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Abstract
In this article we deal with a multi-dimensional diffusion whose cor-
responding diffusion vector fields are commutative, and study its joint
distribution at the time when a component attains its maximum on finite
time interval. Under regularity and ellipticity conditions we shall show
the smoothness of this joint distribution.
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1 Introduction
In this paper we shall consider the following stochastic differential equation:

{ dX{ =Y, 0i(Xy) o dW} +b'(X,)dt
0 (1)
XO =x,

where b : R — R? and O’;» :R? = R (i,j = 1,...,d) are smooth functions
with bounded derivatives, (W?!,..., Wd) is a d-dimensional Brownian motion
and 2° = (29,... 7332) € R?. The main goal of the present study is to determine
the smoothness of the distribution of F' = (X;i,..., X1 ) where 6; is the time
when X/ attains its maximum on the finite time interval [0,7]. This type of
random variables are important in a wide variety of applied fields such as in
path dependent options in mathematical finance. Furthermore, the distribution
of the maximal process F!' = X}, = supg,;<p X} is closely related to that of
the first hitting time T, := inf{t > 0; X} > ao} by which we can define the
default of risky assets in structural models. Application in the calculation of
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Greeks can be found in Gobet-Kohatsu [6]. Other applications of the present
results in finance are currently under study.

The first mathematical problem that appears in this study is the uniqueness
of the time at which the supremum of X is achieved in the time interval [0, T7].
To obtain this uniqueness, it is clear that some conditions are needed in order
to avoid the constancy of the process at some time intervals. These conditions
are expressed in Proposition 1.

To study the distribution of F', we shall use techniques from Malliavin cal-
culus. Malliavin calculus is a tool to study the smoothness of the distribution of
Wiener functionals. However, because of the singularity of the random variable
F as a functional of the underlying Wiener process, it is difficult to apply Malli-
avin calculus for F' directly. Although the supremum of a smooth continuous
process belongs to D2 (see [11], [2]), we cannot expect the smoothness of the
supremum process. In [8] the authors have studied the density for the supre-
mum of a fractional Brownian motion and proved the smoothness of its density.
The density for the supremum of Wiener sheet is also studied in [5] (see also
Section 2.1.7 of Nualart [10]). To avoid the singularity, the authors established
the integration by parts formula without using the Malliavin covariance matrix.
We shall also establish this sort of integration by parts formula (Theorem 12)
however, contrary to the cases of the Wiener sheet or the fractional Brownian
motion, the derivative of F' has a somewhat more complicated expression in
general.

In this paper, to avoid such complexity, we assume that the vector fields V; =

Z?Zl ol ()52 (j = 1,...,d) are commutative. Diffusions with commutative
vector fields are studied in [4]. In their paper, the authors gave some formulas
related to the Malliavin derivative of diffusions with commutative vector fields.
As we shall mention in Remark 8, under the assumption of the commutativity
of Vj;, we can find a relationship between the Malliavin derivative D and the
vector field Vj; in the chain rule:

D'W(F) = (Vi) (F)1j,0,)- (2)

Therefore to obtain an integration by parts formula we need to find a function
1 so that Vjip = f for a given function f and estimate its sup-norm. These
properties are obtained in Theorem 17.

This paper is organized as follows: in the following subsection, we shall
mention our assumptions, and exhibit the main result. In Section 2, we prove
the differentiability of F' and give the formula of its derivative from which we can
deduce (2). We shall establish the integration by parts formula with respect to
the vector fields V; in Section 3. The discussion of this section is a modification
of Section 2.1.7 in Nualart [10]. In Section 4, we study the properties of the
function v in function of f. Finally, we shall give the proof of the main result
in Section 5. In Section 6, we shall generalize our result for an SDE which
has a general drift, as it is the case in most financial applications. In Section 7
(Appendix) we shall prove the uniqueness of 61, that is, X} attains its maximum
on [0,7] on a unique point 6;.



We denote by Cg°(R? : R™) the space of smooth functions with bounded
derivatives defined in R? taking values in R"™. Similarly, we denote by C°(R? :
R™) the space of smooth function with compact support and Cp° (R?: R™)
the space of smooth function such that f and all of its partial derivatives have
polynomial growth.

For fundamental results in Malliavin calculus and notations, we refer to
Nualart [10]. In particular we will denote by D? the stochastic derivative with
respect to the i-th noise W and its adjoint on the time interval by §°.

As it is usual, constants may change from one line to the next without further
comment.

1.1 Assumptions and main result

Let (,F,P),{Fi}epor), W = (Wr...,Wa), t € [0,T] be a d-dimensional
standard Brownian motion. We shall consider the following d-dimensional
stochastic differential equation:

{ dXj =39 0U(X,) o dW] )

Xo :xO:(I(l)ﬂ"'axg)a

where 0 : R? — R? x R? is a matrix valued function and odW, denotes the
Stratonovich integral. Put

a(z) =oo’ (z),

where o7 is the transpose matrix of o.
Throughout this paper, we assume the following assumption.
Assumption A

(A1). There exists a constant A € (0,1) such that for any ¢, z € R?
AP < (€, a(2)€) < AT,
holds.
(A2). 0 € C°(RY: R? x RY). Note that (A1) implies that o is also bounded.
(A3). Set for any f € C'(R?: R)

d
Vif(e) = oi@) o @)
i=1

The vector fields V1, ..., Vg are commutative in the sense that V;V; = V;V;
forall 1 <i,5 <d.

Set fori=1,...,d

M} = sup X,
0<s<t



and for simplicity we denote by
M = Mp = (M},...,M%).

Without further mentioning, we remark that under Assumption (A), My €
ﬂpzle(Q).

Proposition 1 Suppose that condition (A) is satisfied and that
d
Leb x;ZU;(:E):O =0. (4)
j=1

Then, with probability one, {X}; t € [0,T]} attains its mazimum on [0,T] on a
unique random point 01 .

This Proposition is a generalization of that for 1-dim Brownian motion see
Remark 8.16 in Chapter 2 of [7]. Therefore the natural idea is to reduce to that
case. In fact, in view of Girsanov theorem, X' is a martingale under a measure
that is equivalent to P, and therefore a time changed Brownian motion.

We define

F'=X}..
The following theorem is our main result.

Theorem 2 Suppose that Assumption A and (4) hold. Further we suppose that

inf of(z)>0. (5)
meRd

Then F = (F',...,F%) has a smooth density on (X3,00) x R4~1.

Remark 3  a) Condition (5) is used in (28) which is a condition to assure
that the mapping that defines X' as a function of the Wiener process is
an increasing function with respect to W1.

b) A similar result for (Xp.,...,X%) can be achieved if we replace the index
1byis#1.

¢) The theorem is also valid for the following SDE:
X =2 +Z/ 0}(Xs) o dWY +/ b (X,) ds,
=/ 0

where b is a bounded smooth function. The proof for this case will be given
in Section 6.



Example 4 Let us consider a one dimensional diffusion X;:
t
X, =2° +/ o(Xs) 0 dWs.
0

Suppose that o is a bounded smooth function and that inf,.cr o(x) > 0 then
Assumption A holds. Define

{ 82 = o(p(@)
0(0) =a°.

One can check that X, = (W) (see [3]). Since x — ¢(x) is an increasing
function, we have supy,«7 Xy = @(supg,<p W). Since supy_ <7 Ws has the
smooth density on (0,00), so does X;. Because Wy attains its mazimum on [0, T
on a unique point, so does Xi. In multi-dimensional cases, the uniqueness of
the time when X1 attains its mazimum on [0,T] is not clear in general. Here
we are able to prove this uniqueness under the assumption (4).

In mathematical finance, Assumption (A3) is not binding as the following
multi-dimensional Black-Scholes type example shows.

Example 5 Suppose that o : R — R% x RY satisfies (A1) and (A2). Further
assume that

a;(xl, ceXg) = aj—(xj).

Then o satisfies Assumption (A).

2 The differentiability of I

In this section we shall show the differentiability of F. Note that under As-
sumption A we have

Proposition 6 Under Assumption A, there exists a diffeomorphism ¢ = (¢1,...,@d) :
R? — R? satisfying

8(#/—"17--~7<Pd) _

8(w1"“7$d) —oo¥ (6)

¢i(0) = x? (I<i<d),

0(e1,--,d)

D1 o) the Jacobi matriz of .

where we denote by

Proof. Let ¢;(u) be the exponential map, that is, the one parameter group
generated by the operator V;:

¢;(u) = Exp(uVj),
and put

o(x1,...,2q) = d1(x1) 0 - 0 Pg(xq)(2?).



Then because Vi, ..., V; are commutative, ¢ satisfies (6). From the assumption
(A1) o is bounded. Hence the existence and differentiability of ¢! follows from
Corollary 4.1 in [12]. =

By using ¢, we can solve the stochastic differential equation (3) as follows:

Xi=p(Wh ... W3, (7)

In [4], the authors studied this sort of formula for time inhomogeneous SDE (see
Theorem 3.1 in [4]).

We denote by D the H-derivative operator. Then from (7) we can evaluate
the derivative DX} as

d
DX} ="
k=1

Theorem 7 For each i, F' is differentiable, and it holds that

0p; ;
ook (W) DLWE = 0} (X)L (). ®)

Dy F' = 0j(F)1j g (r)- (9)
Remark 8 The relationship in (2) can be deduced from this theorem.

Proof. We shall prove the theorem in the case i # 1 only, since the case
i = 1 is easier than the case i # 1. The proof follows along the lines of the
proof of Proposition 2.1.10 in page 109 of [10]. We give the details here for easy
reference.

Let Sy = {t1,t2,...} be a dense subset of [0,T]. Put

M} =max{X},..., X} }.
Then, we have M} — M' P-a.s.. Define
Al = {thl = MT1L}7
Ay = {thl 7£ M, ) thz = M71L}7

n

Ay ={X} #M},... X}

te—1

M), X} =M}

Then one can check that

Ap N Ay =0 if k #m, (10)
and
k k
M A5 = X # M2y, (1)
p=1 p=1



Define
Gh=> 14X} .
p=1
Then G¢, — F* P-a.s. We shall prove that G?, is differentiable and
D'Gj, = 14,D'X] (12)
p=1

holds. Let ¢(z) be a non-negative smooth function on R such that ¢(0) = 1,
and the support of ¢ is contained in [~1,1]. For ¢ > 0, we set ¢.(z) = ¢(Z).
Inductively, we shall introduce a sequence of random variables

®f = e (M, — X;.),

k—1
Of = (1) ®)p-(M) - X)) (for k=2,...,n).
p=1

By (10), (11) and induction, one can show that
IEILI)I oL =14, P-a.s.

Thus we have

n
Gl = 161?& @ZXZk P-a.s.
k=1

Note that @5 is differentiable, since M, is differentiable (see Proposition 2.1.20
in Nualart [10] ). Further we have for any k =1,...,n

liy D' (V3 — X4 = T (2 — X1, DA(MEE — X,
= 1{M,11:X3k}Dl(M% - X))
—0,

where the last equality follows from local property (see Proposition 1.3.16 in
Nualart [10]). Hence one can prove by induction that

lim D'®% =0 P-a.s.
e—0

Therefore (12) holds true, since D' is closable.
Further, it follows from (10) that

E < E[ sup [|D.X{|lL2(j0,5m)] < o0

t€[0,T)

Z 1AT’ DlXZp
p=1 L2([0,T];R)

Hence lim,, 377 14, DlTXZP exists. Therefore F} is differentiable and (9) holds,
since D! is closable. m



3 Integration by parts formula

In this section, we shall establish the integration by parts formula with respect
to the operator V; = ZZ 105 ol(x)-2 5.7+ Most of the arguments are slight variations
of similar ones in [10], we write them here so that the article is self-contained.
We start recalling the Garsia, Rodemich, and Rumsey’s lemma (see [10]):

Lemma 9 Letp, V: Ry — R be continuous and strictly increasing functions
such that U(0) = 0 and limy_,o ¥(t) = oo. Let ¢ : R — E be a continuous
function which values in separable Banach space (E, || - ||). Suppose that

/B/B (qs lt_;')))dsdtm,

where B, = {x : |zg — x| < p}. Then it holds that
2[t—s]| . 49+17
ot - ot <5 [ 0t (S ) plaw
0

where X is a constant depending only on d.

Lemma 10 Suppose that p and r satisfies that 2d < 1+ 2pr < p, and define

W, — Wy |2
Y, :/ We = Wo s (13)
[0

,t]2 ‘S _ Sl|1+2pr

Then for any ag > X} there exists R = R(p,r,aq) € (0,1] such that

Y, <R = M} < ap. (14)
Proof. We use Lemma 9 with
p=t, p(u) = u't (u) = u?.
Note that since r < 21, is finite a.s.. If Y; < R, then Lemma 9 shows that

2|s—s'|
1 _d 1
|W5—WS/\§CR2P/ u v uT T dy
0

d—1

= CR%|s—5§|" "%,

for any s, s’ € (0,t]. Since Wy = 0 and 2‘%—;1 < r, we have
Y, <R = sup |W,| < CR.
0<s<t
Recall that we can write X; = o(W;) where ¢ is introduced in (6). Hence if
Y; < R we have

| X5 = Xo | <ler(We) —1(0)] < sup  [Vepr (y)] W]
ly|[<CR?Z2P

< C sup |Voi(y)| R?.
ly|<C



The assumption (A1) implies that o is bounded. Hence, sup, < |[V1(y)| =
sup|y<c [o(¢(y))| < oo. Therefore we can choose R € (0, 1] small enough so
that for any s € [0, t]

X! <X} 4 C sup |V<p1(y)|Rﬁ < ap.
ly|<C

This implies (14). m
Note that Y; is continuous and increasing. Hence there exists the inverse
function Y; ' := Y 1(¢t).
Proposition 11 With the notation of Lemma 10, we have that if € > 0
P(Y Y(R)<e) <Ce?, (15)
where C' depends on R, p and d.

Proof. Let ¢ > 1 be the constant that satisfies % + % = 1. By the Holder’s
inequality, we have
p]

—_w.,|2p°
—|WS Wyl ] dsds] .

P(Y'(R)<e)=P(R<Y.)

|Ws - Ws/|2p /

%
/ dsds’ / E
[0,e]2 [0,]2

The Holder continuity of Brownian motion yields

<R PE

<R

|8 _ S/‘(1+2p7’)p

s Ws’ 2p°
/ E % dsds' < Ce* sup |s— 8/|p(p*(1+2pr))
[0,€]2 |s — s'[(I+2pT)p s,5'€[0,1]

< '€l

Therefore we obtain (15). =
The following theorem is our main result in this section.

Theorem 12 Let ag > X} be fived. There exists a process vy such that
(Z) V¢ € DOO,'
(ii) For any f € C°(RY: R), on the event {M' > ag} it holds that

T
(Vi f)(F) = / DI F(F) v, dr.



Proof. We define
T,, = inf{t > 0; M} > ao},

and choose R € (0,1) such that (14) holds. Let p : R4 — [0,1] be a smooth
function such that

0 ifx>R
”(f”):{1 ifo<z< &
Set
up = p(V),
and

T
H:/ Uug ds.
0

On the event {M! > ag} we have T,, < 6, and further Lemma 10 implies
Y, > Rif t > T,,. Hence from the definition of p we have u; = 0 if t > Tj,.
Thus we have

T ] d T 8f )
D) f(F)uydr = / —(F) D} Fy u.dr
| i) > [ g piE

T
— (V,f)(F) /0 Lo () uy dr

= (V;/)(F) H,
where we have used Theorem 7. By the definition of p we have
T
R
_ -1

Hence, Proposition 11 implies that H~! € LP(2). Thus, on the event {M! >
ag}, we have

T
(Vif)(F) = / DIf(F) v, dr,

forv, = 4. =

4 Integration of the operator V; and uniform es-
timates
Let (g, ,aq) € Z%o be a multi-index, we denote by |a| = a1 + -+ + ag and

olel

= a1 Qg *
05T - 0

6&

10



Recall that ¢ is the solution to (6). For ¢ € C°(R? : R), since ¢! is continu-
ous, there exists K > 0 such that for any multi-index o

d

supp((9°9) o ¢) € [][-K. K].

j=1
Throughout this section, 1 € C>°(R?: R) and K will be fixed.

Lemma 13 Under the notation above, for j = 1,...,d, we define h;(¢) : R4 —
R to be

Yi

h](ﬂ))(yl,,yd): ¢O¢(y177yj—1597y]+177yd)d9’ (16)

where @ is the solution to (6). Then we have
Vi(hj(4) o p™") =9, (17)
where V; is the vector field defined in (A3).

Proof. Put k;j = h;j(¢) o o~ 1. Since ¢ is a solution to (6) we have

50000) = s 0)0) = (k0 9(0) Zaxi D52 = (V) (200

This means (17). =
For g € C3°(R? : R) and for a multi-index o we define

Ho(a, g)(y) = ((0%¢) - g) o 0(y),
Hi(a, 9)(y) = ha(ha-1(-- - (h1(Hg-1(, 9))) -+ ) (y)

Ya Y1
:/ Hk—l(aag)(ela"'aed)dal"'d0d7

-K -K
fork=1,2,....
Lemma 14 Let o be a multi-index with || > 1. Suppose that for some i,
a; > 1, and put o = (a1, ...,q;-1,0; — La1,...,aq). Then for any g €
C°(R™: R), there exist g;; € Co°(RY:R) (j = 1,2,...,d) such that

Hi(a, g)(y

Yd Yj+1 Yj—1 Y1 B
= Z/ / / : Ho(c, gij)(05(y;))d0r - - - dO;1d0; 41 - dba
K
- Z Hl 7913

(18)

where we put 0;(y;) = (61, ...,0;-1,Y;,041,---,04).

11



Proof. We shall prove by induction with respect to n := |a|. For n =1, we
suppose without loss of generality that (aq,...,aq) = (1,0,...,0). Since the
Jacobi matrix of ¢ is 0 o ¢ we have

d
ool =3 (2 (0 o ot

N
Applying this formula and the integration by parts formula, we have

Hy(a,g)(y

Yd Y1
/ / ((91’1 > op(br,...,04)d0; ---dby

Yd Yji41 Yji—1 Y1 B
:Z/K”./K /K K(w'gl,j)090(9j(yj))d91"'d9j71d9j+1'“d9d
=17~ KU -
d Ya Y1
_Z/ / (- g1;) 0 p(0)dby - - - dbg,
oK -K

where we have put

q1j(w) =

It follows from (A1) that o~* is bounded. Hence we have g1; € Cp°(R? : R).
In view of the definition of Hy and Hy, (19) is nothing but (18) for n = 1.

Let n > 1 be fixed and suppose that for any multi-index a with || < n
and for any g € Cgo(Rd : R) the equality (18) holds. Let o = (au,...,aq)
with |a| = n 4+ 1. We may assume without loss of generality that a; > 1. Put
o = (a1 — 1,aa,...,a4). Then integration by parts formula shows

Hy (o, g)(y

)
[ [T 00w g) o ol0) oy b

-K —-K

i/y /M/y - /y i giy) 0 (@ (y;))dby - dB;_1d0, 41 - -~ by
—Z/ [ @) o vt0) 0

Noting the definition of H; we obtain (18) for any multi-index. m

Lemma 15 Let o be a multi-index with |a| > 1. Suppose that a; > 1, and put

o = (a,...,qi—1,0s — 1, qi11,...,aq). Then for any g € C’I?O(Rd :R), there

12



exist gi; € Cgo(Rd :R) (j=1,2,...,d) such that for any k > 1

Hy(a, g)(
Yd y7+1 Yj—1 Y1 _
/ / / : Hk—l(alvgij)(ej(yj))del rdfj_1dfjiq - dbg

- ZH]C 7gl]
(20)
where we have put 0;(y;) = (01,...,0;-1,9;,0;41,--.,04).

Proof. We prove the lemma by induction with respect to k. For the case
k = 1 we have already proved in Lemma 14. Let k£ > 1 be fixed and suppose
that (20) holds for k. Recall that Hyq is defined by

Hiq(a,9)(y) = /yd " Hi(a,g)(01,...,04)d0; - dby. (21)

—-K —-K

By the assumption of the induction we can replace the integrand in (21) by
the right hand side in (20). Thus, using the Fubini’s theorem and noting the
definition of Hy, we obtain (20) for k+ 1. m

Lemma 16 Let n be fixred. For any multi-index « with |o| < n and for any
g € C*(R?: R), we have

[Hy(c, 9)(y)] < [¥]o0 [Qag (W), (22)
where Qq,q 15 a polynomial function.

Proof. We prove this by induction with respect to n. Note that 0% =
if || = 0. Thus, by the definition of Hy(«, g) we have

[Ho(, 9)(W)] < [¥]oo 190 0(y)] < Clbloo(1+ [(y)|™),

for some m € N since g € C;°(R% : R). Note that

le)] < le0)] + |e(y) — w(0)] < [(0)] +/0 Vo(py) -yldp < C(1 + |yl),

where in the second inequality we have used the mean value theorem and in the
last inequality we have used the fact that ¢ is a solution to (6) and that o is
bounded. Thus we have (22) for n = 0.

Suppose that (22) holds for any multi-index « with |a| < n. Let o =
(aq,...,0q) be a multi-index with |a] = n+1. We assume that «; > 1 for some

13



i. Put o = (a1,...,2;—1,0; — 1,41, ..,04). By using Lemma 15, we have

n+1ag

UJ+1
/ / / / H, (o, 9i5)(0;(y;))| dby - - - dB;—1df; 41 - - - dbg

+ Z |Hyq1 (o, 9i5)(0)]
g (23)

where g;; € Cgo(Rd :R) j=1,2,...,d. By the assumption of the induction
the first term in the right hand side is dominated by

Yd Yi+1 Yj—1 Y1
/ / / / |1/)|oo|Qo/,g(9)|d91"'daj—1d9j+1"'d9d~
—-K —-K —-K —-K

It follows from the definition of H,(«,g) the second term in (23) can be esti-
mated as

d d Yd Y1
ZlHn+1(al7gij>(y)| SZ/K/ \Hn(a’,gij)(Ql,...,Hdﬂ d6‘1--~d6‘d
J=1 : —

Jj=1 -K

d Yd Y1
< wo | Qarg, (0)] dOs - - db4,
_;/K [ 1] Qo (0)] 01 -0

where in the last inequality we have used the assumption of the induction. Thus
we have (22). =
Define

fa(z) = Hp(a,1) 0 o7 (2). (24)
Then we have
Theorem 17 Let ¢ be a smooth function with compact support. Suppose that
supp(¥) C [ag, 00) x R,

and (5) holds. For any multi-index (o1, . .., aq), there exist functions fi,. .., fia|
such that

1.

fo(x) = 0%Y(x),

and

Vi Va)fu = frn (25)

14



2. There exists a polynomial QQ such that

| fla (@) < [$loc| Q 0 07 (). (26)
3. For anym <n

fm(z) =0 if £1 < ao. (27)

Proof. Let f,, (m =0,1,2...n) be the functions defined in (24). Recall
that ¢ is a diffeomorphism. Note that it follows from the definition of H,, (16)
and (17) that

(Vi Va)" fu(e) = 0%(x).

Hence, from Lemma 13 and Lemma 16, the functions { f,, } satisfy (25) and (26).
Thus all we have to do is to show that the functions f,, satisfy (27). Define

a/(yQa N 7yd) = lnf{ea @1(97y2a R 7yd) > aO}-

Fix ¢ = (z1,...,24) with 1 < ap, we can find y = (y1,...,yq) such that
x = p(y) since p(y) is a diffeomorphism. From (5), we have
I

W(aay%”‘?yd):U%(@(97y27"'ﬂyd))>07 (28)

that is, 8 — ¢©1(0,ya, ..., yaq) is strictly increasing for fixed (ya,...,yq). Hence,
we have y1 < a(ys,...,yq). Recall that f,, can be written as follows

(o) = Hof, 1)) = [ K . / K Hou oy (0, 1)(0)d0.

By induction one can show that the integrand in the above multiple integral
vanishes since y1 < a(ya,...,yq4). W

5 Proof of Theorem 2

In this section, we shall prove Theorem 2. Let 1 € C>°(R? : R) be fixed and
suppose that supp (¢) C [ag,c0) x R~ where ag > X§. Let (ay,...,aq) be
a multi-index with oy + - - + ag = n. All we have to do is to show that for any
G e D*®

™y

B o s (F)6] | < ol (29

which will imply the smoothness of the law of F = (Fy,..., Fy) on (ag,00) X
R?71 (see Lemma 2.1.5 in Nualart [9]).

15



In view of Theorem 17, we can find fo, f1,..., f» that satisfy (25), (26) and
(27). Since supp(¥)) C [ag,o0) it follows from (25), Theorem 12 and duality
that for any G € D>

o (F)G] _ B[V V) ()G

axal N axad

/ DY Vy--- V) fi(F) v, dr G

=E[(Va---Va) [1(F)d! (v.G)].
By iterating the same argument we have

B [M(F)G] = B [f1(F)5* (w6 (v. -6 (0.G))] = BA(F)( - G)).

Here 6(v-G) = §%(v....6*(v.G)...). From Theorem 17 we have fa(z) = 0 provided
x1 < ag and f; = (V4 - -+ Vy) f2, hence we can apply this argument recursively:
o™
E {W(F)G] =E[/i(F)i(v-G)]
=E[(Vi---Va)f2(F)é(v - G)]

= E[fu(F)é(v-6(v- - 6(v-6(v-G))))]-
Tt follows from (26) that

"

| o (P16 | < 12 (Pl 196680030060 G))llaco

< ClYfoo-

Thus we obtain (29).

6 S.D.E. with commutative vector fields and with
drift
Let (', 7', Q), { F{ }rep0,1), Bt = (Bi,...,B{)be a d-dimensional standard Brow-

nian motion. In this section, we shall consider the following d-dimensional
stochastic differential equation that has the drift term:

{dZZ =351 0}(Zs-) 0 dB] +¥/(Z.) ds (30)

zZ =2

We assume that Assumption A, (5) and (4) hold. Further in this section we
assume

16



Assumption B b : R? — R¢ is bounded smooth function with bounded deriva-
tives.
Since ¢ is uniformly non-degenerate, we can define

y(z) == o7 b(x).

Note that 7 is a bounded smooth function, and hence
d t

Ko=1- Z/ K.v;(X,)dB?
j=1"9

is a martingale. Define

= KT7
Fr

aQ

then Girsanov’s theorem shows that, under Q’,
A . . . t
Bl = Bl — (B, Ky = B] + [ (X ds
0
is a Brownian motion. Note that X can be written as

d
dX} =Y oi(X,_) o dB] + V' (X,)ds = 0}(X,_) o dBi.
j=1

Now let (Q, F,P), {Fi }reo,r): We = (W}, ..., W) be another d-dimensional
standard Brownian motion and consider the following stochastic differential
equation

i d i j
axX; = ijl 0% (Xs) o dW (31)
Xi =z
By putting
d T ) 1 T d
Gr = exp Z/ %-(Xs)dwg—§/ > (X ds g,
j=170 0 =1
we have, for any 1 € C°((X},00) x R4 R) and for any n € N,
Y oY 1
E _— Zg = |Eq | =——% Zs) K
o [ o 2, || = B [ o, 20
o™

—Ep| -2 (sup X,)G
e | gt gy 2, X6

< ClYoo,

where we denote by Eq the mathematical expectation with respect to the prob-
ability measure Q, and in the last inequality we have used (29).
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7 Appendix: The time when X/ attains its max-
imum is unique

In this section, we shall prove Proposition 1. We assume that Assumption (A)
holds throughout this section. First of all we shall prove that X} does not attain
its maximum on [0, 7] at the terminal time 7"

Proposition 18 Suppose that (4) holds. Then we have

P(qu« = OEI%ETX;) =0.

For the proof of Proposition 18, we need the law of the iterated logarithm:
Lemma 19 Let X, be the solution to (3). We have

Xt - X} d
P [ limsu ol (X7) | = 32
t—>Tp\/ T —t)log |log(T z:: s (Xr) (32)
X1 — X}
P | liminf = —ZU;(XT) =1 (33)

=T /(T — t)log | log(T

Remark 20 On the event {ZJ 10} (X7) < 0}, the limit superior is strictly
negative, and the limit inferior is strictly positive. This is a contradiction.

Hence we have Ej 10 (X7) >0 P-as..

Proof. By the law of the iterated logarithm for Brownian motion (see
Theorem 9.23 in Chapter 2 of [7]) we have

Wj _ Wj
P ( limsup T ! =1,1<j<d]|=1. (34)
t—T (T —t)log |log(T —t)|

Since by (7), X} can be written as X} = ¢1(W}), the mean value theorem and
(6) shows that

Xl_xl
lim su
o1t /(T — ) log | log(T — )]
. @1 W%_Wtj
= limsu / ~(We + 0(Wr — Wy)) db
HTp; oy Ve + OVr = W) V(T = 1) log [log(T — 1)]
Wi — Wi
= lim sup / o} o o(Wy + 0(Wr — Wy)) df = :
jz:l V(T —t)log | log(T — t)]

t—=T
d
= Za}(XT) P-as.,
j=1

18



where in the last equality we have used (34) and the dominated convergence
theorem. Similarly one can prove (33). m

Proof of Proposition 18. As we mentioned in Remark 20, ijl oj(Xr) >
0 P-a.s. Hence, for any € > 0, we have

d
P(X%— sup qu) <P [ X}— sup X;:O,Za}(XT)>e
0<s<T 0<s<T

=1
’ (35)
d
+P|0<) oj(Xr) <e
j=1
It follows from Lemma 19 that
d
P|X):— sup X!} =0,) o}(X7)>e
T OSsIS)T ; j( T)
XL - x}
<P|X}—-X!>0"sc]0,T)liminf r_—¢ < —¢
=T /(T —t)log | log(T —t)]

=0.

Therefore for any € > 0 we have

d
P (X; = sup X;) <SPl0<) oj(Xp)<e
0<s<T =

Letting ¢ tend to zero, we have

d
P (X} = sup X;) <P (> oj(Xr)=0] =0.
0<s<T =
The last equality follows from the assumption (4) and the fact that the law of
X7 has the smooth density. m
In view of Girsanov’s theorem, it is enough to show Proposition 1 for the
following stochastic differential equation

d t
Xi=a0+3) / o} (X.) W3 (36)
i=1""

We define

O, =sup{s <t; X! = sup X!}
0<r<t

0, =inf{s <t; X! = sup X!},
0<r<t

19



and we shall show that
PO; <6r <T)=0. (37)

Note that Proposition 18 yields §7 < T P-a.s., and obviously 6; > 6§, P-a.s..
Hence (37) is equivalent to the assertion of Proposition 1.
From (A1) we have inf, ai(x) > 0 thus the quadratic variation of X*

t
(X1t :/ al(Xs)ds
0
is a strictly increasing continuous process. Hence,
_ vl
B =X

is a Fy-adapted 1-dimensional Brownian motion. We can write

X} = Bix1y,,
and
O = sup {s <T; B(x1, = sup B<X1>u} ,
0<u<T
QT = inf {S < T; B(Xl)s = Sup B(X1>u} .
0<u<T
Define

ﬂsup{rgt;Br sup BS},
0<s<t (39)
Tt:inf{rgt;BT: sup Bs}.

0<s<t

Then we have

Op = (X! 0r = (X", (39)

T(x1lyp’ Tixlyp '

Proof of Proposition 1 .
We shall show (37). Since (X');! is strictly increasing, (39) shows

P(QT < éT < T) = P(I(Xl)T < 77<X1>T < <X1>T)

=P( U {I<X1>T <1 < Tyxtyp <rg < <X1>T})
r1,72€Q (40)

rq<rg
< Z P(I(Xl)T <r < 77'<X1>T < 1o < <X1>T)

r1, 7 EQ
ry<rg

20



On

the event {7 y1y, <71 < T(x1), <72 < (X')r}, the definition of 7 shows
T(x1y, =sup{s <ro; Bs = sup B,}. (41)
0<r<ry

The definition of 7 also shows

T(xty, = inf{s <ry; Bs= sup B} (42)
0<r<r;
Since B;<X1>T = BI<x1>T holds P-a.s., (41) and (42) implies

sup B, = sup B,.
0<r<ra 0<r<r

Thus we have

P(T x1y, <1 <T(x1y, <r2 < (X))
<P(sup{s <ry; By = sup B} € (r,r2), sup B,= sup B,)=0,

0<r<rs 0<r<ry 0<r<r;

where the last equality follows from Proposition 4 in Section VI of Bertoin [1].
Therefore the right hand side of (40) equals to zero. m

the

At first glance one may think that the above proof may be extended by using
uniqueness of the maximum process in the open interval [0, < X! >p +¢)

and then taking € — 0 but this arguments fails because this argument assumes
a priori that Proposition 18 is satisfied.
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