢ bT
_ a’ aTa a'h a'e
RTR = b* alb|¢e | =1|b"a bT'h bT
c’ c’a b "¢

a=(a"a)a+ (bTa)b+ (cTa)c = web —wy,c
= (a"b)a+ (b"b)b+ (c"b)c = wec—wca
¢=(a"¢)a+ (bTe)b+ (cTé)c = wya—web
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Angular velocity vector in spatial rotation

angular velocity vector:

We
W
W

1>

Note that w is defined on object coordinate system.

. 0 —w wy 3 wpC — wen
(R'IR)€=| we 0 —we n| = | we§—we
—wy W 0 ¢ wen — wy€
UJ& é
=|lw [ X|n]| =wx
wc C
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Computing kinetic energy in spacial rotation
differentiating x = R€ with respect to time:

x = R¢
quadratic form:
xTx = £€TRTRE = €"RTRRTR¢
=(@x &) (wx§€) = (~€xw)'(-€Exw)
=(Exw)(Exw) = ([€x ]w)([ €x ]w)

Tlex ] [ex]w

where
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O3x3  (zero matrix)

15 / 80

16 / 80

17 / 80

18 / 80

Computing kinetic energy in spacial rotation

0 ¢ - 0 —C n

[ex]"[ex]=|-¢ 0 ¢ || ¢ o =
n —¢ 0 -n & 0
G =y =&

=1 —n& G+ ¢
¢ = &+
kinetic energy of a rigid body:
Tzsz,xx, sz, ]T[ﬁ;x]w
= %wTJw
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Computing kinetic energy in spacial rotation

inertia matrix

oo ey Jee
Zml 61 61 ]: J§TI JW JWC
Jee e I

where

Zm, UG A
C:Zmi(5?+nfv

ZmV (C2+£1

- Z m; §niy e = — Z m; niCi,  Jee = — Z m; G

Note: inertia matrix is constant (independent of time)
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Lagrange equation of spatial rotation
generalized coordinates describing spatial rotation:

ay by Cx
a=\|a |, b=|b |, c=|¢
a, b, C,

under geometric constraints:

Ri=ata—1=0,
Q=b"c=0, @=cTa=0,

R,=b"h—1=0,
Q3:aTb:O

kinetic energy
1
T=-w"J
> wJw
where

we=c"h, w,=a"¢, w;=>b"a
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Lagrange equation of spatial rotation

Lagrangian

L=T4+ MR+ MR 4+ A3Rs 4 111 Q1 + 112Q2 + 113Qs
(A1 A2v A, p1, p2, p3: Lagrange multipliers)

Ry=cTc—-1=0,

19 /80

20 /80
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Lagrange equations of spacial rotation

8L_d(’)L_0
Oda dtoa ’
oL _doL_,
ob dtpb ’
oL _doL _,
dc dtoc

[Shinichi Hirai (Dept. Robotics, Ritsumeikan | Analytical Mechanics: Rigid Body Rotation

22 /80



Computing Lagrange equation of spatial rotation

kinetic energy

T = % wlw
derivative

dT7

o
oT
Owg

dT oT

dw Owy
oT
Owg
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Computing Lagrange equation of spatial rotation

angular velocities
we=c"h, w,=a"¢, w;=>b"a
partial derivatives

Ouwe 0w, B Ow;

92 % T2 ¢ 520
Owe 0w, Qwe
9a 69’170’ aa*b
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Computing Lagrange equation of spatial rotation

angular velocities

wg=c"h, w,=a"¢, w,=>b"a

partial derivatives

Owe Ow, Ow; Owe Ow, Ow;
g2~ % 92 ¢ 3% % %% 5% H P
Owe Owy, Owe . Owe Ow, Ouwe
b =% % BT 5% 0 b
Owe _p o Oy Owe g e _g Qom0 Qv g
dc 7 9c 7 dc 7 oe 7 9e T ae
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Computing Lagrange equation of spatial rotation
dependency
T < we, wy, We < a
4
OT _ 0T Owe | OT Owy | OT dug
da  Owe 0a  Ow, 0a  Ow; Oa
or
60.)5
| Quwe | Oy | Qe | | OT
da | da | 0a Owy,y
(LB
8w¢
= [ 0 coO ] Jw
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Computing Lagrange equation of spatial rotation

dependency
T < we, wy, we < a

¥
OT _ OT Qwe | OT Owy | OT du
0a  Owe 08 Ow, 0a = Owc Oa
or
E?wf

Qe | Dy | Do | | OT
0a | 0a | 0a Ouwy
or
8&.}(

[0 0 b]Jw
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Computing Lagrange equation of spatial rotation

partial derivative

oT
time derivative:
doT . .
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Computing Lagrange equation of spatial rotation

geometric constraints

Ri=a'a—1=0, RR=b"h—1=0, Rs=c"c—1=0,

@ =b"c=0, @=ca=0, @=ab=0
partial derivatives
R, OR, . ORy
P2 2 5270 570
0Q _ o 0@ __ 9@ _,

9a ' 9da  Oda
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Computing Lagrange equation of spatial rotation

contributions to Lagrange equation of motion w.r.t. a:

oL 0T oRy 0Qs
92 0a " Maa T tHgg
=[0 ¢ 0]Jw-+2\a+ pc+pusb
doL  daT
1toa  dt 08

=[00 b]Jo+[0 0 b]Jw
Lagrange equation of motion w.r.t. a:

[0 ¢ 0]Jw—[0 0 b]Jo—[0 0 b]Jw
+2Ma+ upc+u3b =0
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Computing Lagrange equation of spatial rotation
Lagrange equation of motion w.r.t. a, b, c:

[0 0 b]Jo+[0 —¢ b]Jw—2\a—pc—pshb=0
[c 0 0]Jo+[¢ 0 —a]Jw—2Xb—pza—pc=0
[0 a 0)Jo+[-b a 0]Jw—2\3c—jub—pa=0
cT(2nd eq.) (note: cTe =1, cT¢ =0, and —cTa=a"¢ =w,)
[100]Jo+[0 0 wy]Jw—p=0
b™(3rd eq.) (note: bTa =0, b*h =0, and b4 = w)
[00 0]Jo+[0 we 0]Jw—p1=0
c’(2nd eq.) — b*(3rd eq.)
[100]Jo+[0 —we wy |Jw=0
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Computing Lagrange equation of spatial rotation

c’(2nd eq.) — b*(3rd eq.)

[100]Jo+][0 —w wy]Jw=0
a’(3rd eq.) — cT(1st eq.)

[01 0]Jwo+[w 0 —we]Jw=0
bT(1st eq.) — a”(2nd eq.)

[0 0 1]Jo+[-w, we 0]Jw=0
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Euler's equation of rotation

100 0 —we wy 0
01 0|Jw+| we 0 —we|Jw=]|0
001 —w, W 0 0

Jo+ [ wx | Jw=0

Euler's equation of rotation

JwtwxJw=0
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Dynamic equations describing spacial rotation

12 state variables

We ax by Cx
w=|w, |, a=|a |, b=|b |, c=|¢
we a, b, c,

12 equations (6 differential egs. and 6 algebraic egs.)

Jw=—-w x Jw,

c"b=w, aTé=w, bTa=uw,
aa=1, b"b=1 cTc=1,
a'b=0, b'c=0, cfa=0
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Lagrange equation of forced spatial rotation
external force f is applied to point P(&,n, ():

W =fTRe (R& denotes displacement vector of point P)

(10 0] [¢]
W _ 1000 E=fTlo|=[¢c00]f
Oa
x |0 0 0| | 0|
[0 0 0] [0]
%:ﬂ 10O |g=f"|¢|=[0¢0]F
Y 10 0 0| | 0 |
[0 0 0] (0]
ZW:fT 000 |&=f"|0|=[00¢]Ff
3 [ 10 0] | ¢ ]
ow
= g
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Lagrange equation of forced spatial rotation
partial derivatives of W w.r.t. a, b, and c:

W W

ow Foow_
da ob ~

£f7 ac _Cf

Lagrangian

L=T+ MR+ R+ XRs + (11 Q1 + 2@ + 13 Q3 + W

Lagrange equation of motion w.r.t. a, b, and c:
[0 0 b]Jo+[0 —¢ b|Jw—2\a—pac—psb=¢F
[c 0 0]Jwo+[¢ 0 —a]Jw—2X0b—psa—mc=nf
[0 a 0)Jio+[—b a 0]Jw—2X\¢—uub—ppa=CF
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Lagrange equation of forced spatial rotation

100 0 —we wy ncTF — (b™f
010 |Jo+| w 0 —we|Jw=] ¢a"f—¢cTfF
001 —w, W 0 T —na'f

external torque:

LN ncTf — (bTf nfz — Cf, £
T=|T7 | = | C@F-&TF | = | (h—C | =] n|x
T EbTF —na'f £f, —nfe ¢

Euler's equation of rotation with external torque

JwtwxJw=T1

Shinichi Hirai (Dept. Robotics, Ritsumeikan ( Analytical Mechanics: Rigid Body Rotation

Rotation matrix using quaternion

Definition of quaternion

where
q'a=q5+q +d+q =1

Rotation matrix using quaternion

2(qe+93) —1 2(q192 — qo93) 2(q1G5 + GG2)
R(g) = | 2(q192+ qog3) 2(q3 +d3) — 1 2(q293 — Go)
2(q193 — q0%2) 2(q203 + q0q1) 2(q5 +93) — 1
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Describing column vectors of rotation matrix

column vectors a, b, and c of rotation matrix R(q):

[2(@+a)-1] [ @0 @ —¢ —a] Z‘l’ N
a=| 2(qap+qq) | = 93 G2 q1 9o % =Aq
| 2(q193 — q0q2) | [ % & % @ ||
- S 1] ]
2(‘71(72 - qu3) —g3 G2 q1 —Qqo ol .
b=|2@+@)-1|=| @ -q 9% —g » |- Bq
| 2(9295 + qoq1) | |l 1 9 G G | &
- 1T 1] %]
2(q193 + qog2) [¢}) g3 do 1 a |~
c=|2@B-—qq) |[=| -5 —% B @ |- Cq
L 2 +¢3) -1 | L 9o —G1 —q2 g3 | 0
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Describing column vectors of rotation matrix
[1- qf Goq1 193 —q1q2 | [ o |
ATa_ | @@ 1-q “9d5 Go% | (grpyq - |
@93 —Ggz 1—q5  Gqag3 G2
L — 9192 Qoq2 Gq3 11— q% i L 93 |
[1-— q% —q2q3  qoq2 a1q2 | [ do |
BT — | ~%% 1-q3 QOq32 q193 , (B™B)q = a1
G932 g l1—q —Gaq G2
q1q2 G193 —Goq1 11— qf i L 93 |
[(1-¢2 @a —qa o | [ q0 ]
Ctc— | %®B 1-q} Q1CI22 —Goq2 . (C"C)g = a1
—q143 12 1—aqi Qg1 G2
G093  —Gog2 Goq1 1-— qS i L 93 |
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Describing column vectors of rotation matrix
[ -0 —qmas g qi—1] [ —as ]
ATB — qoq2 ‘270<J3 1-q5 —Goq , (A"B)g = q2
%G g3—1 —qgs —qigs -G
| 1-@ —@a e g | | % |
—q2q3 q§ -1 —q192  qoq2 —a1
Blc_ | 1-% @@ - W% | (BTC)g=|
Qg3  —GG Ggq1 1—q; q3
Mas 0@ -1 —qaq | | —% |
[ —qgs Qe 95— 1 —qqs | [ —q ]
CTa— | @% ~@% —@6 G-1| g0 | 0
1-q¢i g q1q3  —q1q2 do
Qpqu 1-4d —dogs Goq2 | L @ |
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Describing column vectors of rotation matrix

a'a=(Aq)"(Aq)=q'A'Ag=q'q=1
b'b=(Bq)'(Bq)=q"B"Ba=q"'q=1

—qs3

92 -0

—q1

do

—q1

b'c=(Bq)'(Cq)=q"'B"Cq= [ o q1 G2 G3 } Z: =0
—q2

a'b=(Aq)"(Bq) = q"ATBq = [ G G 9 q3 }
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Describing column vectors of rotation matrix

Assume that g depends on time.
time derivative of quaternion:

Note that matrices R(q), A, B, and C depend on time.
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Describing angular velocity vector using quaternion

time derivatives of column vectors a, b, and c:
a=Aq+Aq=Aq+Aq = 2Aq
b=Bq+Bg=Bg+Bg = 2Bg
c=Cq+Cg=Cq+Cq = 2Cq

angular velocities:

we=c"h = q'C"2Bg = 2(B"Cq)"q
w,=a"¢ = q'AT2Cq = 2(C"Aq)"q
we=bTa = qTBT2Ag = 2(ATBq)"q
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Describing angular velocity vector using quaternion
angular velocities:

we =2 [ —q1 qo g3 —Q2 ] q

wy =2 [ —q2 —q3 qo Qq1 ] q

we=2[-a @ —q @ ]q

angular velocity vector
w =2Hq

where

—q1 Qo g3 —q2
—q2 —q3 Qo ()1
—q3 G2 —q1 Qo

1>

H
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Describing Lagrangian using quaternion
Lagrangian

L=T+ >\quat Qquat

kinetic energy of a rotating rigid body:
1 1
T= EwTJw = 5(2Hq)TJ(2Hq) =24"(H"JH)g

or

T= %wTJw = %(—2Hq)TJ(—2Hq) =2q"(H"JH)q

constraint on quaternion:

Qquat = qTq -1

Aquat: Lagrange multiplier
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Computing Lagrange equation
partial derivatives of T w.r.t. g and q:

oT oT

Z_ =4(HTUH)g, = =4(H"JH
4 (H"JH)q, (H JH)q

since Hg = —Hg

% — 4(F"J)Hq = 4(H"J)(—Hg) = —4(H" JH)q
time derivative of 9T /0q:
doT o a S T
1795 = 4(HJH)G + 4(H " JH + HT JH)g
since HGg = 0 yields (HTJH)g = (HJ)HG =0
doT oo T
7095 = 4(HTJH)G + 4(H JH)qg
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Computing Lagrange equation

contribution of kinetic energy T to Lagrange equation:

O LT _a(HT )G~ {M(H )G + 4(HT H)a)

= —4(HJH)g — 8(H JH)q

dq dtog

contribution of constraint Q. to Lagrange equation:

8Qquat _ iaQquat
oq dt 9dq

=2q

Lagrange equation of motion

—4(H " JH)G — 8(HT JH)G + 2\ quar @ = 0,
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Dynamic equations describing spatial rotation
multiply H to Lagrange equation of motion:

—4H(HT JH)§ — 8H(H* JH)G + 2\ quatHg = 05
since HH™ = 3,3 and Hq = 0:
JHG +2(HH " JH)g = 05
matrix J is regular:
Hg = —2J"Y(HH" JH)g

since Quuat = 297 g and Quuas = 29" + 29" q, equation for
stabilizing constraint Qqua = 0 is given by

-q'4=r(q,q)
where
1
r(q,q) E qTqg+2vqTq + §V2(qTq —1) (v: positive constant)
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Dynamic equations describing spatial rotation

differential equations:

-q'G=r(q.q)
Hg = —2J"Y(HH JH)q

combining the two equations:
_qT q — r(q7 q)
H —2J"YHHTJH)q

fa=| |

where
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Dynamic equations describing spatial rotation

par | =9 |1 g yr1-] 99 —(Ha)"
{ ][ q H"] { }

H —Hq  HHT
Ay
0; hys
matrix H is orthogonal:
s T r(q.9)
9 —2JY(HHT JH)g

=[-q H"] { ,QJ’I;E(/Z/’S%JH)‘? }

= —r(q,q)g — 2H" J\(HH" JH)q
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Dynamic equations describing spatial rotation

. —q1 do 93 —Qq2 o :qz B
2HH' =2 -2 -5 @ @ do =G P

_ B @ G —@

g3 q2 Q1 do —d an do
0 —w wy

=| we 0 -—w|=[wx]=][(Hg)x ]
—w, W 0

matrix HHT represents outer product with Hg
G =—r(q.4)g—2H"JH(HH" JH)g
3
G=-r(q.q9)q —2H"J7 {(Hg) x (JHq)}
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Dynamic equations describing spatial rotation

Equation of rotation
4 generalized coordinates:

4 differential equations:

i = —r(q.4)q —2H"J " {(H4) x (JHG)}
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Dynamic equations describing spatial rotation

Canonical form for numerical computation

qg=p
p=—r(q,p)q —2H"J*{(Hp) x (JHp)}

state variable vector
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Comparison summary

@ a set of rotation matrix elements

» 12 state variables (9 for orientation and 3 for angular velocity)
» 12 equations (6 differential 4 6 algebraic)

@ quaternion
> 4 generalized coordinates (8 state variables)
» quadratic expressions, no trigonometric functions
» no singularity, implying no gimbal lock or no instability

@ a set of Euler angles
> 3 generalized coordinates (6 state variables)
> trigonometric functions
» singularity, causing gimbal lock or instability
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Lagrange equation of forced spatial rotation

a set of generalized torques corresponding
to quaternion g = [qo, ¢1, 42, 43]"

Tquat = [7—07 T1, T2, 7—3]T

W= una;q = T0Go + T1G1 + T2G2 + T3q3

contribution of work W to Lagrange equation:

ow dow

dq  dt ag o
Lagrange equation of motion:

—4(HTJH)G — 8(HTJH)Q + 2\quat@ + Touar = 04

. . _ . ) 1
g=-r(q,q)q—2H"J? {(Hq) x (JHq) — gHTquat}

[Shinichi Hirai (Dept. Robotics, Ritsumeikan | /Analytical Mechanics: Rigid Body Rotation 56 / 80

Lagrange equation of forced spatial rotation

Principle of virtual works
w=2HG = Tqm=(H)TT

since HTyuat = 2HHTT = 27, equation of rotation turns into:

G=—r(q,4)q—2H"J! {(Hd) x (JHq) — %T}
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Lagrange equation of forced spatial rotation

Canonical form for numerical computation
q=p
. _ 1
p=—r(q,p)g —2HTJ? {(Hp) x (JHp) — ZT}

state variable vector
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Sample Programs

@ class RigidBody
@ class RigidBody_Cuboid

class RigidBody_Cuboid is a subclass of class RigidBody
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Sample Programs
file RigidBody.m
classdef RigidBody
properties
density;
mass;
inertia_matrix;
inertia_matrix_inverse;
rotation_matrix;
omega;
q9;
dotq;
H;
end

methods
function obj = RigidBody (m, J)
obj.mass = m;
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Sample Programs
file RigidBody_Cuboid.m

classdef RigidBody_Cuboid < RigidBody
properties
a, b, c;
end
methods
function obj = RigidBody_Cuboid (rho, a, b, c)
obj@RigidBody(1,eye(3));
m = rho*axb*c;
Jx = (1/12)*mx (b~ 2+c"2) ;
Jy = (1/12)*m*(c"2+a"2);
Jz = (1/12)*m*(a~2+b"2) ;
J = diag([Jx, Jy, Jzl);
obj = obj.mass_and_inertia_matrix(m, J);
obj.density = rho;

obj.a = a;
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Sample Programs

file RigidBody_Cuboid_test.m

body = RigidBody_Cuboid(1, 4, 4, 8);

clf;

body.draw;

x1im([-10,10]1); ylim([-10,10]); zlim([-10,10]);
xlabel(’x’); ylabel(’y’); zlabel(’z’);
pbaspect([1 1 11);

grid on;

view([-75, 30]);
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Sample Programs
file rotation_quaternion.m

body = RigidBody_Cuboid(1, 4, 4, 8);
alpha = 1000; % positive large constant for CSM

ext = @(t) external_torque(t);

rotation_quaternion_0DE = e(t,s) rotation_quaternion_0DE_
tf = 20;

interval = [0,tf];

sinit = [1;0;0;0; 0;0;0;0];

[time, s] = ode45(rotation_quaternion_ODE, interval, sini
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Sample Programs
file rotation_quaternion.m

function dots = rotation_quaternion_ODE_params (t,s, body
q = s(1:4); dotq = s(5:8);
ddotq = body.calculate_ddotq (q, dotq, alpha, ext(t))
dots = [dotq;ddotql;

end

function tau = external_torque(t)
if t <=5
tau = [12.00; 0.00; 0.00];
elseif t <= 10
tau = [ 0.00; -12.00; 0.00];
else
tau = [0;0;0];

end
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Summary

Planar rotation
@ described by angle 6 and angular velocity w
@ Lagrangian formulation yields equation of planar rotation

Spatial rotation
@ described by rotation matrix R under geometric constraints
o Lagrangian approach derives Euler's equation of rotation
@ equation of forced rotation

Quaternion
@ a set of four variables under one constraint
o differential eq. w.r.t. quaternion describing spacial rotation
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Quaternion

Report #5  due date : Dec. 11 (Mon.) 1:00 AM
(1) Show that R(q) is orthogonal.
(2) Show Ag = Aq, Bg = Bq, and Cq = Cq.
(3) Show Hg = 0.
(4) Show Hg = 0.
(5) Show Hg = —Hq and w = —2Hq.
(6) Show HHT = k3.
(7) Show HTHg = g and ¢ = (1/2)H w.
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Dynamic Simulation of Rotation
Report #6  due date : Dec. 18 (Mon.) 1:00 AM

Simulate the rotation of a rigid cylinder in 3D space. Define class
RigidBody_Cylinder as a subclass of RigidBody. Use appropriate
values of geometrical and physical parameters of the cylinder. Apply
torque vectors with different directions.
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Appendix: vector calculus
Let x and y are three-dimensional vectors given as

X1 1
X = X2 ) y= Y2
X3 3

Inner product between x and y is described as

x"y = x4+ xop + xays

Thus, partial derivatives of the inner product with respect to column
vectors x and y are given as follows:

9(xT N A(xT X1
(<"y) _ vl =y ) | =«
ox dy
Y3 X3

Since the inner product is a scalar, the above derivatives are
three-dimensional column vectors.
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Appendix: vector calculus
Outer product between x and y:

X2y3 — X3)2
XXy = | X3)y1— X1y3
X1Y2 — Xon
0 —-x3 x n
= X3 0 —x Y2
- x 0 %)
=[xx]y
Note that [ X X } is a 3 X 3 skew-symmetric matrix.
0 —X3 X2
[xx]=| x 0 -x
—X2 X1 0
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Appendix: vector calculus

Partial derivatives of the outer product with respect to row vectors
xT and yT:

0 y3 —»
O(x x
%: -y3 0 N :[—yx},
X
v -»n 0
0 —X3 X2
% = X3 0 —X1 = [ XX ]

—Xp X1 0

Since the outer product is a three-dimensional column vector, the
above derivatives are 3 x 3 matrices.
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Appendix: vector calculus Appendix: algebraic description of quaternion

Let x be a three-dimensional vector and A be a 3 x 3 symmetric

matrix independent of x. Quadratic form is described as: )
R : a sequence of rotations P followed by Q

Tax — i a2 a3 X P, Q, R : denoted by quaternions
XAx=[x x x| m o o | x p=1[po. pr. 2. p31%. @ =1[0, 1. @2, @], r=[ro, 1. r2, 131"
13 dx3 as3 X3
= 811X12 =+ 322X22 =+ 333X§ =+ 2312X1X2 + 2313X1X3 =+ 2323X2X3 R(r) = R(P)R(q),
Partial derivatie of the quadratic form with respect to x is: )
8xTAx 2311X1 + 2312X2 -+ 2313X3
Ix = | 2axx + 2a12X1 + 2a23X3 o PoGo — P191 — P2G2 — P3q3
2a33x3 + 2a13X3 + 2ax3X3 no| _ | PoGr+ piqo+ p2gs — P3q2 (1)
— 2Ax r PoG2 + p29o + P3G — P1G3
rs Poqs + P3qo + P12 — P2G1

Since the quadratic form is a scalar, the above derivative is a
three-dimensional column vector.
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Appendix: deriving quaternion description Appendix: algebraic description of quaternion
uxxL xi T . Define numbers of which units are given by 1, /, j, and k.

U =[Us, Uy, Uz]"  unit vector Four units satisfy:

R(u,«)  rotation around u by angle « y:

x x arbitrary vector P=72=kK=-1,
decompose x into two components i =k, jk=1i, ki=j,
x = x4+ x*+ ji=—k, ki=—i ik=—j

Iy, xtLlu
Multiplication among i, j, and k circulates but does not commute.

Numbers p, g, r:

x|l is the projection of x to a line specified by unit vector u: ) .
p = po+ pii + p2j + psk,

T T
x! = (u"x)u = (uu")x, q=qo+ qii + qoj + Gsk,
xt=x = xI = (hys — uu")x r=ry+ni+nj+rnk

vectors u, x*, and u x x* form a right-handed coordinate system
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Appendix: deriving quaternion description Appendix: algebraic description of quaternion
rotation R(u, ) transforms x| into itself: Product pg:

r=pq = (po+ p1i + paj + p3k)(qo + qui + Goj + q3k)
= (PoGo — P1G1 — P2G2 — P393)

Rx! = xII.

rotation R(u,a) transforms x* into Cox* + S,u x x*:

+ (Poq1 + P1Go + P2g3 — P3q2)i
Rx* = Cox* + Squ x x* + (PoG2 + P2Go + pP3G1 — P1G3)j
Thus + (Pogs + P3qo + P1g2 — P2q1)k
Rx = R(xI + x1) = xIl + C,x* + S, x xt. i
sinceux xl =0 I Podo — P11 — P2G2 — P33
| _ | Pogi+ p1qo + P2G3 — P3q2
uxxt=ux (xl+xt) =uxx=[ux]x R | PoGa+ Pado+ psi — prds @)
r3 Poq3 + P3qo + P12 — P2q1
Rx = (uuT)x + Cy(hysz — uuT)x + S, [ ux ] X (1) and (2) are equivalent each other.

={CGhus+(1- C)uu™ + S, [ ux ]}x
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Appendix: deriving quaternion description Appendix: Euler angles
rotation around unit vector u by angle a: a set of 3-2-3 Euler angles:
R=Cihys+(1— C)uu" +S, [ ux ] R(,0,%) = Rs(¢)Ra(0)Rs (%)
Co+ Cot? Couxty — Syu, Couyu, + Syuy Cy —Ss G So C, —Sy
= fauyux + S, Uy Co +fau§ fauyuz — S, uy =S G 1 Sy Gy
Colzy — Sty Colizuy + Sotye Gy + Cou? 1 -5y Gy 1
where C, =1 — C, Rotation matrix

. 1/vV2 —1/v2
Define gy = cos(«/2):
Qo (a/2) B . N 1/vV2  1/V2
Co=2¢2 -1, C,=2sin’ 7 Sa:2qosin§ 1
Define [q1, g2, 3] = sin(c/2)[ uy, uy, 1, ] corresponds to an infinite nu.mb‘er of sc.ets of Euler angles satisfying
, 0 =0 and ¢ + ¢ = 7/4. This singularity causes
2(q5 +4a7) -1 2(%672 —2qoq3) 2(q193 + qoq2) e gimbal lock
R = | 2(q192 + qoas) 2(q5 +¢q3) —1 2(‘7%‘73 _2‘70‘71) e instability in solving equation of rotation
2(q195 — qo92) 2(q29s + qoq1) 2(q5 +a5) — 1
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Appendix: Euler angles
a set of 1-2-3 Euler angles:

R(9.6,1) = Ri(®)Ra(0)Rs()

1 Cg 59 Cw — 51/,
Se Gy —S G 1

Rotation matrix

1
1/vV/2 12
—1/v/2 132
corresponds to an infinite number of sets of Euler angles satisfying

0=n/2and ¢+ =m/4

Any set of Euler angles has singularity.
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Appendix: Euler angles

computing angular velocity vector for a set of 3-2-3 Euler angles:
RT = Ry (V)R (0)Rs (9)
R= R3(¢)R2(9)R3(1/1) + R3(¢)R2(9)R3(7/’) + R3(¢)R2(9)R3(w)

[ WX ] = R"R
= RI (V)RS (0)RS (8)Ra(6) Ra(6) Rs (1))
+ Ry (V)RY (0)Ra(0) Rs ()
+ RS (V) Rs (1))

angular velocity vector:

We — 59 Cw . 5¢, . 0 .
Wy = 59 51[, (25 + Cw 0+ 0 7,[)
We Cg 0 1
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