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Abstract. The derivative of the log-likelihood function, known as score func-
tion, plays a central role in parametric statistical inference. It can be used to
study the asymptotic behavior of likelihood and pseudo-likelihood estimators.
For instance, one can deduce the local asymptotic normality property which
leads to various asymptotic properties of these estimators. In this article we
apply Malliavin Calculus to obtain the score function as a conditional expec-
tation. We then show, through different examples, how this idea can be useful
for asymptotic inference of stochastic processes. In particular, we consider
situations where there are jumps driving the data process.
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1. Introduction

In classical statistical theory, the Cramer-Rao lower bound is obtained
by using two steps: an integration by parts and the Cauchy-Schwarz
inequality. Therefore it seems natural that the integration by parts for-
mulas of Malliavin calculus will play a role in this context. In recent
times, the theory of Malliavin Calculus has attracted attention from
Computational Finance to derive expressions for the calculation of
the greeks which measure the sensitivity of option prices (conditional
expectations) with respect to certain parameters, see e.g. [3],[4]. We
show in this article, that similar techniques can be used to derive ex-
pressions for the score function in a parametric statistical model and
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consequently we obtain the Fisher information and the Cramer-Rao’s
bounds. The advantage of these expressions is that they do not require
the explicit expression of the likelihood function directly and that its
form is appropriate to study asymptotic properties of the model and
some estimators. Gobet [5] was the first contribution in this direction.
He uses the duality property in a Gaussian space to study the local
asymptotic mixed normality of parametric diffusion models when the
observations are discretely observed. Recently, duality properties have
been used to obtain a Stein’s type estimator in the context of a Gauss-
ian space (see [9] and [10]), and in the context of a Poisson process
(see [11]). An interesting discussion of different Cramer-Rao’s bounds
is given in [2].

In this paper we use Malliavin calculus with the aim of giving
alternative expressions for the score function as conditional expecta-
tions of certain expressions involving Skorohod’s integrals and we show
how to use them to study the asymptotic properties of the statistical
model, to derive Cramer-Rao lower bounds and expressions for the
maximum likelihood estimator.

The paper is organized as follows. In the first section we formulate
the statistical model in a way that appears clearly that the Cramer-
Rao lower bound can be obtained after integrating by parts and using
the Cauchy-Schwarz inequality. In the second section, we consider the
parametric models associated with diffusion processes where the driv-
ing process is a Wiener process. In the last section we consider the case
of diffusions with jumps. The basic reference on Malliavin calculus is
[7]. In particular, we refer the reader to this textbook for definitions
and notation.

As our goal is to concentrate in general principles rather than
technical details, we briefly sketch the mathematical framework re-
quired and explain in the examples the procedure.

2. The Cramer-Rao lower bound

A parametric statistical model is defined as the triplet (X, F,{FPy,0 €
©}) where X is the sample space that corresponds to the possible
values of certain n-dimensional random vector X = (X, Xs, ..., X,,),
F is the o-field of observable events and {Py,0 € O} is the family
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of possible probability laws of X. However, when the vector X corre-
sponds to observations of a random process where certain parameter
0 is involved, it is better to assume that X itself depends explicitly 6.

Then we define a parametric statistical model as a triplet consist-
ing of a probability space ({2, F, P), a parameter space O, an open set
in R?, and a measurable map

X:Ox6 — XCR"
(w,0) — X(w,0),
where in © we consider its Borelian o-field.
As usual, a statistic is a measurable map
T : X —-R"
z—T(z)=y.
For simplicity, take m = d = 1 and © an open interval in R. Let us
denote
9(0) == Ep(T) = E (T (X)),
then, under smoothness conditions on g(6), we can evaluate
OpE(T(X)),

where we write 0y = %.

Definition 2.1. A square integrable statistic T € C! is said to be
regular if

HE(T(X)) = E(9T(X))
and Var(T(X)) < oo.

Suppose that the family of random variables {X(-,0),0 € O} is
also regular in the following sense:
i). X has a density p(+;0) € C! for all § € © with support, supp(X),
independent of 6.
ii). X(w,-) € C! as a function of 0, Vw € Q. Furthermore, 9yX; €
L*(Q) and E(9,X;|X = z) € C' as a function of z,V0 € © and

j=1,...n.
eeey Oz (E(09 X ;0 .
iii). 5 (B( ;i(;([;)p(x ) € L*(Q), j =1,...,n; where, for any smooth

function h, we denote 0,,h(X) := Op; 1 (T)|o=x
iv). Any statistic T € C' with compact support in the interior of
supp(X) is regular.
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Remark 2.2. Note that if T € C*! has compact support in the interior
of supp(X) and the family {X(-,0),60 € O} is regular then

WE(T(X)) = E(%T(X)):E(iaij(X)c%Xj)

_ /R >0, T@) B0 X|X = )p(as O)da

n

_ / T(2) Y0, (B@X,1X = )p(a;0)) do

j=1
since
lim E(0pX;|X = 2)p(z;0)T(x) =0,j =1,...,n,
T—x0

V0 € © and Vo € dsupp(X), where dsupp(X) is the boundary of the
support of X. So,

HE(T(X)) = —E (T(X) Zn: Ou) <E<3;i(;(|f;'))p(x? 9)>> S

j=1
Here the quotient is defined as 0 if p(X;60) = 0.

The following result is a statement of Cramer-Rao’s inequality.

Proposition 2.3. Let T' be a reqular statistic satisfying 1)-iii) and
lim E(0pX;|X = x)p(x;0) =0,5 =1,...,n, (2.2)
Tr—XT0

VO € © and Vo € Osupp(X), including xo = oo in dsupp(X) if the
supp(X) is not compact, then
(0o E(T(X)))?

n 0o (E(00X;|X)p(X;:6))\ 2
E (Zj:l : p()](;H) >

Var(T(X)) >

(2.3)

provided that the denominator is not zero.
Proof. By the boundary condition (2.2) we have that

— 05, (E(0pX;| X)p(X30)) \
b (Z p(X;0) ) -

J=1
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Then, by condition iii) and since 9pX; € L? and T is regular we also
have that E[|0pX;T(X)|] < oo and therefore

lim E(0pX;|X = 2)p(z;0)T(x) =0,j =1,...,n,

T—T0

V8 € © and Vx, € Osupp(X), then

— Op, (E(0pX;| X)p(X;0))
p(X;0) ) 24

The result follows from the Cauchy-Schwarz inequality. U

In most classical models, the above calculation can be straightfor-
ward, as the explicit form of the density function p is available. This is
carried out in the following examples. Our goal later is to show that in
some cases where the explicit density is not known, the above bound
can also be written without using directly the form of p. This will be
the case of elliptic diffusions.

Ezample 1. Assume that X = (X3, Xy, ..., X,,) where X; = % are i.i.d.
r.v. with U; ~ exp(1) . This situation corresponds to a usual paramet-
ric model of n independent observations exponentially distributed
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with parameter 6. We have that

E(0pX;|X)p(X;0) = —X;0""exp{—0)  X;};
j=1
O, (E(0pX; IX)p( 0) 1 .
p(X:0) AR
— s, ( an |X>p( :0)) - n
J — X.__7
J=1 32 ; T

0, (05X )p(X:0) "
E(Z petel ) - V(o X)

J=1

= Var(9log(p(X;0)) = 1(0),

where (0) is the Fisher information. So we see that, in this case, (2.3)
is the classical Cramer-Rao lower bound.
If we also assume that

v). p(z;0) is smooth as function of 6, for every fixed z.

vi). For any smooth statistic T with compact support in the interior
of supp(X), 9y [on T(x)p(a;0)dx =[5, T(x)0pp(x; 0)dx, V0 € O,

we have the following proposition that shows that (2.3) is just the
usual Cramer-Rao inequality.

Proposition 2.4. Assume conditions i)-vi). Then, a.e.

Oy, (E(0pX;|X = ;6
—Z : ! | ) z)p(w:6)) = Oplogp(x;0),V0 € O©.
p(z;

Proof. We have seen in (2.1) that

E(T(X)) = —E <T< X) i Or, (E(a;i()?fgip(x; 9))> |

J=1
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On the other hand,

WE(T(X)) = 0, / T(@)p(;0)ds

_ /n 0 log p(z;0)T (x)p(z; 0)dx
= E(T(X)dplogp(X;0)).

Using a density argument w.r.t. 7', we have that

-> % (E(ae)ij('f; 0l Jplogp(z;0) a.e.

j=1

We have assumed in the above proof that the support of X does
not depend on 6. In the following example we suggest a localization
method to treat the case where the support depends on 6.

Ezample 2. Assume that X = (X7, X5, ..., X,,) where X; = 0U;, with
U; ~ Uniform(0,1) independent r.v.’s for i = 1,...,n and 6 € R.
Consider a function T'= T'(X) € C! and function 7 : [0, 1] — R also
belonging to C! in (0,1)" and continuous in [0, 1]" such that 7(U) = 0
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if there exists i = 1,...,n with U; € {0,1}. Then
OpE(T(X)(U))
= E(9,T(X) Za%T )0 X7 (U))

= ZE 01, T(X)0p X;7(U)
- Z‘gn/[oe 09] (x)E(anﬂX:w)W(g)dx

— —BE(T(X) Z Ou, (0o X (

J=1

| >

)

3

— B(T(X) — BT(X) 3 0, (0 Xm( )

J
1

J
then we have that

OB (X)m(1)))
Var) 2 G5, @, (X))

X 1
0., (06 X,7(55)) = 500, (U (D))
Note that if 7(U) = 1 (and this could be considered as a limit case)
then the Cramer-Rao bound is of order n~2 which corresponds to the

variance of max(Xy, Xs ..., X,) (the maximum likelihood estimator of

0) .

where

3. Statistical Inference in Gaussian spaces

In this section, we give an alternative derivation of the Cramer-Rao
bound using the integration by parts formula of Malliavin Calculus.
We start explaining some of the basic concepts of Malliavin Calculus.
Consider a probability space (2, F, P) and a Gaussian subspace H of
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L3(Q2, F, P) whose elements are zero-mean Gaussian random variables.
Let H be a separable Hilbert space with scalar product denoted by
(,-)g and norm || - ||, we will assume that there exists an isometry

W:H — H
h +— W(h)

in the sense that
EW (h))W (h2)) = (h1,ho)nu.
Let S be the class of smooth random variables T'(W (hy), W (ha), ..., W (h,,))

such that 7" and all its derivatives have polynomial growth. Given
T € S we can define its differential as

DT = Z T(W (hy), W (h), ... W (hy)) .

DT can be seen as a random variable with values in H. Then we can
define the stochastic derivative operator as

D:D"? C L*(Q,R) — L*Q, H)
T — DT.

where D2 is the closure of the class of smooth random variables with
respect to the norm

T2 = (E(|T|2) + E(“DTH%I))UQ

Let u be an element of L?(£2, H) and assume there is an element §(u)
belonging to L*(€2) and such that

E(DT,u)n) = E(T6(u))

for any T € D2, then we say that v belongs to the domain of ¢§
(denoted by dom(d)) and that § is the adjoint operator of D.

Proposition 3.1. Let h be an element of H, then
d(h) = W(h).

Proof. Without loss of generality we can assume that ||h|| = 1 and
that T = T(W(h), W (hg),....,W(h,)) is in S with h; , i = 2,...,n
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orthogonal to A. Then

E((DT hyi)

1 —lx% "
= /61 1‘1, h2 W(h ))\/%6 271 1
= E(/RxlT(ml,W(hQ),...,W(hn))\/1276‘5”"%(1:751
= E(TW(h)).

Proposition 3.2. If
u=)_ Fh;
i=1

where F; € S and h; are elements of H then

ZFW Z<DFj,hj>H.

Proof.
E(Té(u))
= Y E(TE;W(hy) =Y E(T(DF;,h;)n)
= ZE(<D(TFj)7hj>)—ZE(T@Fjahﬂ‘)H
— ZE —TDFj, hj)u)
— ZE (DT, h;) )

= E((DT, Zthj>H)

— B((DT, u)n).
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In the following results we assume that our observations are ex-
pressed as the measurable map

X:Ox60 — R
(w,0) — z=X(w,0),
© an open subset of R with the Borelian o-field and the o-field in €2
is the o-field generated by H.

Theorem 3.3. Let X; € D' j =1,...,n and Z be a random variable
with values in H, in the domain of §, such that

If T is a regular unbiased estimator of g(0) then
Var(T(X))Var(E(6(Z2)|X)) > ¢'(6)% (3.2)

Furthermore, assume that
i) X has density p(x;0) € C* as function of 6 with support, supp(X),
independent of 0,
ii) Any smooth statistic with compact support in the interior of supp(X)
is reqular and Oy [g, T(x)p(x;0)dx = [, T(x)0pp(x;0)dzx, for all
0 e 0o,
then
E(6(Z)|X) = 0plogp(X;0), a.s. and for all € ©.
Proof.
OpEy(T(X)) = Z E(0y, T(X)0p Xr).
k=1

If we have Z with
(Z,DXj)y = 0pX;
then
OE(T(X)) = E(0,,T(X)(Z, DXy)n).

By the chain rule for the derivative operator D,

DT (X) = 0,,T(X)DXj,
then

HE(T(X)) = E(Z,DT(X))u)
= E(T(X)i(2)).
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Finally, by the Cauchy-Schwarz inequality
(0 E(T(X)))? < Var(T(X))Var(E(5(Z)|X)).
Next, we have
E(I(X)é(Z)) = O0E(T(X))

= 0Oy /n T(x)p(x;0)dx
= /n T(z)0pp(x; 0)dx

= [ T@ontop(r: 0ot 0)d

= E(T(X)0plogp(X;0)).
Therefore the result follows from a density argument. U
Remark 3.4. The next goal is to provide a somewhat standard way

of finding Z. For example, if there exists U, an n-dimensional random
vector with values on H such that

(Ur, DXj) i = Og;

where d; is Kronecker’s delta then

Z = i ka)ng.

k=1
verifies condition (3.1) if Z € dom(§). In particular, if
(Axj) = (DX, DXj)m) ™

is well defined then we can take

Uk = Z Ak]DXJ
j=1
The matrix A is called the Malliavin covariance matrix and the prop-
erty that its inverse is well defined implies (see Theorem 2.1.2 in [7])
that the random vector X has a density function p(z;6).

In order to understand the role of each of the elements in Theorem
3.3, we treat some classical examples from time series analysis in the
present framework.
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Ezxample 3. Let X; = ¢; + 6,1 < j < n, where ¢; are independent
standard normally distributed random variables for j = 1,...,;n. Let
‘H be the linear space generated by the sequence ey, €9, ..., then

DXj = 6]‘

where W(e;) = ¢;, and (e, ex)y = E(gjer) = dji , so Ay; = Oy, and

7= 0pXpADX; = ej,

J,k=1 j=1

since 0y X = 1. Then

5(2) = ZW(GJ) = Z&j = ZX] —nb.

Therefore we obtain the classical Cramer-Rao lower bound

(59E9(T))2'

Vare(T) >

FEzample 4. Let X; = 0¢; where ¢; are independent standard normally
distributed r.v. Let H be again the linear space generated by the
sequence €1, €9, ..., then

DXj = 96]'

where W(e;) =¢;, Aji = 9% djk, and 0y X), = €;, so we can take
- 1
Z = Z angAijXj = Z aéjej.
k=1 j=1
then using Proposition 3.2,

1 1 )
5(2)2255?—25<€j7€j>H= Vi
j=1 j=1

=1

<
Il

Therefore we also obtain the classical Cramer-Rao lower bound
02 (9y Eo(T))?

As we mention in remark 3.4, the problem is how to find Z. The
following elementary proposition can be useful in this sense.



14 J.M. Corcuera and A. Kohatsu-Higa

Proposition 3.5. Let X = (X1, Xy, ..., X)) and Y = (Y1, Y5, ..., Y,)T
be two random wvectors with components in DY2 where Y = h(0, X)
with h € CYY and h(0,-) one to one for all . Assume that

(Z,DY;)y = 0pY;.
Then,

Also we have that

> DY, Bu(dgY; — (9sh) (0, X)) = > DX, A,100X,

7"7121 T‘,lzl

where By; = ((DY;, DYy )b, Agj = (DX, DXy)i) ™" and dy means
total derivative with respect to 0. That is, dpY; = 0p(h(6, X)).

Proof. 1t is straightforward U

Next, we give an application of the above proposition.

Ezxample 5. Let X; = 0X;_1 +¢;, j = 1,...,n where X is a constant
and ¢; are independent standard normal distributed. Let H be the lin-
ear space generated by the sequence €1, 9, ..., then define Y = h(0, X),
where h;(0, ) = x; — Oxj_1 with 2o = X,. Therefore Y; = ¢; and

dgY; = dge; = 0, (9ph;) (0, X) = =X 1,

so we have that

> DY, Au(dgYr — (9p) (0, X)) = D €6 X1

rl=1 rl=1
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As W(e;) = ¢;, then

D> 3(DY; An(dgYi — (9ph0) (0, X))

rl=1
= Z 6(er6rlefl>
rl=1

n

= Z Wie)X;—1 — Z(DXl—l, e m-
=1 =1

= Z€IXZ—1 = Z(Xl —0X,-1) X4
=1

=1
and we obtain the score function. Another way to obtain Z in Theorem
3.3 would be to use the relation
0pX; = X1 +00p X1
DX; =e;+0DX;
so that

n n

) eXi1.DX;) = X; 1+ 00> e X1, DX;_4)

=1 =1
and therefore by uniqueness of solutions for difference equations, we
have that

n

00X; = (> _eXi1, DX;).

=1

Z = Z e Xi—1,
I=1

So, if we define

then

0(2) = aXia =Y (X —0X1)Xi.
I=1 I=1
And consequently

n

Jplogp(X;0) = Z(Xl —0X;-1) X

=1
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The continuous version of the previous example is given by the
following one.

Ezample 6. Let X™ = (X, X1,,..,X4,), 0 < t; < ty... < t,, be
observations of the Ornstein-Uhlenbeck process

dXt == —QXtdt + dBt,t Z O7 X(] - O
Or, by integrating,
t
X, = / e =94 B,
0

Here {B;,t > 0} is a standard one dimensional Brownian motion.

Let H be the closed linear space generated by the random variables
{B;,0<t<T}and H = L*[0,T],dz). Then the map

W.:H — H
T

log() = W(l[o,t])E/ 104 (s)dBs = By
0

defines a linear isometry, and W (h) is the stochastic integral of the
function h. Consequently DX, = e’e(t")l[o,t](-). We have

dagXt - —Xtdt - eagXtdt, t Z 0, 89X0 - O,

SO

t
O X = —/ e =9 X ds
0
T
— / X,D,X,ds = —(X,DX,)u,
0
where we write DX, (s) = D;X;. Then

T
Bplogp(X";0) = —E(5(X)|X™) = —E( / X,dB,|X™)
0

T T
— —E(/ X dX, + 9/ X2ds| X ™).
0 0
In particular the maximum likelihood estimator of # is given by

B(f) X.dX,|X™)

§— Ll |
E(Jy X2ds|X()
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Take now At; = A, and n observations in such a way that A, — 0
and nA,, — oo when n goes to infinity. Then
>> _

1 nA,
X,dB;
Vnl, /0

ds—>—

nA 260’

—0(X £ N(0,55) (see Theorem 1.19 in [6]).

dplogp(X™:0) = —FE (

1
Vvnl\,

By ergodicity

then we have that
On the other hand

nlAy nAnp, nAn,
5(X) = / X, dB, = / X dX,+0 / X2ds
0 0 0
= Y X, AX, +0> X) A+ R,
=1 =1 =1

AL n

where

ti t;
Ri = / (Xs — Xti71>st + 0/ Xti71 (Xs - Xti,l)ds.
ti—1 ti—1

2
By straightforward calculations one can see that \/n%Tn e R 5 0,
SO

]. 1 n " L2
(X)) — —— X, AX, +60Y X2 A, 0,

and, since the second term is X (™ measurable, we have that

1 1
5(X)—F S XM ) =,
000 - B (0| )
so finally
E( ! 5(X) X<">> £ N(0 i)
vnA,, 1207

Note that the asymptotic Fisher information is given by %. Also if we
consider

Z,(6,0 + ) :=log p(X™: 0 +

u u
M ) \/nT)_logp(X(n)ve)a
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we have
2,(0.0+ — ) / S B0 X8 = X
n 9 + - — , =
Vv nAn 0 K
0+ —2 n n
S / e <Z X, AX, +6/ZXEHAH> e’
0 =1 i=1
—M,
where

O+~ n
nan
M, :/ g <§ Ri| X" :X£”)> o'
9 i=1

We can show that M, = 0. In fact
" o+ T ’
B3 =Y F / E(R|X® = Xi)dgy (3.3)
i=1 o

n 9+77" 9+77"
23 E (/ T BRI X = Xg("))de’/ T (R X = Xg”>)d9"> ,
i<j 0 0

and

u

0+ 2
AT iy (1) oy ()Y g
E(R;| X\ = X\M)db
%

u

&

0+ e
< — / T B(E(RAXS = X§))de
[/

ni\,
u [T ( pi(0)

_ E | B(R?|Xi")= )de’,
-/ (2

where p;(6) is the joint density of ((Xp)s, ,, (Xp)s,) evaluated at X(g,n).
Then, since

) | o\ 1/2
E(E(Rﬂxg,’”)]f;((g,))) < (E(E(R§|X<7’)2))l/ (E (5(?)))

1/2

IN

C (E(E(R§|X<7>)2))l/2 < C (E(R)))
< CA?
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we have that
2
O+ e 2
E (/ TB(RIXY = xM)de' | < cLA,.
0 n

Here we have used Burkholder’s inequality and, in order to prove that

2
E ( ;’ _i((g,))) is uniformly bounded, we used the explicit form of the

Gaussian density of ((Xy)¢, ., (Xp)t,) . Finally the term (3.3) goes to
zero since the covariance function of X goes to zero exponentially.
Then

U U n n
Z,(0,0 + = — § X AX.+9§ X2 A,
( nAn) \/m (i:l A " i=1 e )
1 w2 &
—= X2 A, — M,.
QTLAH — tin™—"n n
and, since X is ergodic, we have that

u c 1 u?
Zn(0,0 + —— N0, =) — —.
6.6+ =) = ulN 055~ 35

That is, the model satisfies the LAN (Local Asymptotic Normality)
property.

3.1. Elliptic diffusions

Let X™ = (X,,, Xy,, ..., X, ) be the vector of observations. Here, ¢; =
iA,, with n = A1 where we omit the dependence of the partition on
n. X is defined as the solution to

t t
Xt:a:—i—/ bS(G,Xs)der/ 0.(0, X.)dB,.
0 0

and B is a standard Brownian motion. Assume that by, o, and their
derivatives with respect to 6 and z are C}* (as functions of ¢ and
x) and that o4 is uniformly bounded and uniformly elliptic. Some-
times, when the arguments are clear, we will write o, and by instead
of 04(0, X,) and bs(0, X;) respectively. Note that the setting here is
different from the previous example where the time frame for the
data satisfied that nA\,, — oo while in this subsection we have that
nA, = 1.
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It can be shown that (see [7])
DX, = 8, X, (0,X) " 0.(0, X )1p4(-).
Define
B = (0:X:) " 0o X,

and
n

By = 0.X, (04(6, X))~ Z a(t)(B, — By ) Lt <t<ti}s

i=1
where

ti
a€ L2([0,T]),/ a(t)dt =1,i=1,...,n.
ti—1

Then, it is easy to see that
In fact

t; T
<ﬁ7 DXt1>H == al‘XtZ / Z CL(t) (/6157‘ - ﬁtj,l)l{tj,1§t<tj}dt

= axth Z(ﬁtj _ﬁtjl)/j a(t)dt
j=1 ti1

= 0.X0 Y (B, = iy ) = 0:X0, (B — Buy)
j=1

- 8:BXtiﬁti = 89Xti-

By the assumption of uniform ellipticity and smoothness of the coeffi-
cients, we have that 3 is in the domain of § and that the score function

is given by .
E@S(8)1X™),
where we have for a(t) = n,

n

) = =) [ 0K 6. X)) dBy

=1

n t
— Z / Dtﬁtif)xXt (O-t(07 Xt))_l dt
i=1 Yti-1
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Conditions i) and ii) of Theorem 3.3 are fulfilled since supp(X) is R"
and Opp(z;0) is uniformly bounded with respect to 6 by an integrable
function. In addition,

t t
0, Xy =1 +/ 000, X ds —|—/ 0,050, X dBs,
0 0
and
t t
Og X; = / (891)5 + 8xb389Xs) ds + / (8905 + 8950'389)(5) st,
0 0
so, by applying the It6 formula we have that
X, ! " Dyoy
= = <d ——dB;, 3.4
b=a%, /0 Hatds /0 9.X, @4

for a certain adapted process p that can be explicitly calculated. Then,
by Theorem 2.1 in [1] and the polarization identity, we have that

f(Z(ﬁtz B,y / 0. X0, LaB,

—Z/ (%Utdt) H\[/ (ago—s)

Here W is a Brownian motion independent of B. Moreover, for ¢t < ¢,

Ogo b b g0 s
D3, = D,u.Di X d D, X.dB,.
e 2. X, +/t ths Dy 5+/t 0y 8 X, ¢

and therefore we have

t;
(Z / D30, X0, dt — / a"atdt)
ti Ot

—>O

Consequently

%5(3) £ \/5/01 (i":) dw,. (3.5)
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Moreover, by using the polarization identity and Burkholder’s inequal-
ity we can see that

1 390'15 1 1890} 1 L
= (AX) - ——— 0
Lss fz{ gt i,

tzl

for any « > 0. So, finally

S < (42)

In particular this implies that the asymptotic Fisher information
for 0 is given by
1 2
Dpos
/ ( 09 ) ds] .
0 Os
If we define

Uu u
Z —) =logp(X™: 0+ —) — log p(X";
(0,0 + —=) = log p( ,9+\/ﬁ) og p(X*:0)

NG

2K

6,0+ =) e (8(3)1x5" )do’
Zn(0,0 + — :/ E XY = XMdo .
Vn 0 ’

It can be seen that

BO(A)1x5") = Z{aa?' L (ax, ) - LA 1}+Z a0, (Xa),,., » (Xo),)

i=1 tizy Ot
(3.6)
where E(|R;(0, (Xs),, . (Xg)ti)|°‘)1/°‘ = O(1/n), uniformly in i, for
any « > (. Then,

By (IR0, (Xo),, (X)) = Ew (|R O (Ko, (Ko, ”y];i(e))
1)

where 1/a +1/8=1,a > 1,8 > 1, R; = Ri(¢',(Xs),_,,(Xp),,) and

pi(0) is the joint density of ((X@) ,(Xg)ti) evaluated at Xy. The
expectation with respect to this process is denoted by Fy.

= (By(|R|")"" | E (

ti—1
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Now, since ¢ € O3 is uniformly elliptic, transition densities can
be bounded from above and below uniformly by the Gaussian kernel,
and then by continuity there exists § > 1 such that

(m)

see Proposition 5.1 in ([5]). So

Ey < C,

i

0+u/\/n 0+u/\/n )
/ EIR(0, (Xo), . (Xo), )0/ < (J/ (E|Ri|*)"/* do’
0 [4

U
< C eyl

Now, we only need to calculate the derivatives, with respect to 6 fixed

X ™ of the expression (3.6). We obtain, after some calculations,

1 < - 201, 1 0k0y,_,
~OEG(A)|X™) = Z{ = (AXn)Q——&}

i=1 O-tifl n Oy,
n 2 9
+ Z {_3 (890:1'1) (Ath)Z 1 (890;521) }
=1 ti—1 O-t-;,1
+o0,(1).

Finally, by taking into account the continuity of the derivatives
with respect to 6, we have,

1 2 rl 2
u ., r 0p0 s u Opo
Z,(0,0 + — 2 AW, —— [ 2 ds.
0+ S [ VA : (as)s
That is, the model satisfies the LAMN (Local Asymptotic Mixed Nor-
mality) property.

4. Statistical inference for models with jumps

In this section, we show how to treat cases where the observed process
have jumps. Essentially the question reduces to the use of an appro-
priate extension of Malliavin’s Calculus to processes with jumps. That
is, the integration by parts formulas. First, we consider the case when
assume that the vector of observations Z(™ has a Gaussian component
(c.f. [4]). That is, Z is a sequence of G = F x H-measurable random
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variables where F is the o-field generated by the isonormal Gaussian
process and H is a o-field independent of F. For instance

Zk = F(97Xk, Yk>, k= 17 N
where X = (X1, ..., X,,) is a G-measurable random vector and Y () =
(Y1, ..., Y,) is independent of G. We also set 2™ = (Zy, ..., Z,,).
Let T be a regular statistic 7 = T(Z™) and g() = Ey(T). Then
we have
WEy(T) = 0gE(T(Z™)) = E(9,T(Z™))
= E(0.,T(Z"™)0y7;).
Now we extend the operator D to the product filtration (this is also
called partial Malliavin Calculus) so that
DZy, = 0,, FDX}
Then using this duality property we have that
DT =0, T(Z"\DZ; = 0. T(Z"™)d,, FDX,.
As before, if there exists a random variable V' with values in H such
that
(DZ;, V)i = 0 Zi,
we will have that
By logp(Z2™;0) = E(6(V)|Z2™).

4.1. Jump diffusions
Let X™ = (X, Xy,, ..., X,,), t: = i\, where n = A~ and

t t t
X, :$+/ bS(Q,XS)ds~|—/ JS(G,XS)dBS+/ Cs,2(0, Xs_)M(dz,ds).
0 0 0

Where M(dz,ds) is a compensated Poisson random measure with in-
tensity v(dz,ds) = vg(dz)ds and B is an independent standard Brow-
nian motion. Assume that bs, 0, cs . and their derivatives with respect
to 6 and z are C}® (as functions of ¢ and x) and that o, is uniformly
bounded below by a positive constant. By using the same arguments
that in the continuous case and assuming that 0,¢, (6, x) > —1, we
have that

DXt = a:vXt (81‘X)_1 0-'(0’ X)l[o’t](>
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Then, writing
B = (0:X0) " 90X,

and
B = 0:X: (04(0, X)) alt)(Br, — Brs )ity <ty
i=1
where
t;
a€ L2([0,T]),/ alt)dt=1,i=1,...,n,
ti—1
we have
anti = <5a Dth')H'
Consequently,
E(6(3)|X™),
where

5B = (B —fu) / " a(1)0,X, (0,(0, X)) dB,

ti—1

i=1
n t;

=3[ a0 (0, X0) .
i=1 Y ti-1

Also we will have that
2

Zn(0,0 + ——) £ u/l\@aeade “ /12(8""5)2d3
n\Y, ) — s T 5 .
\/ﬁ 0 s 0

o 2

Os

25

Notice that we would obtain another asymptotic regime if oy
would not depend on € as we have seen in example 6. This is also

the case in the next subsections.

4.2. The pure jump case

In the previous calculation, we have used the Brownian motion in order
to use the integration by parts property that will lead to an expression
of the score. In this section we use the jump structure and, for the
sake of simplicity, we assume that there is no Brownian component.

Clearly, this also leads to different expressions for the same models if

we consider models with Brownian and jump components.
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4.2.1. Processes with different intensity. Let Y; be an observation of

a compound Poisson process of parameter A and with jumps given by
a random variable X, then

HhE(1yeay) = 1P, € A)

e M)
0 —At
= _tz /\t P(Xi+..+ X, €A

—At )\t
tzne P(X,+ ..+ X, €A

— PV, e A)+ 1§:_M A P(X, 4 ot X € A)
= t )\ 2 ' 1

1 Ny
- _tE(]‘{YtEA}) + )\E(l{YteA}Nt) = E(l{Y}eA}(T - t))

where we should understand that X; 4+ ... + X,, := 0 if n = 0. Suppose
now that we observe V;,,Y,,,..,Y;,, 0 <t < .. <t, <T. Since the
increments are independent, the score function is given by

NT - n—1
E<T—T’Y2UY22,_,_,Y7I):)\ 1;E(Nti+1 - z+1_Yi)_T'
Here

S FP ¥ ()
ENJY) =) k )
| 2 RS20 SO () G

where f(® stands for the i-th convolution of the density of the random
variable X. We remark that this is related to Proposition 3.6 in [3],
where the authors use Girsanov’s theorem.

The trajectories of a compound Poisson process can be described
by indicating the time and amplitude of the jumps. To see this, let
Q=102 (Ry x R)" be the sample space and denote an element w €
U, (Ry x R)" as w = ((s1,21), ..., (Sk, xx)) for certain natural k. In
this space we assume that the canonical random variables s; —s;_1 ~
exp(A) and z; ~ f(x) are independent sequences and also independent
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of each other. Next, consider the maps

Y,: Q2 — R
k
(51, 71), s (51, 7) = Yi(w) = D> @il q(t)
=1

the family (Y;),, is a compound Poisson process. Then, note that

NE(1gy,eay)
e M ()"
= 1Yy ——(P(X1 4 .+ Xp1 € A) = P(X1 + ... + X, € A))
0 n.:
e M (A"
= tB() T(P(X1 tot Xyt €A —P(Xy+ ..+ X, € A))ax, )
n=0 ’

T T
= / E(\I’s,x(l{YEEA})x:Xn.;,.l)ds =F </ / \Ijs,x(l{YtGA})f(x)dxds) ’
0 R JO

where for any random variable F, we let U, ,(F)(w) = F(ws ) — F(w),
where wj ; is a trajectory like w but where we add a jump of amplitude
x at time s. We also can write

1 T
8)\E(1{Y,56A}) = XE (// \113795(1{}@6A})V(dw)d8) s
R JO

where v(dz) = A f(z)dz is the Lévy measure of the compound Poisson
process Y. If we denote by 4 the adjoint operator of V.. we deduce
that

5(1) = Ny — AT.

It can be seen that if u,, is a predictable random field on [0,7] x R
belonging to the domain of the operator ¢ then

§(u) = /R /0 ' U o M (de, ds),

where M is the compensated random measure associated with the
compound Poisson process (we assume here that f|x‘>1 zv(dr) < 00),
see [8] for the Poisson process and [12] for the general case, note that
the authors use the operator Yor instead of Vs o

T
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4.2.2. Processes with different amplitude parameter. Let

t;
Li=Y,—-Y, = / /g(@,x)M(dm,ds),
ti—1 JR

t; =1A,,1=1,..n, with

M(dz,ds) = 8(r3(ds)d(x,y(d),
k=1

where 0 < 71 < 79 < ... < T, is a sequence of jump times of a Poisson
process with intensity one and X;¢ = 1,...,n,... is an iid sequence
independent of (7;),., and with density f, g(#,z) is a deterministic
function. Note that the intensity of the Lévy process is assumed to
be known and the inference is on the amplitude of the jumps. The
compound Poisson process associated with M (dz, ds) is

t
Zt:/ /xM(d:c,ds).
o Jr

Note that when Z jumps z units, Y; = f(f Jg 9(0, )M (dz, ds) jumps
g(0, z) but with same frequency as Z. In fact, Y is a compound Poisson
process with random Poisson measure

MY (da,ds) =Y 0z, (ds)6 g(0,x,)} (d)
k=1
In such a situation we have for a regular statistic T'= T'(L, ..., L,,)
00E(T) =) E(0,TsLy),

Jj=1

and

ty
OgL; = / /%g(@,x)M(dx,ds)
ti—1 R

= Z 809(97 Xk)]'('rke(tj—lvtj)}7
k=1
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SO

OE(T) = > Y E0,Tg(0, Xx)1(re(t,-10,))

j—l k=1
— E(0, T3, L:0p9(0, X3) —————1.
JZI; (0,10, Lj0pg(0, k)(()xg(ﬁ ;) Lot 1t)})-

Since
On, Lj = 029(0, Xi)L(re(t; 160}

we can write

n

= 1
BE(T) = Y E(0,T0w,L;dsg(0, Xk)mlme(tg L)}
j=1 k=1 x

n

- ZZE i T A9 ( 9 X )1(Tk€(tjflvtj)}>

7=1 k=1
Jj=1 k=1 axg(e,Xk> (Tr€(ti-1,t5)} | »

where in the last inequality we use the independence between (Xj),
and the jump times and where we assume there are not ”"border”
effects. That is,

899(9 z) f(x)

D29(0, x) =0

z€dsupp(f)

Finally

89E(T) = —ZZE( 1 (aagii(z>£§$>) B 1(Tk€(tj1,tj)}>

J

- (TZ I f<1x> o (M) Ml ds))
W 7

196)&5 (899 .2)f (”) M(dac,dS)) -

= ET/
R

0.9(0, )
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So, the score function is given by

e (L] e (M) e

If we define the random variables V' := ¢(6, X) the previous expression
can be written as

—E(// 339va() M{(dv, ds)

and we can compare it with expression (2.4).

}/;17}/;«2,'“7}/;71,) :

YtlYthtn)
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