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Abstract

The main purpose of this paper is to propose computational methods for Greeks and the multi-
dimensional density estimation for an asset price dynamics model defined with time-changed
Brownian motions. Our approach is based on an application of the Malliavin integration-by-
parts formula on the Gaussian space conditioning on the jump component. Some numerical
examples are presented to illustrate the effectiveness of our results.
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1 Introduction

The Malliavin integration-by-parts formula was established in the historic paper of Bismut [S],
and served as a key tool to reveal the relation between the Hérmander condition on the hypoellip-

tic problem and the existence of smooth densities for solutions to stochastic differential equations.
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Moreover, in his book [6], he studied the logarithmic gradient of the fundamental solution to the
heat equation on a Riemaniann manifold. In mathematical finance, Malliavin calculus on the
Wiener space is applied in Fournié et al. [15] to the sensitivity analysis for the Black-Scholes asset
price dynamics model. Moreover, the so-called Malliavin-Thalmaier integration-by-parts formula
was introduced in Malliavin and Thalmaier [20] with a view towards the computation of multidi-
mensional probability density functions, of which numerical issues are studied in Kohatsu-Higa
and Yasuda [18]]. For stochastic differential equations driven by Brownian motion, the technique
based on the integration-by-parts formula from Malliavin Calculus has become standard.

It is then a natural question whether a similar approach can be obtained in the case of com-
putation of Greeks and the multidimensional density for jump processes. Concerning Malliavin
calculus for jump processes, the existence of weights for the logarithmic gradient dates back to
the work of Bichteler, Gravereaux, Jacod [4]. For practical considerations, it is important to derive
explicit weights, in order to design an efficient Monte Carlo evaluation. In particular, Davis and
Johansson [12], and Cass and Friz [[10] studied the Malliavin Greeks for jump diffusion processes.
Their approach consists of conditioning by the jump component and then performing the Malli-
avin calculus techniques with respect to the Brownian motion component. In other words, their
models are required to be a superposition of independent jump and diffusion components, where
the diffusion must be nondegenerate. On the other hand, El-Khatib and Privault [13]] applied the
calculus focused on the Poisson arrival times of Carlen and Pardoux [7], while Bally et al. [1] took
a unified approach considering the derivatives with respect to both the Poisson arrival times and the
amplitudes of the jumps. Takeuchi studied in [26] the same problem of solutions to stochastic dif-
ferential equations with jumps via the martingale approach, without using the approach introduced
in [4]. Kawai and Takeuchi [17] derive formulae for an asset price dynamics model formulated
with gamma processes, based upon the use of the scaling property of gamma process with respect
to the Esscher transform parameter. It seems that there is still no unified approach to the sensitivity
analysis and also the multidimensional density estimation for random processes beyond the pure
diffusion cases.

The main purpose of this paper is to obtain an expression for the calculation of Greek and the
multidimensional density for an asset price dynamics model defined with time-changed Brownian

motions. As will be illustrated later, our framework encompasses some Lévy process models and



stochastic volatility models. Our approach is based on an application of the Malliavin integration-
by-parts formula on the Gaussian space conditioning on the jump component. We consider this
approach best suited for actual financial models as we reflect in the examples that we have con-
sidered. This approach has been taken in [10, 12]. Nevertheless they use the representation of
the model as a stochastic differential equation while we use an expression as subordinated Wiener
processes. In the Lévy processes framework with an expression as a time-changed Brownian mo-
tion, our results improve those of [[1,[13] in the sense that our Lévy processes are of more realistic
infinite activity type. When restricted to the variance gamma model, our results can be recovered
from those of [17]].

The rest of this paper is organized as follows. We first introduce in Section 2] the time-changed
Brownian motion and give three examples of time-changed Brownian motions of practical interest.
In Section [3] we apply the Malliavin integration-by-parts formula on the Gaussian space to derive
unbiased estimators of various Greeks in our model setting with a view towards efficient Monte
Carlo evaluation. We next present in Section [ that the Malliavin-Thalmaier integration-by-parts
formula can also be applied to the multidimensional density estimation in our framework. Finally,

Section[3l concludes.

2 Preliminaries

Let us begin with general notations which will be used throughout the text. We let N be the set
of positive integers. We denote by R¢ the d-dimensional Euclidean space with the norm || - || and
the inner product by (-,-). We fix (Q,.%,P) as our underlying probability space. We mean by the

time-changed Brownian motion the following stochastic process
X; == ut+ 0Y, + oWy, 2.1

where 4 € R, 6 € R, 6 >0, and {W; : ¢ > 0} is a standard Brownian motion in R, and {¥; : r > 0}
is a non-decreasing stochastic process in R, with ¥y = 0, a.s., independent of {W, : ¢t > 0}. For

convenience, we define the characteristic exponent

e(pyt(y) =K I:elyyt] X



Intuitively, one may regard the original clock {z : # > 0} as calendar time, while the new random
clock {Y; : ¢ > 0} as business time. A more active business day implies a faster business clock, and

vice versa.

2.1 Examples of Time-Changed Brownian Motion

If {Y; : ¢t > 0} is a subordinator, that is, an one-sided Lévy process, the above time-changed Brow-
nian motion is a Lévy process, which is often called Lévy process of type G. (See, for example,
Rosinski [23]].) Moreover, unless it is a deterministic subordinator (that is, Y; = at, a > 0), the
time-changed Brownian motion becomes a pure-jump Lévy process. In Example 2.1l and 2.2 we

give two such examples.

Example 2.1. (Variance gamma Lévy processes) The stochastic process is called a variance
gamma (Lévy) process of Madan, Carr and Chang [19], if we set {¥; : + > 0} to be a gamma
process, whose characteristic exponent is given by @y, (y) = —atIn(1 —iy/b), while its marginal

density is given in closed form by
t
fr,(x) = =——x“"le™ x>0, (2.2)

with @ = b =: v=! > 0. The model has attracted the attention of finance practitioners, and thus
appears often in the computational finance literature (see for example, Carr and Madan [9] and Fu

[16]]). The characteristic function of X; = ut + 0Y; + oWy, is given by
. . 1 —t/v
E [e’yX’} = VH! (1 —iybv + EGZVy2> )

Moreover, it is also shown in [[19] that the variance gamma process can be expressed as the differ-

ence of two independent gamma processes,
Xt = Yt,p - Yt,na (23)

where the gamma processes {Y; , : ¢+ > 0} and {Y;, : t > O} can be characterized by (2.2) with

(a,b) = (v, (u,v)~Y) and (a,b) = (v71,(u,v)~") for some v > 0, where the parameters are

given by i, = 11/62+202/v+6/2 and w, = 51/02+202/v — 02, respectively. O



Example 2.2. (Normal inverse Gaussian Lévy processes) The normal inverse Gaussian process
can be expressed as a time-changed Brownian motion by setting {Y; : # > 0} to be a Lévy process
induced by the inverse Gaussian distribution, whose marginal at time ¢ is identical in law to the

first time that a Brownian motion with drift v reaches the positive level ¢, that is,

E [eyyf] =exp [—t (\/m—v)} .

Then, the normal inverse Gaussian process X; = ut + 0Y; + oWy, has the characteristic function

: . 2 92 0 2y
X iy _ Vi v (2.5 2y
E [ety r:| =e"Mexp | —to \/62 + o (62 —l—ly> > ,

where v > 0. Conversely, set & = \/v2/02+ 02/0*, B =0 /02, and § = ©. Then, we get || < a,

v=20a?— 2 and

X, = ut + B8%Y, + SWy,.

See Barndorff-Nielsen [3]], Carr et al.[8] and Schoutens [25]] for more details. O

It has been a general consensus that return volatilities vary stochastically over time. The con-
cept of “time change” can also be applied to capture the evidence of stochastic volatility. That
is, by the Gaussian scaling property, random changes in volatility can be related to random time
changes. The following is an illustrative example of the business clock, which is successfully

applied in Carr et al.[8] to control the clock of pure-jump Lévy processes.

Example 2.3. (Brownian motion, time changed via integrated Cox-Ingersoll-Ross (CIR) square-
root process) Let {z; : > 0} be a mean-reverting positive process defined via the stochastic differ-
ential equation

where 79, k,1,0 are positive constants with 2k > o2. The parameter 1] serves as the long run
rate of time change, K is the mean reversion rate, while A is the volatility of the time change. This
is often called the CIR square root process [11]]. Taking the process {z : ¢ > 0} as the instanta-
neous rate of time change, we define an increasing process Y; := fé zsds. 1t is well known that the

characteristic function of ¥; is given by

0/(y) =[] = A000B(1 ),



where y:= /K% —2A%iy, A(t,y) := 2iy/(x + ycoth(yr)/2), and

2 2 )4 K . 14 ~2en /A2
B(t,y) :=exp [k"nt/A7] (cosh (5) + ;smh <E)> :

Using the above fact, the characteristic function of X; = ut + 0Y; + cWy, can be derived as
E [ein,} _ JHIE [e(iyg,yzgz/z))’,} — Mg, (ye n iy202/2) :

where the computation is performed given Y;. For more details, we refer, for example, to Carr et

al.[8]] and Schoutens [25]]. O

2.2 Malliavin Calculus. Some notations and properties

Let us next present some basic facts on the Malliavin calculus. For details and notation, we refer
to the book of Nualart [22]. Fix T > 0,d; € N, dp € N, and let {W, : ¢ > 0} be a standard Brownian
motion in R, independent of {; : t € [0,T]}, with W, := (Wt(l), e ,W,(dl))’ . Throughout this
study, the time-changing process {Y; : ¢ € [0,T]} is one-dimensional. Let (:%;);c(o,r] and (%)r>0
be the natural filtrations generated respectively by {Y; : ¢ € [0,T]} and {Wy, : r > 0}. Let F :=
(Fy,...,Fy,)" be arandom vector in R%, measurable with respect to % := o(Wy,; 7 € [0,T]). We
denote by D™ the Malliavin derivative on the Gaussian space, conditionally on the time changing
process, with respect to the k-th component of the underlying Brownian motion. Define for each
k=1,....d,

/

D,Fy := [DEI)Fk,...,DE"I)Fk

Moreover, we denote by J; the Skorohod integral over (0,Yr] given .#r with respect to the k-th
component of the underlying Brownian motion, that is, for a suitable smooth stochastic process
{G,:t >0} in R%,

Y,
8(G) = | "Gow,

where the multivariate Skorohod integral is taken componentwise. Both the operators D and 6 are

linked by the equality; for each k = 1,...,d>,

S ((F.G)) = (5(G).F) - [ (DPEG)ar

0
Moreover, taking the conditional expectation, we get the duality; foreach k= 1,...,d>,
NG
E [/ <D, F, G,>dt‘33T] —E [(8(G),F)|#r]. (2.4)
0

6



Here, we have assumed that F € D2 and G € Dom(35).

We next give an integration by parts formula in one dimension (the multidimensional case is in-
troduced in Section 4), which is our key tool to integrate the derivative in the following expectation
for ® € C} (R;R),

E [®'(X)Z|.7r]| = E[®(X)H|Z71],
where X, Z and H are suitable random variables. We follow the argument of Montero and Kohatsu-

Higa [21]. By the chain rule of the Malliavin derivative, we have that given .%7 and for ¢ € [0, Yr],
(Dté(X)> th — q)/ (X)thDtX,

where {h; :t € [0,Y7]} is a suitable “smooth” stochastic process such that the terms appearing

below are well defined. Integration over [0,Yr] leads to

Yr Zh
' (X)Z = / D@ (X)—————dt
0 Jo" hsDsXds
Using the duality 2.4), we get
Y7 Zh Zh.
E[®(X)Z| 7] =E| [ D®(X) i Fr| =E |®(X)8 | | | Fr|.
Jo Jo" hsDsXds Jo" hsDsXds

(2.5)

We will often refer this relation to the (conditional) integration-by-parts formula in what follows.

3 Computation of Greeks

Fix T > 0 and assume that {Y; : r € [0,T]} is such that
oy, (=i (0+0%/2))| < +e, t€0,T]. 3.1)

We first consider an one-dimensional asset dynamics driven by a time-changed Brownian motion,
X

S; :=Spe" ——
ST R

= Soe" exp [0Y; + oWy, — @y, (—i(8 +62/2))] , (3.2)

where the expectation is henceforth taken with respect to a risk neutral probability. With {Y; : 7 €
[0,7]} in Example 2.1l R.21and 23] the discounted stock price model (3.2)) is clearly a martingale
with respect to the risk neutral measure under the integrability condition (3.I) due to the Markovian

property of {Y; : 1 € [0,T]}.



If the business clock {Y; : r € [0,T]} is deterministic, then our framework simply reduces to
the most basic Black-Scholes model. To avoid such triviality, we rule out the deterministic clock
a priori. Until Section [3.3] we work on the above one-dimensional model, and thus suppress the

scripts in the Malliavin derivative D) and in the Skorohod integral &.

3.1 Delta

We first derive an unbiased estimator of the so-called delta, which is the sensitivity index with

respect to the initial value.

Proposition 3.1. Assume that E[S2] < +oo. Let ® : R — R be a measurable function such that

E[®(S7)?] is locally uniformly bounded in So > 0. Moreover; assume that B[V 2] < +oo. Then, we

have
) 1 Wy,
HE@(s)] - oB [e(sn T .
Proof. First, assume @ € C7(R;R). We have
(9 . a . / aST o1 /
8_SOE[CD(ST)] =K la—soq)(ST)} =E [‘I’ (ST)a—SJ =S, E[®'(S7)S7],

where the interchange of the derivative and the expectation is justified by the dominated conver-

gence theorem. In fact, as € | 0,

CI)((I +8/SO)ST) _CI)(ST) _ CI)/(ST)S—T, a.s.,
£ So
and by the Taylor theorem,
_ 1
E[CI’((IJFS/S(;)ST) CI)(ST)]‘ S/ E{CI)I((l+58/So)ST)(1+6§/SO)ST ]d&,
0 0

which is clearly uniformly bounded in €.

Next, given .%7, we can apply the conditional integration-by-parts formula 2.3]) with /2, = 1 as

ST Wy,
E [®' (S7)Sr|Fr| =E |®(S7)6 | —— | | F7 :]E[CDST Tﬁ}], (3.3)
(¥ (5)sr|77] (57) JoT DySrds | ( )GYT’
where the last equality holds since given .77,
Yr Yr
DSSTdS = GST ]l(s S YT)dS = GSTYT. (34)
0 0



Taking the expectation on the both sides, we get the desired result for @ € C%(R; R).

It remains to remove the regularity assumption on . To this end, let us come back to & such
that E[®(S7)?] is locally uniformly bounded in Sy. We can always find a sequence {®, } < of con-
tinuously differentiable functions, from R to IR, with compact support such that lim,;; .. E[|®,(ST) —
®(S7)|?] = 0. Hence, by the Cauchy-Schwartz inequality with E[|Wy, /Yr|?] = E[Y; '] < oo, we
have that for each Sy,

2

B |50~ e || <8 [lensn - esnP]e | 2] -0

as n T 4oo. Then, we obtain that

B (®,((1-+8/50)51)] —E(@a(57)] = [ B [cpn((l +h/SO)ST)“;ﬂ . (35)
Then, by taking limits with respect to n, we obtain that E[®((1+&/Sy)S7)] is continuous in Sy. In
a similar fashion, we can prove that E[®(S7)Wy, /Yr] is continuous in Sp. Finally, by taking limits
with respect to n in (3.3)) and dividing by €, we obtain that E[®(S7)] is differentiable with respect

to So and that the desired formula holds. The proof is complete. 0

Remark 3.2. The sensitivity with respect to the risk-free rate r and the drift parameter 6 can also

be derived via the identity (3.3)), respectively as

%E [@(S7)] =E [(I)’(ST)%STl =TE [®'(S7)Sr] = SOTaiSOE [@(S7)],
and
iE[cp(s )]—E[cp’(s )is =E[E [®'(S7)Sr|Fr] Y7 —lE[cb(S YWy, ]
00 T)l — TaQT_ TTTT—G T)WYr|,

where the interchanges of the derivative and the expectation can be justified as before. Moreover,
note that the proof of Proposition B.Ildoes not require the Markovian property of the time-changing
process {Y; : 1 € [0,T]}. O

3.2 Vega

In our framework, we may naturally regard the parameter ¢ as the volatility. The next formula is

the so-called vega, which is the sensitivity of the premium with respect to the volatility parameter.



Proposition 3.3. Assume IE[S%WYZT] < oo, Let @ : R — R be a measurable function such that

E[®(S7)?] is locally uniformly bounded in So > 0. Assume further that B[V %] < 4-co. Then,

2
®(s7) (W— S 9 (—i0+0?/2) - 1)]

Yr Yr Jdo

d 1
3GE [@(S7)] = pm

Proof. As before, it suffices to show the result with ® € C7(R;R). We have

SoEl0sr)] = E @50 5] [0/ (515 (W — 5o (—i(0+0%/2) )|

where the interchange of the derivative and the expectation can be justified by the dominated
convergence theorem in a similar manner to the proof of Proposition [3.11
Next, in view of the delta formula in Proposition it remains to work on E [®'(S7)S7 Wy, ].

Given .%7, we apply the conditional integration-by-parts formula (2.3)) with /; = 1 as

StWy, - 1 1 Wy,
] )

where the last equality holds by (3.4). Finally, for the arguments to remove the smoothness on @,

E [®'(S7)SrWy, | =E |E

we need
E[|@(S)W, /Yr|]” <E ||0(s)1*| E W3 /¥7] = E |[@(s7)]°| E W] <+,

which concludes. [

3.3 Gamma

Next, we consider the second-order sensitivity with respect to the initial value, that is, the delta of

the delta. In the derivation, we literally take “delta” of the delta formula of Proposition

Proposition 3.4. Assume E[SZTWET JYZ] < +oo. Let @ : R — R be a measurable function such that

E[®(S7)?] < +oo is locally uniformly bounded in Sy > 0. Assume further that B[V ¥] < +oco. Then,

1wy
@(ST)E Y—T—GWYT—I .

Proof. As before, it suffices to show the result with & € Cg (R;R). In view of Proposition 3.1], we

we have
azE[CI’(S )] = ' E
983 = 0283

have )
P NS Wi,
a—S(z)E[q’(ST)] =35 (G_S()E [q)(ST)Y_TD ~

10



Then, by a similar argument to the previous proofs, we have

J Wr ] _ o9 Wy
8_50]E {CD(ST)Y—T} =E L;SO‘D(ST) Y, }

q)(ST) YT2

WE — YT]

where the interchange of the derivative and the expectation can be justified by the dominated

convergence theorem. Finally, for the arguments to remove the smoothness on ®, we need
2 _
B (|5t /1) < B (577 B [1 4B (W] < +oo

which completes the proof. U

3.4 Delta of Asian

Notice that by setting Y; = ¢, our formulas recover the counterparts in the Black-Scholes frame-
work. We may say, and indeed as our intuition, that in the derivation of the logarithmic derivatives,
it does not matter how the clock is governed, but matters only where the Brownian motion is at the
end.

A delta formula of the Asian options is derived below. Interestingly, even such a path dependent

payoff yields a similar form to its counterpart in the Black-Scholes, which can be found in [21].
Proposition 3.5. Fix T > 0, and define
T T T
F = / Sudu, P = / SY.du, F3:= / S.Y2du.
0 0 0

Let ® : R — R be a measurable function such that E[®(F,/T)? is locally uniformly bounded in
So > 0. Assume further that {Y; : t € [0,T|} is a non-decreasing Lévy process with Lévy measure

v defined on R, and that there exist p > 1 and s > 1 with q(s) := (1 —1/s)~" such that

/ e*7v (dz) < oo,
>1

11



where & := (4p*s>62 + ps(0V 0)) V (2p?q(s)>62 + pq(s)(0V 8)), and
B [1 P H] e
for some € € (0,T). Then, we have

——1
oF, + F22

O E{b(F/T) = ~E [cb (F/T) (

J Wy, b1 1 F3
AN So '

Proof. As so far, we proceed with the proof in the case ® & CZ% (R;R). First, observe that

SB[ (R/T)] = E| 2 (5/1)| = SB[ (/T) /7],

where the interchange of the derivative and the expectation is justified by the dominated conver-
gence theorem as before with E[F] < +co. To prove this, observe that

E[F2] <E {/OTSﬁdu} :/TE[Sﬂ du

<53 [ exp gy (<20 (6= 0%)) =, (=i (6-+0%/2))) <+

where we have used the Cauchy-Schwarz inequality, the Fubini theorem, and the infinite divisibil-
ity of Lévy processes @y, =t Qy,.
To continue our proof, given .%7, note first that

Yr T Yr

D,Fids = 0'/ Sul(s <Y,)dsdu= oF,,
0 JO

and

Yr T rYr
DFds = G/ SY, (s <Y,)dsdu= oF3,
0 0 JO

where the interchanges of the Malliavin derivative and the Lebesgue integral hold true. (See, for

example, Property P2 of [15]].) By using the identity
0 (Fl) = WYTFI — GFQ,

we get

12

The desired formula now follows from

s(F) _8(F) N F [JT DyFods _ Wk R
P F22 P F22

E[® (F/T)R/T|Fr] =E

F _
PA/1o (ngDsFlds> ‘JT] ’

12



due to the conditional integration-by-parts formula 2.3) with i, = 1.

Concerning the integrability and the arguments to remove the smoothness of ®, by the Cauchy-
Schwartz inequality with E[®(F; /T )?] < +eo, it suffices to guarantee the existence of E[Wy, (Fi /F)*]
and E[(F1F3/F$)*. Since F3 < Y7 F,, a.s., it further suffices to check the existence of IE[W;‘T (F/F)Y
and E[YZ(Fi/F>)%). Let q(p) := (1—1/p)~! so that (p,q(p)) are conjugate exponents. By the
Holder inequality, we have

l/q(p)E[ ]l/p

E [W;‘T (Fl/F2)4] <E [|WYT|4Q(”)] (Fi/F)*

Y

and

1 1
/CI(P)E[ /p'

E v (R/R)| <E "7 TR (/)Y

Hence, we investigate E[(F} /F»)*?]. By the Holder inequality, we have

E [(FI/F2)4])] <E [F14ps} 1/SE [F2—4pq(s)] 1/61(3).

Recalling the formula

Foo 2 x?
P| sup W, €B :/ 1 exp|—==|dx, Be AR,), 3.6
W ] e |3 e Bea®). G0

where Z(R. ) is the Borel o-field of R, we get
E [F]4ps} < T4Ps ApsTT R [e4pssupt€[0_ﬂ(6)’,+6Wyt+goyt(—i(6+0'2/2)))}

< T4pse4psrTe4pssup,E[O’T] (pyt(fi(6+o'2/2))E [e4pssup,€[0ﬂ (GYT)E [e4ps6 sup;co,r] Wy,

al
< 24P APSIT Apssupici 1) 9y, (—i(6+07/2) g [e4ps Supfe[O,T](9Y1)+16p25262YTi|
< 2T4pse4psrTe4pssup,e[oﬂ Wz(_i(9+62/2))E [e(l6p25262+4ps(0\/6))YT] .
Hence, we get that E[Ffps] < oo ifE[e(ml’zsz"z“ps(ove))”] < +-o0. Next, we investigate E[F2_4M(s)].

For ease in notation, write T := —4pq(s). Pick an arbitrary € € (0,T). First, since P(S; > 0) =
P(Y; > 0) =1 foreach r € (0,T], we have E[Fy] < (T — €)*E[Y{ (inf;c[¢ 71 S;)"], and

T
E |:Y8‘L' ( inf St> :| S E [Ygfefinfte[gj](9Y,+(pyt(*i(0+o'2/2)))]E [eTinfre[ys’yT]GVV[ <92T:|i| )

t€fe,T]

Then, by using the independence of increments and formula (3.6), we get

E |:€Tinfl€[Yg.YT] (G‘/Vf)

%ﬂ — 3TN [e—fcsupze[yg,YT](W—WYe)

1,22
., 5T°0°Y,
JT:|§262 Ta

13



where the inequality holds by the fact P(Y7 —Ye > 0) = 1. Hence, we get

T 62

v (int 5 | <28 wex |2 int on 4 o(-ito+ 022 41 g |
t€le,T] t€le,T] 2
< 2T inficle 7] oy, (—i(6+02/2))

2

xE [YJ exp [r inf (0%, —1) + (2024 70) Yot (47 - YS)#%H
tele, T

— 9pTinficler) %(_i(9+62/2))E Yre(r202/2+10)Y£] E [e(rzcz/Z—(O/\—w))Yr_g}
€

b

where the equality holds by the independence and the stationarity of increments of {Y; : t € [0,T]}.
Hence, the expectation E[F;| is well defined if there exists € € (0,T') such that E[Ygefz"z/ He] <
+o0 and if E[e(fzaz/ 2-(0A=10))¥7) < 400, Theorem 25.3 of Sato [24] concludes the proof. O

3.5 Greeks for Baskets

In this subsection, we consider a basket of correlated asset prices, and its sensitivity with respect
to the correlation parameter p, and its so-called cross-gamma, that is, (92/ (88(()1)85(()2))). We here
restrict ourselves to a basket of only two assets, while our results can easily be extended to a higher
dimension.

Fix p € (—1,1) and set n(p) := /1 — p2. Define

x" 0%, + oWy, — oy, (~i(61 +07/2)
x? 6:,+ 02 (pW" +1(p)W) — g (=i(62 + 02 /2))

and
AP = [sg;) exp (X}”) 5 exp (X}z)ﬂ g

where S(()l) and S(()z) are positive constants. Set F' := aFj + a>F;, for some real a; and a,. Then,

we have the following.

Proposition 3.6. Let ® : R — R be a measurable function such that E[®(F)?] is locally uniformly
bounded in S(()l) > 0 and S(()z) > 0. Then, it holds that

(D7 (2) p (2)y2
a 1 WYT WYT - n(p) <(WYT ) _YT)
—E[®F)|=——FE|PF
p [®(F)] 700) (F) v,
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IfE[Y; %] < +oo, then it holds that

9?2 1
— o B[P(F)] =
25352

E [CD(F)% <WY(T”W§T2) - % (L YT>)} .

n(p)oi 625(()] )S(()z) T

Proof. In a similar manner to the previous proofs, it suffices to assume ® € Cg(R;R).

For the sensitivity with respect to the correlation parameter, we proceed

S-B[8(F)| = ok [ ()R (W#)—% Y”
iy wy! )_L
=Bl P
_ ﬁﬂi %E {¢(F)5z (WYT ——WYT ) ”
:%E %E [CD(F) (WéTl)WY n(p) <WYT) YT>> )yTH

where the interchange of the derivative and the expectation at the first equality can be justi-
fied by standard uniform integrability arguments, where the second equality can be justified by
Dgz)CID(F ) = @' (F)ayF>0,m(p), and where the third equality holds by the conditional integration-
by-parts formula 2.5]) with i, = 1.

For the cross-gamma, we start with deriving an expression for (d/ 85(()2))E[q>(F )], which can

be done by
—HE@(F)] = 5E[@/(F)F)]
a5y sy
B Y
= ' g YLE[ TD§2>cp(F)ds‘%”
So n(p)oz T 0
i (2)
W,
- (2)1 E @(F)—;T :
Sy nip)oa | r

where the last equality holds by D§2) ®(F) = ®(F)ayF>0,n(p). With the identity Dgl) d(F) =
(I)/(F) (alGlFl + angsz), we have
Yr

Y
DV a(Fyds — P / TD§2)q>(F)ds).
0

]
d(F Fj=—
Fmofi =y ( 0 n(p)
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Using this identity, we proceed

@)
82 aj Wy

— o EI®(F)] = E |'(F)R—
assasty s{UsPn(p)os Yr

1 {1 /YT( (1) NG 2)
= E|— Dy ®(F)— ——D ' ®(F) | W, ds|
s sn(p)eroy LY7o n(p) i

which yields the desired equality by the conditional integration-by-parts formula 2.3) with z, = 1.
The proof is complete. (In our setting, regardless of the order of the partial derivatives and the

choice of the Skorohod integrals, we arrive at the same formula.) 0

Remark 3.7. For all the formulas of this section, we have imposed the assumptions on the L?(€)-
integrability of the payoff and on the finite negative moment E[Y; 7] < +oo, for some p > 0. As
a matter of course, with a higher order integrability of the payoff and with the use of the Holder
inequality (instead of the Cauchy-Schwarz inequality) just as in the proof of Proposition [3.3] we
may decrease the order p of the negative moment to a certain extent. In particular, in the case
of uniformly bounded payoffs, such as digital options (to be tested in our numerical experiments
below), the order p can be taken arbitrarily small. Moreover, the order p has been increased in
order to remove the smoothness of the payoff function ®. Hence, we can again decrease the order
p when dealing with smooth ®s. For the reader’s convenience, let us here investigate the negative
moments for the three candidates given in Example 2.1l 2.2] and 2.3l For the gamma process, by
using the density function (2.2), we can easily derive that E[Y; ”] < +oo if and only if p € (0,aT).

Meanwhile, it is well known that the inverse Gaussian distribution has the density

5ted

\V27x3/2

where parameters are the same as given in Example Hence, E[Y; 7] < oo for every p €

fr,(x) = exp [—% (52t2x_1 + }/zx)} , X € (0,+00),

(0,+-o0). Finally, for the integrated CIR square root process, we use the identity

E [Yfp} = FL /+wsp1]E [e*SYT} ds = L/Jroo spfleA(T”—S)ZOB(T, is)ds,
(p) Jo I'(p) Jo
where the functions are as given in Example2.3l We can show that A(T,is) ~ —2+/2s/, B(T,is) ~
e~ V2KNT/A and thus Ele 7] ~ ¢~ V25220 +K1T)/A 4g s 1 too. This implies that the negative mo-
ment is well defined for every order. Interestingly, the above observations indicate that the inverse

Gaussian process and the integrated CIR square root process cannot stay very low for long. 0
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3.6 Numerical Illustration

We test our formulas on a digital payoff ®(x) = 1(x > K) with the normal inverse Gaussian model
described in Example 2.21 In the numerical results given below, “FD” indicates the Monte Carlo
convergence of the finite difference counterparts. For the delta, the vega, the gamma, and the
Asian delta, we set model parameters Sy = 100, K = 1.1Sy, &« =8, B = —3, and 6 = 0.2. For the
baskets, we use the same inverse Gaussian process and set S(()l) = S(()z) =100,p=0.3,a;=a =1,
and K = 2.25(()1). We fix T =1 and r = 0.05 throughout. The figures and the variance ratios
evidently indicate a faster convergence of our Greeks formulae, compared to the finite difference

approximations. Note that the finite difference approximations are in general biased.

4 Multidimensional Density Estimation

This section treats the problem of obtaining a Monte Carlo estimation of the value of the density
for a multidimensional time-changed Brownian motion model. Let us begin with some additional
notations on the Malliavin calculus. Fix T > 0, d; € N, and d, € N. Let {W; : t > 0} be a standard
Brownian motion in R%! and define by F := (F1,... ,Fd2)’ a random vector in R%2, measurable with

respect to 4r. We denote by yr the Malliavin matrix of F given %, whose (k;,k;)-entry is

Yr
(YF)kukz :/0 <D5Fk1 ,Dst2>dS.

Define fork=1,...,d>,

di dy

Hy(F) = IZ Y & ((y;l)k./mD.(l)Fm) ,

=1m=1
and set

H(F) = [H)(F),...,H)(F)]"

We denote by a, the area of the unit sphere in R9, and define ¢; := ay and ¢y := (d —2)ay for
d > 3. Moreover, for each d > 2, define a map Q, : R? — R by Q5 (x) := a2 In||x||, and for d > 3,

Qu(x) :== —ay||x||>~¢. Then, we getfork = 1,...,d,

VOu(x) = Cdﬁ-
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The following is a key tool due to Malliavin and Thalmaier (our formulation follows from
Bally and Caramellino [2]]). We illustrate, in Example 4.2] how the algebra actually proceeds with

numerical results.

Theorem 4.1. (Kohatsu-Higa and Yasuda [18]]) Assume that there exists p > 1 such that for every

c>0,

sup E [[|VQu, (F =) |7 + |Quy (F — )|

] < o
Ixl[<e

Then, the density pr(-) of F is given by

pr(x) =E [(VQ4,(F —x),H(F))] .

The idea of the above result is to use the fact that in the sense of generalized functions, one has

that (see, for example, Evans [[14]])

V04, (y—x) = 6u(y).
Therefore, the above result can be understood as an application of the integration-by-parts formula.
Example 4.2. Consider the two-dimensional model investigated in Section Set

F:=[F,R] = [ (()l)exp (X}1)> ,S(()z) exp (X?))]/,

where S(()l) and S(()z) are positive constants, as before. Then, given .Zr, we have for s € [0, Yr],

c1F[1,0], ifk=1,
D,Fy =
oRpn(p), ifk=2,
and
| ) —o1F11,0], ifk=1,
D,F ' = —F ’D,F, =

—aF pn(p), ifk=2.

Hence, the Malliavin matrix yr of the random vector F given .77 is

y / Y| |IDsRI? (DsFi,DsF2) J olF?  o10uFiFap
F = J—
0 | (DyF1,DsF>)  ||DsP>? c10FiBp  O3F}
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while its inverse almost surely exists and is given by

1 1 (522F22 —o100 1 Fp

Y= =
Yro{ o FEFin (p)? —010,F1 F>p oiF}?

Given .%7, using the conditional integration-by-parts formula (2.3)) with #; = 1, we get

(
F! <W§Tl)—0'1YT>, if (1,m) = (1,1),
1 (D _ _
5[ (Fn;l 16[ / D lds_ F2 <WT GZPYT); lf(l,m) (1,2),
oWy, if (1,m) = (2,1),
G (Wy(f) - Gzn(p)Yr) . if (Lm) = (2,2).

Hence, we get

Hy)(F) =81 ((?’F_l)l.lD-(l)Fl) + 1 <(YEl)172D-(1)Fz>

+ & <(YE ), Wols ) + & ((751)1,20(2)}72)
_ o (/") _P25l (7 )+0_P52(F1_1)

~oi¥rn(p)?  oi¥rn(p)? cYrn(p)
1 2
wétﬂ%my—mw
N FioYr ’

and

Hoy(F) =81 (1), IDF”FI) +8 ()220 )

+ & ((YF )20 ) + & ((YEl)ng-(z)Fz)
_ P (") | pai(R") & (Fy ")
oY (p) " &Y (p)? o+ o Yrn(p)
W?—@nmm
BoYrn(p)

Hence, we get for x := (x1,x;) € R?,

i =oa {50

- | 9
Fi—x; WYET)_%W;T)_GIYT F—x ngTZ)_GZYTn(p)

= E —+
IF —x|? Fio\Yr |F —x||> FoYrn(p)
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We can show that the above formula is well defined when there exists p > 1 and g > 0 such that
E YT—pezp((—el+q)v(—62+pc§))YT] < too,

Notice that as in the case of the Greeks formulas of European type, the Markov feature of the
time control process is not required in the derivation of the above estimator and we need only the
sample of the marginal Y7, but not the entire sample paths {Y; : ¢ € [0,T]}. We present in Figure
and Figure [3 simulation results, respectively, of the variance gamma model and the normal inverse

Gaussian model. ]

For two reasons, the above density estimation formulae outperforms the standard kernel density

estimation, for example,

N 1 x—S
ph(x)::m]E{K( hT)}’ xeRY,

where K is a suitable kernel and where 4 is the bandwidth. First, the kernel density estimation is
only asymptotically unbiased as & | 0, while in reality 4 can never be taken zero. On the other hand,
our density estimators are intrinsically unbiased. Second, in the kernel density estimation, Monte
Carlo summands provide almost no contribution to the convergence of Monte Carlo simulation
unless realizations are very close to x. This problem turns out to be very serious when we set the
bandwidth /4 to be extremely small. In our formula, meanwhile, all the Monte Carlo realizations
make an equal contribution.

A drawback of our formula is its infinite variance, due to the singularity of the denominator
|F —x||?. To get around this issue, we may employ an approximation technique studied in Kohatsu-
Higa and Yasuda [[18]] also in our framework, in exchange for the lost of the unbiasedness. In such
a case, the method is similar to the kernel density estimation but the rates of bias and variance and

smaller than in the classical method due to the use of the conditional integration-by-parts formula.

S Concluding Remarks

In this paper, we have computed formulas for the Greeks and the multidimensional density es-
timation for an asset price dynamics model defined with time-changed Brownian motions. Our
approach is based on an application of Malliavin duality formulas on the Gaussian space condi-

tioning on the jump component. We have noticed that the Markov property of the time-changing
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process is not required and that our formulas may recover the counterparts with the degenerate
time clock.

On the sensitivity analysis for asset price models related to jump processes, a variety of dif-
ferent approaches have been proposed in the literature. In some cases, we may derive different
formulas for a single object. For example, the variance gamma model can also be in the frame-
work of [17], where different formulas are obtained for delta, gamma, and vega. It would be
interesting to somehow investigate how those distinct formulas should be compared, for example,

in terms of the Monte Carlo variance.
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Figure 1: (( )) indicates the variance ratios Var(FD)/Var(MC). The quantity € is the increment for

the finite difference estimation.
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Figure 2: Variance gamma model; parameters are S(l) = S(z) =100,r=0.05T=1,01 =0y =

0 0
0.12,6, =6, =0.1,and v = 1/6.
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Figure 3: Normal inverse Gaussian model; parameters are S(l) = S(Z) =100, r=0.05T =1,

0 0
o0=8p=-3,6=02.
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