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Abstract

In this article we deal with a multi-dimensional diffusion whose cor-
responding diffusion vector fields are commutative, and study its joint
distribution at the time when a component attains its maximum on finite
time interval. Under regularity and ellipticity conditions we shall show
the smoothness of this joint distribution.
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1 Introduction

In this paper we shall consider the following stochastic differential equation:{
dXi

t =
∑d
j=1 σ

i
j(Xt) ◦ dW j

t + bi(Xt)dt

X0 = x0,
(1)

where b : Rd → Rd and σij : Rd → R (i, j = 1, . . . , d) are smooth functions

with bounded derivatives, (W 1, . . . ,W d) is a d-dimensional Brownian motion
and x0 = (x0

1, . . . , x
0
d) ∈ Rd. The main goal of the present study is to determine

the smoothness of the distribution of F = (X1
θ1 , . . . , X

d
θ1) where θ1 is the time

when X1
t attains its maximum on the finite time interval [0, T ]. This type of

random variables are important in a wide variety of applied fields such as in
path dependent options in mathematical finance. Furthermore, the distribution
of the maximal process F 1 = X1

θ1 = sup0<t≤T X
1
t is closely related to that of

the first hitting time Ta0 := inf{t > 0 ; X1
t ≥ a0} by which we can define the

default of risky assets in structural models. Application in the calculation of
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Greeks can be found in Gobet-Kohatsu [6]. Other applications of the present
results in finance are currently under study.

The first mathematical problem that appears in this study is the uniqueness
of the time at which the supremum of X is achieved in the time interval [0, T ].
To obtain this uniqueness, it is clear that some conditions are needed in order
to avoid the constancy of the process at some time intervals. These conditions
are expressed in Proposition 1.

To study the distribution of F , we shall use techniques from Malliavin cal-
culus. Malliavin calculus is a tool to study the smoothness of the distribution of
Wiener functionals. However, because of the singularity of the random variable
F as a functional of the underlying Wiener process, it is difficult to apply Malli-
avin calculus for F directly. Although the supremum of a smooth continuous
process belongs to D1,2 (see [11], [2]), we cannot expect the smoothness of the
supremum process. In [8] the authors have studied the density for the supre-
mum of a fractional Brownian motion and proved the smoothness of its density.
The density for the supremum of Wiener sheet is also studied in [5] (see also
Section 2.1.7 of Nualart [10]). To avoid the singularity, the authors established
the integration by parts formula without using the Malliavin covariance matrix.
We shall also establish this sort of integration by parts formula (Theorem 12)
however, contrary to the cases of the Wiener sheet or the fractional Brownian
motion, the derivative of F has a somewhat more complicated expression in
general.

In this paper, to avoid such complexity, we assume that the vector fields Vj =∑d
i=1 σ

i
j(x) ∂

∂xi (j = 1, . . . , d) are commutative. Diffusions with commutative
vector fields are studied in [4]. In their paper, the authors gave some formulas
related to the Malliavin derivative of diffusions with commutative vector fields.
As we shall mention in Remark 8, under the assumption of the commutativity
of Vj , we can find a relationship between the Malliavin derivative D and the
vector field Vj in the chain rule:

Dlψ(F ) = (Vlψ)(F )1[0,θ1]. (2)

Therefore to obtain an integration by parts formula we need to find a function
ψ so that Vlψ = f for a given function f and estimate its sup-norm. These
properties are obtained in Theorem 17.

This paper is organized as follows: in the following subsection, we shall
mention our assumptions, and exhibit the main result. In Section 2, we prove
the differentiability of F and give the formula of its derivative from which we can
deduce (2). We shall establish the integration by parts formula with respect to
the vector fields Vj in Section 3. The discussion of this section is a modification
of Section 2.1.7 in Nualart [10]. In Section 4, we study the properties of the
function ψ in function of f . Finally, we shall give the proof of the main result
in Section 5. In Section 6, we shall generalize our result for an SDE which
has a general drift, as it is the case in most financial applications. In Section 7
(Appendix) we shall prove the uniqueness of θ1, that is, X1

t attains its maximum
on [0, T ] on a unique point θ1.
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We denote by C∞b (Rd : Rm) the space of smooth functions with bounded

derivatives defined in Rd taking values in Rm. Similarly, we denote by C∞c (Rd :
Rm) the space of smooth function with compact support and C∞p (Rd : Rm)
the space of smooth function such that f and all of its partial derivatives have
polynomial growth.

For fundamental results in Malliavin calculus and notations, we refer to
Nualart [10]. In particular we will denote by Di the stochastic derivative with
respect to the i-th noise W i and its adjoint on the time interval by δi.

As it is usual, constants may change from one line to the next without further
comment.

1.1 Assumptions and main result

Let (Ω,F ,P), {Ft}t∈[0,T ],Wt = (W 1
t , . . . ,W

d
t ), t ∈ [0, T ] be a d-dimensional

standard Brownian motion. We shall consider the following d-dimensional
stochastic differential equation:{

dXi
t =

∑d
j=1 σ

i
j(Xt) ◦ dW j

t

X0 = x0 = (x0
1, . . . , x

0
d),

(3)

where σ : Rd → Rd × Rd is a matrix valued function and ◦dWs denotes the
Stratonovich integral. Put

a(x) = σ σT (x),

where σT is the transpose matrix of σ.
Throughout this paper, we assume the following assumption.

Assumption A

(A1). There exists a constant Λ ∈ (0, 1) such that for any ξ, x ∈ Rd

Λ|ξ|2 ≤ 〈ξ , a(x)ξ〉 ≤ Λ−1|ξ|2,

holds.

(A2). σ ∈ C∞b (Rd : Rd ×Rd). Note that (A1) implies that σ is also bounded.

(A3). Set for any f ∈ C1(Rd : R)

Vjf(x) =

d∑
i=1

σij(x)
∂f

∂xi
(x).

The vector fields V1, . . . , Vd are commutative in the sense that ViVj = VjVi
for all 1 ≤ i, j ≤ d.

Set for i = 1, . . . , d

M i
t = sup

0≤s≤t
Xi
s,
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and for simplicity we denote by

M = MT = (M1
T , . . . ,M

d
T ).

Without further mentioning, we remark that under Assumption (A), MT ∈
∩p≥1L

p(Ω).

Proposition 1 Suppose that condition (A) is satisfied and that

Leb

x ;

d∑
j=1

σ1
j (x) = 0

 = 0. (4)

Then, with probability one, {X1
t ; t ∈ [0, T ]} attains its maximum on [0, T ] on a

unique random point θ1.

This Proposition is a generalization of that for 1-dim Brownian motion see
Remark 8.16 in Chapter 2 of [7]. Therefore the natural idea is to reduce to that
case. In fact, in view of Girsanov theorem, X1 is a martingale under a measure
that is equivalent to P, and therefore a time changed Brownian motion.

We define

F i = Xi
θ1 .

The following theorem is our main result.

Theorem 2 Suppose that Assumption A and (4) hold. Further we suppose that

inf
x∈Rd

σ1
1(x) > 0. (5)

Then F = (F 1, . . . , F d) has a smooth density on (X1
0 ,∞)×Rd−1.

Remark 3 a) Condition (5) is used in (28) which is a condition to assure
that the mapping that defines X1 as a function of the Wiener process is
an increasing function with respect to W 1.

b) A similar result for (X1
θi , . . . , X

d
θi) can be achieved if we replace the index

1 by i 6= 1.

c) The theorem is also valid for the following SDE:

Xi
t = x0 +

d∑
j=1

∫ t

0

σij(Xs) ◦ dW j
t +

∫ t

0

bi(Xs) ds,

where b is a bounded smooth function. The proof for this case will be given
in Section 6.
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Example 4 Let us consider a one dimensional diffusion Xt:

Xt = x0 +

∫ t

0

σ(Xs) ◦ dWs.

Suppose that σ is a bounded smooth function and that infx∈R σ(x) > 0 then
Assumption A holds. Define{

dϕ(x)
dx = σ(ϕ(x))

ϕ(0) = x0.

One can check that Xt = ϕ(Wt) (see [3]). Since x → ϕ(x) is an increasing
function, we have sup0<t≤T Xt = ϕ(sup0<t≤T Wt). Since sup0<s≤T Ws has the
smooth density on (0,∞), so does Xt. Because Wt attains its maximum on [0, T ]
on a unique point, so does Xt. In multi-dimensional cases, the uniqueness of
the time when X1 attains its maximum on [0, T ] is not clear in general. Here
we are able to prove this uniqueness under the assumption (4).

In mathematical finance, Assumption (A3) is not binding as the following
multi-dimensional Black-Scholes type example shows.

Example 5 Suppose that σ : R → Rd ×Rd satisfies (A1) and (A2). Further
assume that

σij(x1, . . . , xd) = σij(xj).

Then σ satisfies Assumption (A).

2 The differentiability of F

In this section we shall show the differentiability of F . Note that under As-
sumption A we have

Proposition 6 Under Assumption A, there exists a diffeomorphism ϕ = (ϕ1, . . . , ϕd) :
Rd → Rd satisfying{

∂(ϕ1,...,ϕd)
∂(x1,...,xd) = σ ◦ ϕ
ϕi(0) = x0

i (1 ≤ i ≤ d),
(6)

where we denote by ∂(ϕ1,...,ϕd)
∂(x1,...,xd) the Jacobi matrix of ϕ.

Proof. Let φj(u) be the exponential map, that is, the one parameter group
generated by the operator Vj :

φj(u) = Exp(uVj),

and put

ϕ(x1, . . . , xd) = φ1(x1) ◦ · · · ◦ φd(xd)(x0).
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Then because V1, . . . , Vj are commutative, ϕ satisfies (6). From the assumption
(A1) σ is bounded. Hence the existence and differentiability of ϕ−1 follows from
Corollary 4.1 in [12].

By using ϕ, we can solve the stochastic differential equation (3) as follows:

Xi
t = ϕi(W

1
t , . . . ,W

d
t ). (7)

In [4], the authors studied this sort of formula for time inhomogeneous SDE (see
Theorem 3.1 in [4]).

We denote by D the H-derivative operator. Then from (7) we can evaluate
the derivative Dl

rX
i
t as

Dl
rX

i
t =

d∑
k=1

∂ϕi
∂xk

(Wt)D
l
rW

k
t = σil(Xt)1[0,t](r). (8)

Theorem 7 For each i, F i is differentiable, and it holds that

Dl
rF

i = σil(F )1[0,θ1](r). (9)

Remark 8 The relationship in (2) can be deduced from this theorem.

Proof. We shall prove the theorem in the case i 6= 1 only, since the case
i = 1 is easier than the case i 6= 1. The proof follows along the lines of the
proof of Proposition 2.1.10 in page 109 of [10]. We give the details here for easy
reference.

Let S0 = {t1, t2, . . .} be a dense subset of [0, T ]. Put

M1
n = max{X1

t1 , . . . , X
1
tn}.

Then, we have M1
n →M1 P-a.s.. Define

A1 = {X1
t1 = M1

n},
A2 = {X1

t1 6= M1
n , X

1
t2 = M1

n},
...

Ak = {X1
t1 6= M1

n , . . . , X
1
tk−1
6= M1

n, X
1
tk

= M1
n}.

Then one can check that

Ak ∩Am = ∅ if k 6= m, (10)

and

k⋂
p=1

Acp =

k⋂
p=1

{X1
tp 6= M1

n}. (11)
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Define

Gin =

n∑
p=1

1ApX
i
tp .

Then Gin → F i P-a.s. We shall prove that Gin is differentiable and

Dl
·G

i
n =

n∑
p=1

1ApD
l
·X

i
tp , (12)

holds. Let φ(x) be a non-negative smooth function on R such that φ(0) = 1,
and the support of φ is contained in [−1, 1]. For ε > 0, we set φε(x) = φ(xε ).
Inductively, we shall introduce a sequence of random variables

Φε1 = φε(M
1
n −X1

t1),

Φεk = (1−
k−1∑
p=1

Φεp )φε(M
1
n −X1

tk
) (for k = 2, . . . , n).

By (10), (11) and induction, one can show that

lim
ε↓0

Φεk = 1Ak P-a.s.

Thus we have

Gin = lim
ε↓0

n∑
k=1

ΦεkX
i
tk

P-a.s.

Note that Φεk is differentiable, since M1
n is differentiable (see Proposition 2.1.20

in Nualart [10] ). Further we have for any k = 1, . . . , n

lim
ε→0

Dlφε(M
1
n −X1

tk
) = lim

ε→0
φ′ε(M

1
n −X1

tk
)Dl(M1

n −X1
tk

)

= 1{M1
n=X1

tk
}D

l(M1
n −X1

tk
)

= 0,

where the last equality follows from local property (see Proposition 1.3.16 in
Nualart [10]). Hence one can prove by induction that

lim
ε→0

DlΦεk = 0 P-a.s.

Therefore (12) holds true, since Dl is closable.
Further, it follows from (10) that

E

∥∥∥∥∥
n∑
p=1

1ApD
l
·X

i
tp

∥∥∥∥∥
L2([0,T ];R)

 ≤ E[ sup
t∈[0,T ]

‖D·Xi
t‖L2([0,t];R)] <∞.

Hence limn

∑n
p=1 1ApD

l
rX

i
tp exists. Therefore F i1 is differentiable and (9) holds,

since Dl is closable.
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3 Integration by parts formula

In this section, we shall establish the integration by parts formula with respect
to the operator Vj =

∑d
i=1 σ

i
j(x) ∂

∂xi . Most of the arguments are slight variations
of similar ones in [10], we write them here so that the article is self-contained.
We start recalling the Garsia, Rodemich, and Rumsey’s lemma (see [10]):

Lemma 9 Let p, Ψ : R+ → R+ be continuous and strictly increasing functions
such that Ψ(0) = 0 and limt→∞Ψ(t) = ∞. Let φ : Rd → E be a continuous
function which values in separable Banach space (E , ‖ · ‖). Suppose that

Γ =

∫
Bρ

∫
Bρ

Ψ

(
‖φ(t)− φ(s)‖
p(|t− s|)

)
ds dt <∞,

where Bρ = {x : |x0 − x| < ρ}. Then it holds that

‖φ(t)− φ(s)‖ ≤ 8

∫ 2|t−s|

0

Ψ−1

(
4d+1Γ

λu2d

)
p(du),

where λ is a constant depending only on d.

Lemma 10 Suppose that p and r satisfies that 2d < 1 + 2pr < p, and define

Yt =

∫
[0,t]2

|Ws −Ws′ |2p

|s− s′|1+2pr
dsds′. (13)

Then for any a0 > X1
0 there exists R = R(p, r, a0) ∈ (0, 1] such that

Yt ≤ R ⇒ M1
t ≤ a0. (14)

Proof. We use Lemma 9 with

ρ = t, p(u) = ur+
1
2p , Ψ(u) = u2p.

Note that since r < p−1
2p , Yt is finite a.s.. If Yt ≤ R, then Lemma 9 shows that

|Ws −Ws′ | ≤ CR
1
2p

∫ 2|s−s′|

0

u−
d
p ur+

1
2p−1 du

= CR
1
2p |s− s′|r−

2d−1
2p ,

for any s, s′ ∈ (0, t]. Since W0 = 0 and 2d−1
2p < r, we have

Yt ≤ R ⇒ sup
0<s≤t

|Ws| ≤ CR
1
2p .

Recall that we can write Xt = ϕ(Wt) where ϕ is introduced in (6). Hence if
Yt ≤ R we have

|X1
s −X1

0 | ≤ |ϕ1(Ws)− ϕ1(0)| ≤ sup

|y|≤CR
1
2p

|∇ϕ1(y)| |Ws|

≤ C sup
|y|≤C

|∇ϕ1(y)|R
1
2p .
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The assumption (A1) implies that σ is bounded. Hence, sup|y|≤C |∇ϕ1(y)| =
sup|y|≤C |σ(ϕ(y))| < ∞. Therefore we can choose R ∈ (0, 1] small enough so
that for any s ∈ [0, t]

X1
s ≤ X1

0 + C sup
|y|≤C

|∇ϕ1(y)|R
1
2p ≤ a0.

This implies (14).
Note that Yt is continuous and increasing. Hence there exists the inverse

function Y −1
t := Y −1(t).

Proposition 11 With the notation of Lemma 10, we have that if ε > 0

P(Y −1(R) < ε ) ≤ Cε2p, (15)

where C depends on R, p and d.

Proof. Let q > 1 be the constant that satisfies 1
p + 1

q = 1. By the Hölder’s
inequality, we have

P(Y −1(R) < ε ) = P(R < Yε )

≤ R−pE

[∣∣∣∣∣
∫

[0,ε]2

|Ws −Ws′ |2p

|s− s′|1+2pr
ds ds′

∣∣∣∣∣
p]

≤ R−p
[∫

[0,ε]2
ds ds′

] p
q
[∫

[0,ε]2
E

[
|Ws −Ws′ |2p

2

|s− s′|(1+2pr)p

]
ds ds

]
.

The Hölder continuity of Brownian motion yields∫
[0,ε]2

E

[
|Ws −Ws′ |2p

2

|s− s′|(1+2pr)p

]
ds ds′ ≤ Cε2 sup

s,s′∈[0,1]

|s− s′|p(p−(1+2pr))

≤ C ′ε2.

Therefore we obtain (15).
The following theorem is our main result in this section.

Theorem 12 Let a0 > X1
0 be fixed. There exists a process vt such that

(i) vt ∈ D∞;

(ii) For any f ∈ C∞b (Rd : R), on the event {M1 > a0} it holds that

(Vjf)(F ) =

∫ T

0

Dj
rf(F ) vr dr.
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Proof. We define

Ta0 = inf{t > 0 ; M1
t > a0},

and choose R ∈ (0, 1) such that (14) holds. Let ρ : R+ → [0, 1] be a smooth
function such that

ρ(x) =

{
0 if x > R
1 if 0 < x < R

2 .

Set

ut = ρ(Yt),

and

H =

∫ T

0

us ds.

On the event {M1 > a0} we have Ta0 ≤ θ1, and further Lemma 10 implies
Yt > R if t > Ta0 . Hence from the definition of ρ we have ut = 0 if t > Ta0 .
Thus we have ∫ T

0

Dj
rf(F )ur dr =

d∑
k=1

∫ T

0

∂f

∂xk
(F )Dj

rFk urdr

= (Vjf)(F )

∫ T

0

1[0,θ1](r)ur dr

= (Vjf)(F )H,

where we have used Theorem 7. By the definition of ρ we have

H ≥
∫ T

0

1{Ys<R
2 }
ds = Y −1(

R

2
).

Hence, Proposition 11 implies that H−1 ∈ Lp(Ω). Thus, on the event {M1 >
a0}, we have

(Vjf)(F ) =

∫ T

0

Dj
rf(F ) vr dr,

for vr = ur
H .

4 Integration of the operator Vj and uniform es-
timates

Let (α1, · · · , αd) ∈ Zd≥0 be a multi-index, we denote by |α| = α1 + · · ·+ αd and

∂α =
∂|α|

∂xα1
1 · · · ∂x

αd
d

.
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Recall that ϕ is the solution to (6). For ψ ∈ C∞c (Rd : R), since ϕ−1 is continu-
ous, there exists K > 0 such that for any multi-index α

supp((∂αψ) ◦ ϕ) ⊂
d∏
j=1

[−K,K].

Throughout this section, ψ ∈ C∞c (Rd : R) and K will be fixed.

Lemma 13 Under the notation above, for j = 1, . . . , d, we define hj(ψ) : Rd →
R to be

hj(ψ)(y1, . . . , yd) =

∫ yj

−K
ψ ◦ ϕ(y1, . . . , yj−1, θ, yj+1, . . . , yd) dθ, (16)

where ϕ is the solution to (6). Then we have

Vj(hj(ψ) ◦ ϕ−1) = ψ, (17)

where Vj is the vector field defined in (A3).

Proof. Put kj = hj(ψ) ◦ ϕ−1. Since ϕ is a solution to (6) we have

ψ ◦ ϕ(y) =
∂

∂yj
hj(ψ)(y) =

∂

∂yj
(kj ◦ ϕ(y)) =

d∑
i=1

∂kj
∂xi
◦ ϕ(y)

∂ϕi
∂yj

(y) = (Vjkj)(ϕ(y)).

This means (17).
For g ∈ C∞p (Rd : R) and for a multi-index α we define

H0(α, g)(y) = ((∂αψ) · g) ◦ ϕ(y),

Hk(α, g)(y) = hd(hd−1(· · · (h1(Hk−1(α, g))) · · · ))(y)

=

∫ yd

−K
· · ·
∫ y1

−K
Hk−1(α, g)(θ1, . . . , θd) dθ1 · · · dθd,

for k = 1, 2, . . ..

Lemma 14 Let α be a multi-index with |α| ≥ 1. Suppose that for some i,
αi ≥ 1, and put α′ = (α1, . . . , αi−1, αi − 1, αi+1, . . . , αd). Then for any g ∈
C∞p (Rd : R), there exist gij ∈ C∞p (Rd : R) (j = 1, 2, . . . , d) such that

H1(α, g)(y)

=

d∑
j=1

∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K
H0(α′, gij)(θ̄j(yj))dθ1 · · · dθj−1dθj+1 · · · dθd

−
d∑
j=1

H1(α′, gij)(y),

(18)

where we put θ̄j(yj) = (θ1, . . . , θj−1, yj , θj+1, . . . , θd).
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Proof. We shall prove by induction with respect to n := |α|. For n = 1, we
suppose without loss of generality that (α1, . . . , αd) = (1, 0, . . . , 0). Since the
Jacobi matrix of ϕ is σ ◦ ϕ we have

∂ψ

∂x1
◦ ϕ(y) =

d∑
j=1

(
∂ψ(ϕ(y))

∂yj

)
(σ−1)j1 ◦ ϕ(y).

Applying this formula and the integration by parts formula, we have

H1(α, g)(y)

=

∫ yd

−K
· · ·
∫ y1

−K

(
∂ψ

∂x1
· g
)
◦ ϕ(θ1, . . . , θd)dθ1 · · · dθd

=

d∑
j=1

∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K
(ψ · g1,j) ◦ ϕ(θ̄j(yj))dθ1 · · · dθj−1dθj+1 · · · dθd

−
d∑
j=1

∫ yd

−K
· · ·
∫ y1

−K
(ψ · g1j) ◦ ϕ(θ)dθ1 · · · dθd,

(19)

where we have put

g1j(x) =
∂((g · (σ−1)j1) ◦ ϕ)

∂yj
(ϕ−1(x)).

It follows from (A1) that σ−1 is bounded. Hence we have g1j ∈ C∞p (Rd : R).
In view of the definition of H0 and H1, (19) is nothing but (18) for n = 1.

Let n > 1 be fixed and suppose that for any multi-index α with |α| ≤ n
and for any g ∈ C∞p (Rd : R) the equality (18) holds. Let α = (α1, . . . , αd)
with |α| = n + 1. We may assume without loss of generality that α1 ≥ 1. Put
α′ = (α1 − 1, α2, . . . , αd). Then integration by parts formula shows

H1(α, g)(y)

=

∫ yd

−K
· · ·
∫ y1

−K
(∂αψ · g) ◦ ϕ(θ) dθ1 · · · dθd

=

d∑
j=1

∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K
(∂α

′
ψ · g1j) ◦ ϕ(θ̄j(yj))dθ1 · · · dθj−1dθj+1 · · · dθd

−
d∑
j=1

∫ yd

−K
· · ·
∫ y1

−K
(∂α

′
ψ · g1j) ◦ ϕ(θ) dθ.

Noting the definition of H1 we obtain (18) for any multi-index.

Lemma 15 Let α be a multi-index with |α| ≥ 1. Suppose that αi ≥ 1, and put
α′ = (α1, . . . , αi−1, αi − 1, αi+1, . . . , αd). Then for any g ∈ C∞p (Rd : R), there

12



exist gij ∈ C∞p (Rd : R) (j = 1, 2, . . . , d) such that for any k ≥ 1

Hk(α, g)(y)

=

∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K
Hk−1(α′, gij)(θ̄j(yj))dθ1 · · · dθj−1dθj+1 · · · dθd

−
d∑
j=1

Hk(α′, gij)(θ),

(20)

where we have put θ̄j(yj) = (θ1, . . . , θj−1, yj , θj+1, . . . , θd).

Proof. We prove the lemma by induction with respect to k. For the case
k = 1 we have already proved in Lemma 14. Let k > 1 be fixed and suppose
that (20) holds for k. Recall that Hk+1 is defined by

Hk+1(α, g)(y) :=

∫ yd

−K
· · ·
∫ y1

−K
Hk(α, g)(θ1, . . . , θd) dθ1 · · · dθd. (21)

By the assumption of the induction we can replace the integrand in (21) by
the right hand side in (20). Thus, using the Fubini’s theorem and noting the
definition of Hk, we obtain (20) for k + 1.

Lemma 16 Let n be fixed. For any multi-index α with |α| ≤ n and for any
g ∈ C∞p (Rd : R), we have

|Hn(α, g)(y)| ≤ |ψ|∞ |Qα,g(y)|, (22)

where Qα,g is a polynomial function.

Proof. We prove this by induction with respect to n. Note that ∂αψ = ψ
if |α| = 0. Thus, by the definition of H0(α, g) we have

|H0(α, g)(y)| ≤ |ψ|∞ |g ◦ ϕ(y)| ≤ C|ψ|∞(1 + |ϕ(y)|m),

for some m ∈ N since g ∈ C∞p (Rd : R). Note that

|ϕ(y)| ≤ |ϕ(0)|+ |ϕ(y)− ϕ(0)| ≤ |ϕ(0)|+
∫ 1

0

|∇ϕ(ρ y) · y| dρ ≤ C(1 + |y|),

where in the second inequality we have used the mean value theorem and in the
last inequality we have used the fact that ϕ is a solution to (6) and that σ is
bounded. Thus we have (22) for n = 0.

Suppose that (22) holds for any multi-index α with |α| ≤ n. Let α =
(α1, . . . , αd) be a multi-index with |α| = n+ 1. We assume that αi ≥ 1 for some

13



i. Put α′ = (α1, . . . , αi−1, αi − 1, αi+1, . . . , αd). By using Lemma 15, we have

|Hn+1(α, g)(y)|

≤
∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K

∣∣Hn(α′, gij)(θ̄j(yj))
∣∣ dθ1 · · · dθj−1dθj+1 · · · dθd

+

d∑
j=1

|Hn+1(α′, gij)(θ)| ,

(23)

where gij ∈ C∞p (Rd : R) j = 1, 2, . . . , d. By the assumption of the induction
the first term in the right hand side is dominated by∫ yd

−K
· · ·
∫ yj+1

−K

∫ yj−1

−K
· · ·
∫ y1

−K
|ψ|∞ |Qα′,g(θ)| dθ1 · · · dθj−1dθj+1 · · · dθd.

It follows from the definition of Hn(α, g) the second term in (23) can be esti-
mated as

d∑
j=1

|Hn+1(α′, gij)(y)| ≤
d∑
j=1

∫ yd

−K
· · ·
∫ y1

−K
|Hn(α′, gij)(θ1, . . . , θd)| dθ1 · · · dθd

≤
d∑
j=1

∫ yd

−K
· · ·
∫ y1

−K
|ψ|∞

∣∣Qα′,gij (θ)∣∣ dθ1 · · · dθd,

where in the last inequality we have used the assumption of the induction. Thus
we have (22).

Define

fn(x) = Hn(α, 1) ◦ ϕ−1(x). (24)

Then we have

Theorem 17 Let ψ be a smooth function with compact support. Suppose that

supp(ψ) ⊂ [a0,∞)×Rd−1,

and (5) holds. For any multi-index (α1, . . . , αd), there exist functions f1, . . . , f|α|
such that

1.

f0(x) = ∂αψ(x),

and

(V1 · · ·Vd)fn = fn−1 (25)

14



2. There exists a polynomial Q such that

|f|α|(x)| ≤ |ψ|∞|Q ◦ ϕ−1(x)|. (26)

3. For any m ≤ n

fm(x) = 0 if x1 ≤ a0. (27)

Proof. Let fm (m = 0, 1, 2 . . . n) be the functions defined in (24). Recall
that ϕ is a diffeomorphism. Note that it follows from the definition of Hn, (16)
and (17) that

(V1 · · ·Vd)nfn(x) = ∂αψ(x).

Hence, from Lemma 13 and Lemma 16, the functions {fm} satisfy (25) and (26).
Thus all we have to do is to show that the functions fm satisfy (27). Define

a(y2, . . . , yd) = inf{θ ; ϕ1(θ, y2, . . . , yd) > a0}.

Fix x = (x1, . . . , xd) with x1 < a0, we can find y = (y1, . . . , yd) such that
x = ϕ(y) since ϕ(y) is a diffeomorphism. From (5), we have

∂ϕ1

∂θ
(θ, y2, . . . , yd) = σ1

1(ϕ(θ, y2, . . . , yd)) > 0, (28)

that is, θ → ϕ1(θ, y2, . . . , yd) is strictly increasing for fixed (y2, . . . , yd). Hence,
we have y1 ≤ a(y2, . . . , yd). Recall that fn can be written as follows

fn(x) = Hn(α, 1)(y) =

∫ yd

−K
· · ·
∫ y1

−K
Hn−1(α, 1)(θ)dθ.

By induction one can show that the integrand in the above multiple integral
vanishes since y1 ≤ a(y2, . . . , yd).

5 Proof of Theorem 2

In this section, we shall prove Theorem 2. Let ψ ∈ C∞c (Rd : R) be fixed and
suppose that supp (ψ) ⊂ [a0,∞) ×Rd−1 where a0 > X1

0 . Let (α1, . . . , αd) be
a multi-index with α1 + · · ·+αd = n. All we have to do is to show that for any
G ∈ D∞ ∣∣∣∣E [ ∂nψ

∂xα1 · · · ∂xαd
(F )G

]∣∣∣∣ ≤ C|ψ|∞, (29)

which will imply the smoothness of the law of F = (F1, . . . , Fd) on (a0,∞) ×
Rd−1 (see Lemma 2.1.5 in Nualart [9]).
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In view of Theorem 17, we can find f0, f1, . . . , fn that satisfy (25), (26) and
(27). Since supp(ψ) ⊂ [a0,∞) it follows from (25), Theorem 12 and duality
that for any G ∈ D∞

E

[
∂nψ

∂xα1 · · · ∂xαd
(F )G

]
= E[(V1 · · ·Vd)f1(F )G]

= E

[∫ T

0

D1
r(V2 · · ·Vd)f1(F ) vr dr G

]
= E[(V2 · · ·Vd)f1(F )δ1(v·G)].

By iterating the same argument we have

E

[
∂nψ

∂xα1 · · · ∂xαd
(F )G

]
= E

[
f1(F )δd(v·δ

d−1(v· · · · δ1(v·G))))
]

= E[f1(F )δ(v ·G)].

Here δ(v ·G) = δd(v·...δ
1(v·G)...). From Theorem 17 we have f2(x) = 0 provided

x1 < a0 and f1 = (V1 · · ·Vd)f2, hence we can apply this argument recursively:

E

[
∂nψ

∂xα1 · · · ∂xαd
(F )G

]
= E [f1(F )δ(v ·G)]

= E[(V1 · · ·Vd)f2(F )δ(v ·G)]

...

= E[fn(F )δ(v·δ(v· · · · δ(v·δ(v·G))))].

It follows from (26) that∣∣∣∣E [ ∂nψ

∂xα1 · · · ∂xαd
(F )G

]∣∣∣∣ ≤ ‖fn(F )‖L2(Ω) ‖δ(v·δ(v· · · · δ(v·δ(v·G))))]‖L2(Ω)

≤ C|ψ|∞.

Thus we obtain (29).

6 S.D.E. with commutative vector fields and with
drift

Let (Ω′,F ′,Q), {F ′t}t∈[0,T ], Bt = (B1
t , . . . , B

d
t ) be a d-dimensional standard Brow-

nian motion. In this section, we shall consider the following d-dimensional
stochastic differential equation that has the drift term:{

dZit =
∑d
j=1 σ

i
j(Zs−) ◦ dBjs + bi(Zs) ds

Zi0 = zi.
(30)

We assume that Assumption A, (5) and (4) hold. Further in this section we
assume
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Assumption B b : Rd → Rd is bounded smooth function with bounded deriva-
tives.

Since σ is uniformly non-degenerate, we can define

γ(x) := σ−1b(x).

Note that γ is a bounded smooth function, and hence

Kt = 1−
d∑
j=1

∫ t

0

Ksγj(Xs) dB
j
s

is a martingale. Define

dQ′

dQ

∣∣∣∣
FT

= KT ,

then Girsanov’s theorem shows that, under Q′,

B̂jt = Bjt − 〈Bj ,K〉t = Bjt +

∫ t

0

γj(Xs) ds

is a Brownian motion. Note that X can be written as

dXi
t =

d∑
j=1

σij(Xs−) ◦ dBjs + bi(Xs) ds = σij(Xs−) ◦ dB̂js .

Now let (Ω,F ,P), {Ft}t∈[0,T ],Wt = (W 1
t , . . . ,W

d
t ) be another d-dimensional

standard Brownian motion and consider the following stochastic differential
equation {

dXi
t =

∑d
j=1 σ

i
j(Xs) ◦ dW j

s

Xi
0 = zi.

(31)

By putting

GT = exp


d∑
j=1

∫ T

0

γj(Xs)dW
j
s −

1

2

∫ T

0

d∑
j=1

γ2
j (Xs) ds

 ,

we have, for any ψ ∈ C∞c ((X1
0 ,∞)×Rd−1 : R) and for any n ∈ N,∣∣∣∣EQ

[
∂nψ

∂xα1
1 · · · ∂x

αd
d

( sup
0≤s≤T

Zs)

]∣∣∣∣ =

∣∣∣∣EQ′

[
∂nψ

∂xα1
1 · · · ∂x

αd
d

( sup
0≤s≤T

Zs)K
−1
T

]∣∣∣∣
=

∣∣∣∣EP

[
∂nψ

∂xα1
1 · · · ∂x

αd
d

( sup
0≤s≤T

Xs)GT

]∣∣∣∣
≤ C|ψ|∞,

where we denote by EQ the mathematical expectation with respect to the prob-
ability measure Q, and in the last inequality we have used (29).

17



7 Appendix: The time when X1
t attains its max-

imum is unique

In this section, we shall prove Proposition 1. We assume that Assumption (A)
holds throughout this section. First of all we shall prove that X1

t does not attain
its maximum on [0, T ] at the terminal time T :

Proposition 18 Suppose that (4) holds. Then we have

P(X1
T = sup

0≤s≤T
X1
s ) = 0.

For the proof of Proposition 18, we need the law of the iterated logarithm:

Lemma 19 Let Xt be the solution to (3). We have

P

lim sup
t→T

X1
T −X1

t√
(T − t) log | log(T − t)|

=

d∑
j=1

σ1
j (XT )

 = 1 (32)

P

lim inf
t→T

X1
T −X1

t√
(T − t) log | log(T − t)|

= −
d∑
j=1

σ1
j (XT )

 = 1. (33)

Remark 20 On the event {
∑d
j=1 σ

1
j (XT ) < 0}, the limit superior is strictly

negative, and the limit inferior is strictly positive. This is a contradiction.
Hence we have

∑d
j=1 σ

1
j (XT ) ≥ 0 P-a.s..

Proof. By the law of the iterated logarithm for Brownian motion (see
Theorem 9.23 in Chapter 2 of [7]) we have

P

(
lim sup
t→T

W j
T −W

j
t√

(T − t) log | log(T − t)|
= 1, 1 ≤ ∀j ≤ d

)
= 1. (34)

Since by (7), X1
t can be written as X1

t = ϕ1(Wt), the mean value theorem and
(6) shows that

lim sup
t→T

X1
T −X1

t√
(T − t) log | log(T − t)|

= lim sup
t→T

d∑
j=1

∫ 1

0

∂ϕ1

∂xj
(Wt + θ(WT −Wt)) dθ

W j
T −W

j
t√

(T − t) log | log(T − t)|

= lim sup
t→T

d∑
j=1

∫ 1

0

σ1
j ◦ ϕ(Wt + θ(WT −Wt)) dθ

W j
T −W

j
t√

(T − t) log | log(T − t)|

=

d∑
j=1

σ1
j (XT ) P-a.s.,
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where in the last equality we have used (34) and the dominated convergence
theorem. Similarly one can prove (33).

Proof of Proposition 18. As we mentioned in Remark 20,
∑d
j=1 σ

1
j (XT ) ≥

0 P-a.s. Hence, for any ε > 0, we have

P

(
X1
T = sup

0≤s≤T
X1
s

)
≤P

X1
T − sup

0≤s≤T
X1
s = 0,

d∑
j=1

σ1
j (XT ) > ε


+ P

0 ≤
d∑
j=1

σ1
j (XT ) ≤ ε

 .

(35)

It follows from Lemma 19 that

P

X1
T − sup

0≤s≤T
X1
s = 0,

d∑
j=1

σ1
j (XT ) > ε


≤ P

(
X1
T −X1

s ≥ 0 ∀s ∈ [0, T ], lim inf
t→T

X1
T −X1

t√
(T − t) log | log(T − t)|

≤ −ε

)
= 0.

Therefore for any ε > 0 we have

P

(
X1
T = sup

0≤s≤T
X1
s

)
≤ P

0 ≤
d∑
j=1

σ1
j (XT ) ≤ ε

 .

Letting ε tend to zero, we have

P

(
X1
T = sup

0≤s≤T
X1
s

)
≤ P

 d∑
j=1

σ1
j (XT ) = 0

 = 0.

The last equality follows from the assumption (4) and the fact that the law of
XT has the smooth density.

In view of Girsanov’s theorem, it is enough to show Proposition 1 for the
following stochastic differential equation

X1
t = x0

1 +

d∑
j=1

∫ t

0

σ1
j (Xs) dW

j
s . (36)

We define

θ̄t = sup{s ≤ t ; X1
s = sup

0≤r≤t
X1
r }

θt = inf{s ≤ t ; X1
s = sup

0≤r≤t
X1
r },
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and we shall show that

P(θT < θ̄T < T ) = 0. (37)

Note that Proposition 18 yields θ̄T < T P-a.s., and obviously θ̄t ≥ θt P-a.s..
Hence (37) is equivalent to the assertion of Proposition 1.

From (A1) we have infx a
1
1(x) > 0 thus the quadratic variation of X1

〈X1〉t =

∫ t

0

a1
1(Xs)ds

is a strictly increasing continuous process. Hence,

Bt = X1
〈X1〉−1

t

is a Ft-adapted 1-dimensional Brownian motion. We can write

X1
t = B〈X1〉t ,

and

θ̄T = sup

{
s ≤ T ; B〈X1〉s = sup

0≤u≤T
B〈X1〉u

}
,

θT = inf

{
s ≤ T ; B〈X1〉s = sup

0≤u≤T
B〈X1〉u

}
.

Define

τ̄t = sup

{
r ≤ t ; Br = sup

0≤s≤t
Bs

}
,

τ t = inf

{
r ≤ t ; Br = sup

0≤s≤t
Bs

}
.

(38)

Then we have

θ̄T = 〈X1〉−1
τ̄〈X1〉T

, θT = 〈X1〉−1
τ〈X1〉T

. (39)

Proof of Proposition 1 .
We shall show (37). Since 〈X1〉−1

t is strictly increasing, (39) shows

P(θT < θ̄T < T ) = P(τ 〈X1〉T < τ̄〈X1〉T < 〈X
1〉T )

= P(
⋃

r1,r2∈Q
r1<r2

{τ 〈X1〉T < r1 < τ̄〈X1〉T < r2 < 〈X1〉T })

≤
∑

r1,r2∈Q
r1<r2

P(τ 〈X1〉T < r1 < τ̄〈X1〉T < r2 < 〈X1〉T ).

(40)
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On the event {τ 〈X1〉T < r1 < τ̄〈X1〉T < r2 < 〈X1〉T }, the definition of τ̄ shows

τ̄〈X1〉T = sup{s ≤ r2 ; Bs = sup
0≤r≤r2

Br}. (41)

The definition of τ also shows

τ 〈X1〉T = inf{s ≤ r1 ; Bs = sup
0≤r≤r1

Br}. (42)

Since Bτ̄〈X1〉T
= Bτ〈X1〉T

holds P-a.s., (41) and (42) implies

sup
0≤r≤r2

Br = sup
0≤r≤r1

Br.

Thus we have

P(τ 〈X1〉T < r1 < τ̄〈X1〉T < r2 < 〈X1〉T )

≤ P(sup{s ≤ r2 ; Bs = sup
0≤r≤r2

Br} ∈ (r1, r2), sup
0≤r≤r2

Br = sup
0≤r≤r1

Br) = 0,

where the last equality follows from Proposition 4 in Section VI of Bertoin [1].
Therefore the right hand side of (40) equals to zero.

At first glance one may think that the above proof may be extended by using
the uniqueness of the maximum process in the open interval [0, < X1 >T +ε)
and then taking ε→ 0 but this arguments fails because this argument assumes
a priori that Proposition 18 is satisfied.
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