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Abstract

This work is devoted to the study of the existence and smoothness of the marginal densities of
the solution of one dimensional backward stochastic differential equations. Under monotonicity
conditions of a function of the coefficients, we obtain that the smoothness properties of the
forward process influencing the backward equation, transfer to the densities of the solution.
Once established these conditions, we apply the result to study the tail behavior of the solution
process.
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1 Introduction

The main focus of this work is to find sufficient conditions to ensure that the first component of the

solution (Y, Z) of a backward stochastic differential equation (BSDE) of the following type

T T
(1) Yt:r+/ h(s,Ys,Zs)dsf/ Z.dW,,
t t

with random I' and h, has a smooth marginal density at each time ¢ € (0,7).

This is a well known problem in the classical theory of forward SDE’s, but it has not been fully
addressed yet in the case of backward ones. To our knowledge, the only partial study of the weak
differentiability of the solution process Y is to be found in [PP2] and partially in [MZ].

As the main tool in this field is Malliavin calculus, we will deal only with backward equations in a
Brownian environment, since more general formulations would lack the support of such theory. One
exception is the theory of Malliavin calculus for Lévy processes as developed by Picard or Bichteler,
Gravereaux and Jacod. One may as well study the qualitative properties of the fundamental solu-
tion of the associated quasilinear parabolic equation if one studies the properties of the Malliavin
covariance matrix associated with (T", Yz, Z¢).

When I' and h are specified as deterministic functions of the solution process of an independent

forward equation, some of the properties of the latter pass on to Y. This type of structure is very
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common for backward equations, particularly in applications in mathematical finance like pricing of
options of various kinds, based on some underlying risky asset.

The main difficulty in the study of the existence and regularity of the density of Y lies in the
possibility of cancelling effects between I" and h that could eventually generate mass points in the law
of Y (see example 3.3). In particular, this problem appears when analyzing the Malliavin variance
associated with Y. Therefore we have to assume some kind of monotonicity condition of a function
joining the two terms. This is our main condition in all our results (see e.g. conditions (7) and (8)).

This condition is the parallel of the uniform elliptic condition for diffusions. We also obtain a
higher order condition, probably an equivalent of a Hérmander type condition for backward stochas-
tic differential equations. In order to avoid the uniformity in our condition we have also localized
them in space obtaining a somewhat weaker version of uniform ellipticity. This leads to a result of
existence and regularity of the density of Y. To obtain these results it is important to have estimates
on the support (for existence) and lower bound estimates (for regularity) for the process that drives
I'. Finally, under the conditions that guarantee the smoothness of the marginal densities, we find
the tail behavior of the process Y.

When interpreted from the analytical point of view, our work is related to the regularity prop-
erties of the fundamental solution of a, possibly degenerate, nonlinear parabolic PDE, usually not

obtainable using standard tools. This will be addressed in future publications.

2 Weak Differentiability

As we mentioned before, the main results in this field are found in [PP2]. Here we are going to
summarize as well as adapting them to our needs.

Consider the interval [0, 7] and a complete probability space (2, F, P) on which a standard
one dimensional Brownian motion W is defined; {F;};c[0,7) denotes the filtration generated by W,
augmented with the P—null sets and made right continuous. Since all the results in the paper rely
heavily on Malliavin calculus, we want to introduce very briefly some of its terminology.

We denote by C2°(R™) the set of C* bounded functions f from R™ to R, with bounded derivatives

of all orders. If S is the class of real random variables F' that can be represented as f(W;,,...,W;)
for some n € N, ty,...,t, € [0,7] and f € C;°(R"™), we can complete this space under the Sobolev
norm || ||1,, given by

T
1715 ,= E(F) + E ((/0 IDsF|2d8)2> ;

"9
where D is defined as D, F = a—f(th, s Wi, ) 10,4, (), obtaining a Banach space, usually
X
i=1

indicated with D"?. Analogously, we can construct the space DFP by completing S under the



Sobolev norm
k T T , .
IF|} = E(|F|p)+ZE[(/O /0 D!, F’dsy...ds;)?|,
=1

where D! F =D, ...D, F. Finally, we denote D = ("] (7] D**.
p>1k>1
We indicate the adjoint of the closable unbounded operator

D:D"“? C L?(Q) — L*([0,T] x Q)

by 6¢ and it is called the Skorohod integral. The domain of 6! is the set of all processes u in

L2([0,T] x Q) such that
T
E / DtFUtdt
0

for some constant C' possibly depending on u.

<C|Fll. VFeS,

If u € Dom(8%), then 6 (u) is the square integrable random variable determined by the duality
relation

T
E(b; (w)F) = E(/ D,Fu,dt) YV FeD“2
0

We remark that the above construction can be carried through for any fixed time interval [s, S], in
the space L%([s, S] x Q).

Finally, for a one dimensional random variable F' we denote its Malliavin variance by

T
fyF:/ (D,F)*ds.
0

The Malliavin variance plays a key role when one wants to determine the existence and the smooth-
ness of the densities of the solutions of stochastic differential equations. Following [N1] (Proposition
2.1.1, page 78), for any random variable F' € Dllt;lc’ for some p > 1, if yp is a. s. non-zero, then the
law of F' is absolutely continuous with respect to Lebesgue measure and the density of any one di-
mensional F' € D? with ' DF € Dom(%) is given by f(z) = E (L{F > 2}6{ (vz' DF)) . Besides
we will use the fact that if F € D> and |yz'| € N
density (see [N1], Corollary 2.1.2).

p>1 L then F'" has an infinitely differentiable

When considering smoothness of densities, one generalizes the above concepts using the integra-
tion by parts formula repeatedly. That is, (see [N2]) we say that the random variable F' € D* is
non-degenerate if 7}1 € Mp>1L* and in such a case we have that for any f € C3° and F,G € D™,

the following integration by parts formula holds
E(f™(F)G) = E(f(F)An(F,G))  for m >1, where

An(F,G) = A(F, A1 (F,Q)),  A(F,G) = A(F,G) = & (Gyp' D F).



Moreover (see [N2], page 41), for any p > 1 there exist indices py, pa, ps3, @1, @2, depending on m and

p and a constant C = C(m, p, p1, p2, p3) such that

1 1 1 1
1« . _
[ Am (F, G [lp< C llvp I 1 E 151 0 | G llmips s with P

where by ||-|l4,s we mean the Sobolev norm.

In particular, one can state the following slight generalization of Corollary 3.2.1 in [N2] combined

with Lemma 2.3.1 in [N1].

Proposition 2.1 Let FF € D*°. Then for any p > 0, there exists p = p(p) such that if ’y;l e Lp
and consequently F' has a density which is differentiable up to order p. Furthermore for any p > 1

there exist 5 = B(p) and eg > 0 such that if
P(yr <e¢) < GB, for all e < €g
then ’ygl e LP.

The existence and smoothness of densities of the solution of (1) is necessarily influenced by T’
and h. Since in most of the theory and applications of BSDE’s, those are deterministic functions of
an extra process X, solution of a forward equation, we decide to adopt this formulation. Namely,

let us consider for s >t and x € R
(2) Xbr = g —|—/ b(u, X527 )du —|—/ o(u, XL%)dW,
t t
T T
(3) Yhe = g(XE") Jr/ h(u, X5* V0" Z8%)du — / ZbdW,, where

(i) b,0:[0,T] x R — R are continuously differentiable in space for any fixed ¢, with |b, (¢, x)| <
ky, |og(t, z)| < ko for some ky, k, > 0 for all z. Besides b(¢,0), o(t,0) are bounded functions

of t.
(ii) ¢ : R — R is uniformly Lipschitz with constant k, > 0;
(iii) A :[0,7] x R® — R is such that for any x1,x2, 91,92, 21, 22 € R,
|h(s, 21,1, 21) — h(s, T2, Y2, 22)| < kg|wy — 22| 4+ kylys — 2| + k2|21 — 22
for some ky, ky, k. > 0, uniformly in s. Besides fOT |h(s,0,0,0)?ds < .

In the following, if = 2 is the initial point of (2) at time 0, we will write ©; = ©)™ for

O = X,Y, Z. From well known results ([N1], Section 2.2, page 99), we have that
Theorem 2.1 : Under (i), there exists a unique continuous solution of (2), such that

E( sup |Xy|) <C,
0<t<T



for any p > 2, where C is a constant depending only on ky V ko, T,p and z. Moreover X; € D>

and the following representation holds
D, X; = (¢ o(r, X)), for r<t, D, X;=0 for r>t,
where (ﬁt’m) is the derivative of the flow X1®, s >t (with the usual notation ¢ = (%% ),

The integrability and weak differentiability properties of the forward equation actually transfer
to the backward one. The proof of the following theorems is the same as in [PP2], hence we refer
the reader to their work, but we point out that considering coeflicients with no regularity in time

does not affect their proofs.

Theorem 2.2 : Under the hypotheses (i)-(iii), there exists a pair of progressively measurable, R?-
valued process (Y, Z) solution of (3), such that for any p > 1

P

T 2
E( sup |Yt|p)% < 00, E </ |Zs|2d8> < 00.
0

0<t<T

Moreover if we assume that g and h are differentiable in space in their respective arguments, then
Y, Z € L*([0,T);D*?) for any p > 2 and a version of {D,Y;, D, Z,, v € [0,T]} is given by: D,Y; =
D, Z, =0 for any r >t and for any fized r, {D,Yy, D, Zy, r <t < T} is the unique solution of the
BSDE

T T
(4) D,Y; = ¢ (X1)D, X1 —|—/ H(s,D,Xs,D,Ys, D, Z)ds — / D, ZsdWs,
¢ t

where H(w, s,u,y, 2) = hy(8,Xs,Ys,Zs)u+ hy(8,Xs,Y5,Zs)y + h: (s, Xs, Ys, Zs)z. Finally a version of

Zs is given by DY, = limy1s D, Ys and sup E( sup |DTY,}|”> < 0.
0<r<T  \r<t<T

Due to the linearity of equation (4) (see [PP2]), we can give an explicit representation of D,.Y;.
From now on, we denote h,(s) = h,(s, X, Ys, Zs) and similarly the other derivatives. We introduce

a probability P equivalent to P, given by

(5) A —&r = o / ()W, - : / " R2(s)ds),

which is well defined because of the boundedness of the derivative h,. The Radon Nikodym deriva-
tive, that defines P, is therefore strictly positive P—a.s., giving the equivalence between the two
measures. Hence all the a.s. statements in P transfer to similar statements w.r.t. P and viceversa.

t
Under P, W; = W; — / h(s)ds is a Brownian motion and equation (4) becomes
0

T T
D.Y; = ¢ (X7)D,. X1 +/ [ha(8)DrXs + hy(s)D,Y;]ds +/ D, Z,dWy,
t

t

so taking the conditional expectation under P with respect to Fy, we get for r < ¢

T
D,Y; = Es(¢' (X7)D, Xr +/ [ha(8)Dr X + hy(s)D,Ys]ds|Fy),
t



that has the explicit solution (which can be checked replacing in the above equation)

T
D,Y; :Eji(eff,Thy(“)d“g'(XT)DTXT+/ eftshy(u)duhI(S)DrXst‘]:t).

t

Switching back to P and substituting the expression of D, X;, we obtain
D.Y; = Ep(Eré; el Mg (X0)D, X + / U ol O (5) D, X, sl )
= B(e/{ () =ghi(]dut [T hz(u)qug/Q;T)CT
[ el B e (51 s\ )G o, ) = 6o, X,
t

t,x

where ¢0% = £

denotes the derivative of the flow associated with (3). This derivative can be

written explicitly as

T
6 = B(urve (Xr)Gr + | i ha()Csl ).

where 1 is the solution of the equation

t t
wt=1+/ hy(s,Xs,Ys,stsdH/ ha(5, X, Y, Zo) 55V,
0 0

Further, if we assume that the coefficients b, o and h are smooth in the spatial variables, then we
can associate with Y the following quasilinear parabolic partial differential equation
1
[us + 3 0% Ugy + by + h(-, -, u, upo) |(t,z) = 0
w(T,z) = g(x),

then it is known (see [PP2]) that Y}* = u(s, X1®) and Z1* = (u,0)(s, X5®). We remark that one

(6)

can easily prove that the function u(s,-) is smooth with uniformly bounded derivative.

Indeed differentiating Y*® we obtain
T
ux (t7 J;) = E(’]J};Lm ;—:zg,(X;—zz) + / /l/)é’x szh‘x (r’ X;,z7 Ysth7 Z;71;)ds)'
t

Therefore u, results bounded from the boundedness of the derivatives g’ and h,, since the derivatives

of the flows, 1"* and ¢»* have bounded moments.

3 Existence of Densities

Once established the weak differentiability of the process Y, we are interested in understanding the
sufficient conditions to ensure that Y has marginal laws which are absolutely continuous with respect
to the Lebesgue measure.

To do so, we need to evaluate the Malliavin variance of Y

o= & / ¢ Yo (r, X, ) 2dr

T 2 t
= B(vrg (Xe)er + | weha(s)CdslF) (67 / (G or(r, X))
t 0



t
This is clearly composed by two parts: / [¢ Yo (r, X,)]?dr that comes from the forward equation

and &, coming directly from the backwagd one, so the problem is reduced to analyzing the non-
degeneracy of the two components.

We start with the forward part, related with the existence of densities for forward equations with
time dependent coefficients. This is a long standing problem; a first answer was given by Taniguchi
(see [T]), assuming a restricted Hérmander condition (that in the one-dimensional case reduces to
ellipticity) and smoothness of the coefficients b and o in time, later some attempts to remove the
regularity in time or the restricted Hormander condition were made. Florchinger ([F]) tries to do
both, but the proofs are wrong as it can be seen when comparing them with a counterexample given
in Taniguchi’s paper, while Cattiaux and Mesnager’s results ([CM]) apply for coefficients Holder in
time, but still require the restricted Hormander condition to be satisfied. Instead Chen and Zhou
([CZ]) are able to use an unrestricted Hérmander condition, but they are forced to assume that
the coeflicients near zero have an order of Holder continuity which depends on the order of the
Hormander condition. Here we give a characterization using Holder properties that seem to be more
appropriate, under the unrestricted Hormander condition.

To proceed, we need to introduce the following additional hypothesis on the coeflicients of (2)-(3)

(A) o, b, g and h have continuous derivatives in space as many times as needed with derivatives

bounded independently of ¢. Besides ¢ and b are continuous at the initial point (0, zg).

To carry out the extension of Hormander’s condition we have to define extensions of derivatives
to any real order between 0 and 1.

Let o € Ry, for a = 0 we define
Ao(t,z) = o(t,x), Bo(t,z) = Ag(t,x), Dy(t,x) = Ag(t,x) — Ap(0,z) = €R.

By induction on n € NU {0}, we take A,, B, and D,, as defined and we define further

0B,
Bui1(t, 81,00y Spg1,2) = %(t,sl,...,smx)b(snﬂ,x) x € R,
3ﬁAn . Dn(t»xO)
W(Ov‘r()) = lim iAo for 3 € (0,1],

where the limits are to be understood in the extended real line. That is, they may take the values

+00. Next for a € (n,n + 1], we set

aa_nAn 1 a=n+1
AQ(O, LL‘O) = W(Q xo) + ﬁBTH»l(O? “ee O, LC()).
Finally we define
9 n
Dn+1(t, .’Eo) = Dn(t,l'o) — aAn(O,.’Eo)t

t Sn41 S2
+ / / / [Bn+1(t,51,...,8n+1,$0) 7Bn+1(0,...,0,l‘0)]d$1...d$n+1.
0 JO 0



Our main hypothesis is
(HO) There exists o > 0 such that Ag(0,29) =0 for all 0 < 8 < a and A, (0, zg) # 0.

In particular this assumption implies that all terms above, in particular Ag, are well defined in the

extended real line for § < . Also note that A, (¢,20) has not been defined for ¢ # 0.

Theorem 3.1 : Let us assume hypotheses (i)-(iii), (A) and (HO) are satisfied and let us set K =
ky +ky + kok,. For fizedt € (0,T) and a measurable set A C R with P(Xr € A|X;) > 0, we denote

o . / = !
g = ming'(z), g=maxg'(z),

A : / ~A __ /
7 = mind (@), 9" ~maa)
h(t) = [t,rqr%ixnlRa he(s,2,y,2), h(t) [t%ax)%3 he(s,x,y, 2).

If one of the following holds for the same fized t
T T
(1) go S8N@KT 4 ) / e SEN BENKs gy > 0 gAeSEN@IKT | pyp) / 0S80 (A()Ks gg < ()
t t

T T
(8) gesgn (9)KT + B(t)/ esgn(ﬁ(s))sts <0, gAeSgn (YHKT + B(t)/ eS8 (fL(s))KSdS <0
t t

then the random wvariable Y; has a probability distribution that is absolutely continuous with respect

to the Lebesgue measure.

1.p
loc

Proof: As previously stated in Section 2, we need to prove that Y; € D;2] for p > 1 and that ~y, is
invertible a.s.

The first point comes directly from Theorem 2.2, where it was shown that ¥; € D' for any
p > 2. The second point needs an argument for the diffusion part and another for the backward
component.

T
First we prove that E(i/)Tg’(XT)CT —|—/ ql)shx(s)gsds|ft) # 0. By Itd’s formula, it is easy to
t

show that ¢, (; is the stochastic exponential

ui = eo{ [ oo, X) + hy(5) + (s, X))}

t t

1

exp {/ (04(8, Xs) + h(s))dWs — 5/ (02(s, Xs) + hz(s))2d8} = H,M,.
0 0

The process H verifies e 5t < H, < eX*, where K = ky + ky + kok, because all the coeflicients

are Lipschitz, while the process M is a stochastic exponential P—martingale, since it verifies the

Novikov condition thanks to the conditions (i)-(iii).

d
If we define a probability measure () equivalent to P by setting d—g = My, @) a.e. we have

T
E(vrg (Xr)r + [ hsha(s)Cods| )
t

T
B (g (Xr)Hr My + / ho(s) M, ds| )
t

T
_ EQ(g’(XT)HT+/ hr(s)HsdsU-"t).



On the other hand

T T
ge—sgn(g)KT+h(t)/ e—Sgn(ﬁ(s))stS SQHT_’_h(t)/ H.ds
t t
T B T
t t
T _
é gesgn(a)KT+}‘l(t)/ eSgn(h(s))sts
t

and either (7) or (8) gives & > 0 or & < 0 a.s. (under either P or Q)

Assume (7) is verified, by the previous argument we have

T
ey = EQ((gl(XT)HT+/t he(s)Hsds)(1{x, e} +1{XTeAc})\ft>

Y

T
EQ((g/(XT)HT+/ hx(S)Hst)l{XTeA}‘]:t)
t
T
> EQ<(2AHT +ﬁ(t)/ Hsds)l{XTEA}LE)
¢

T
> (gAe_Sgn (@"KT —i—ﬁ(t)/ e 581 (ﬁ(s))sts)Q(XT € AlF) >0

t

because of the equivalence between P and (). To finish we need to prove that

t 2
/ {C;la(r, Xr)} dr > 0.
0
This follows from the result in the appendix. [}

Remark 3.2 : The above result holds for t < T. Whent =T, Yr = g(Xr) needs a study of its

own. One straightforward case is given when X1 has a density and g is an invertible function.

The above conditions (7) and (8) are required to avoid the degenerate case when ¢’ and h,, cancel
each other. This may happen easily so that the law of Y; has a point mass, even if X, has a smooth

density for all s.

Example 3.3 :
Let us consider Xy = Wy, a standard Brownian motion, and

0 s <

1
Y, = E(W; +/t f(s)Wsds|Fy)  for f(s) = {4(—23 +1) s>

N— N[~

In this context, fort < 1/2, we have ¢ = g =g =1, h(s,z,y,2) = f(s)z, h=0, K =0 h = —4,
thus condition (7) (or (8)) is not verified. In fact, by the martingale property of W, for all t < %

1
}Q:Wt(1+/t F(s)ds) = Wi(1— 1) =0

and it does not have a density.



Remark 3.4 : Incidentally the previous theorem provides information about the sign of the deriva-
tive of the solution of the associated PDE (6). Indeed, under (7) with the strict inequality verified
on some subset A, we have that 4% > 0 a.s. for any s >t and D, Y}® = b2 (¢H%) Lo (r, X1®).

On the other hand, a version of Z1® is given by E%Isl D, YY" and if u results differentiable, also
Z8 = uy (s, XE%)o (s, XE7).

Therefore, applying all our equalities to the flow X*® and specializing them at the initial time t,
we obtain

g:)x(ct7x);la(t’ J;) = Ztt)a: = uz(t,x)a(t, 3?)

but (¢4®); 1 =1 and the previous inequality implies u,(t,z) > 0 a.e. z for o(t,z) # 0.

We now give a result that guarantees the condition P(Xr € A|F;) > 0. If the support of this
conditional law is R, then the positivity is implied simply by A(A) > 0 (A denotes the Lebesgue
measure). Characterization of the support of probability laws is a well known problem. Usually,
one expects that the uniform ellipticity condition is sufficient to obtain that the support of the
probability law is the whole space.

Various versions of the so called support theorems are available. For the sake of completeness
and consistency we briefly present one here, adapted to our current situation. In the proof we use
a method that appears in [MS]. Their proof exploits two convergence results in a—Holder norm
(a € [0,3)) for approximations of the diffusion and its skeleton, obtained by a linear interpolation
of the Brownian motion. We were able to extend it to the time dependent case, as long as the
coefficients are uniformly Holder of some order (3; > % for the diffusion and S5 > 0 for the drift as
functions of ¢ for any choice of x (that is to say (1, 82 do not depend on t and x). Another related

result appears in [GP]. This problem can also be treated using analytical tools (see [D], chapter 3).

Proposition 3.5 : Let the hypotheses of theorem 3.1 hold. Besides we assume that o is uniformly

Holder of order 31 > %, while b, o, are uniformly Holder of order By > 0 as functions of t for all

x € R and that there exists a positive constant ¢ such that |o(t,x)| > ¢ for all (t,x) € [0,T] x R.
Then A(A) > 0 implies that P(Xt € A|F;) > 0 a.s. for allt € (0,T).
Proof: By the Markov and the flow properties, we have that

P(Xp € A|F,) = P(X7 € A|X,) = P(X2™ € A|X,) = P(XLY € A)|,—x,.

Therefore we need to show that conditions (A1) and (A2) of proposition 2.1 in [MS] are verified for
the sequences S(W™), — X; and X7* — S(6);, where

(9) SO ==x Jr/o 0(5,5(9)3)95d5 Jr/o [b(s, S(6)s) — %oaw(s,S(ﬁ)s)]ds

10



with @ € H? = {0 € L?(0,T] : 6 € L*(0,T]} and

n n k
W = Wk2;’1v0+2 (t—an)[Wz% —Wk2;1\/0]
k k+1
neN, 0<k<2m, g St< ;:

t t t t
X = :ch/ b(s,Xg)ds+/ a(s,Xg)de/ a(s,X;‘)W;’der/ o(s, X™)0sds
0 0 0 0

S(W™),

! n n ! 1 n
x—i—/o o(s, S(W™)s )W, ds+/0 [b— 2aam(s,S(W )s)]ds.

Actually condition (Al) is straightforward verified, because of the Lipschitz property of the coeffi-
cients, while the Holder property in time becomes important in order to verify the second condition.
In particular, as the above approximations are of Wong-Zakai type, the diffusion coefficient has to
be Hélder of order higher than 1/2. The calculations involved are lengthy and we omit them here
for briefness, but they go exactly along the lines of the result in [MS]. Besides it is to be noted that
a careful computation allows to consider Lipschitz coefficients, relaxing the boundedness hypothesis
used in the proof of Millet and Sanz. This argument proves the characterization of the support of
the law as the topological closure of the set {S(h)r; h € H?}. Now we prove that this set is R.

We remark that up to this stage, it is not necessary to employ the elliptic hypothesis on ¢, which
we use in the following part.

From now on, using Girsanov’s theorem we may assume, without loss of generality, that the drift
of X is given by b = %aox. Given the characterization of the support, it is enough to prove that for
any y, z € R, there exists a function # € H? such that S(Q)gt’y) =y, S(@)gf’y) = 2.

For this, let us notice that, for a smooth path ¢ : [t,T] — R so that ¢; = y and pr = 2z, we may
o5
o(s,¢s)

We may generalize Theorem 3.1 applying It6’s formula to obtain a second order condition, when

choose 03 =

, which implies S(#)*%) = . From here the result follows. O

h is independent of z.

Theorem 3.6 : Let us assume that h does not depend on z, that the hypotheses (i)-(iii), (A),(HO)
are verified and set K = ky + ky + kok.. For fized t € (0,T) and o measurable set A C R with
P(Xr € A|X:) >0, a.s., we denote by

i) = ¢(x) +(T - )h(T,z,g(x)),
~ 1
h(s,z,y) = —{hgt + bhyy — hhay + 5(02hxm +2z0hgqy + z2hxyy) + (b + hy)he } (s, 2, y),
g, = mingle), g =maxi()
A e~ A ~
g, = ming(x), g =maxg(x)
hl(t) = [t7%i><nR3 h(S,fE,y), hl(t) = [t}’nj"]aiﬁk:" h(37$7y>.
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If one of the following is satisfied

T T
(10) gle—Sgn (gl)KT_’_ ﬁl(t)/ e—sgn (ﬁl(s))sts > 07 g,lqe—sgn (gf)KT_’_ ﬁl(t)/ e—sgn (ﬁl(s))sts >0
t t

T _ T _
(11) glesgn (g1)KT 4 Bl(t)/ esgn (hl(s))sts S O7 g{lesgn (g{‘)KT + Bl(t)/ esgn (hl(s))stS <0
t t

then the random variable Y; has a probability distribution that is absolutely continuous with respect

to the Lebesgue measure.
Proof: With the same notation as before, it is enough to prove that
T
E(MTHTg’(XT) +/ M, Hoha(s, Xo, Ya)ds| ) #0.
t
Changing the probability measure and applying [t6’s formula, we obtain

T
B (Hrly! (Xr) + ho(T)(T = 0]+ [ [Hho(s) = Hoh (T))ds| )

T pT
Eq (HT [d(X1) + ha(T)(T — 1)] — / / Hy[hat + bhaw — hhay)(r, X, Y, )drds
t s
T T o2 1
_ / / Hol % W+ 20Ny + 522 hayy + (b + By )ha)(r, X, Yy)drds
t s

T T
B / / Hr[ahm+Z,hxy](r,XT,YT)dWTds|Ft)
t s

By virtue of the conditional expectation, the martingale part gives no contribution.
To conclude, we can follow the same steps as before applied to the functions § and —h, defined

in the statement. O

Remark 3.7 : In general, this method is not useful to obtain higher order conditions as they would
involve the differentiability of the process Z. One might think to circumvent this difficulty by ez-
ploiting the relation Zs = o (s, Xs)uz(s, Xs) and the possible reqularity of u, but this would generate

a condition depending on the solution of the quasilinear parabolic partial differential equation (6).

4 Smoothness of Densities

In this section we study the smoothness of the marginal densities of Y. Under the assumptions of
the previous theorems we know ~yy, is invertible a.s. To ensure the smoothness of densities, we need

to find what conditions make 7y, e ﬂ L?, so that we can apply theorem 2.3.3 of [N1]. Throughout

p>1
the section we will assume that the coefficients b and o are time independent and that they are

infinitely differentiable in space with bounded derivatives of all orders uniformly in time.

We start with a preliminary result on the solution of equations.

12



Lemma 4.1 : For adapted processes I, F1,F? K ¢ DY, such that F*, F? are bounded and

E(Tr|?) < oo, E( sup |K:P) < oo sup E(|D,T7P) < o

0<t<T 0<s<T
sup E( sup |DyKP) <oo sup E( sup |DF}|P) < oo, fori=1,2
0<s<T  s<t<T 0<s<T  s<t<T

for any p > 2, let us consider the backward equation
T T
t t
Then Vi,U, € DY for any t, and the derivatives (DVy, DsUy) verify the equation for r < t,
T T
D,V =D,Tr+ [ (FID,V. + F2D,U,+ D, K. + D.FVi+ D,F2U)ds - [ D,U.aw.
t t

and Supy<,<r ESup,<;<r | D, VP < 0.

Proof: The proof of this lemma goes exactly along the same lines as the proof of theorem 2.2 and
we refer the reader to [PP2]. We just describe briefly the idea. Considering the Picard iterations

associated to equation (12)

V) = E(r|R) Up = =D,V

T
V= B+ [ (FE 4 FUR 4 KAF) UP = -D,
t

by the hypotheses on the processes F'', F2, K,T', one can show by induction on n, that each iterate is
in D> and that the estimates are independent of n. From the convergence of V", U™ in L?([0, T x

Q) and proposition 1.5.5 of [N1] we obtain that also the solution of (12) belongs to D>, O

Lemma 4.2 : Let b,o,h, g be infinitely differentiable in space with bounded derivatives of all orders

greater than one, then Y; € D for each t.

Proof:  To verify that ¥; € D¥? for all ¢ and any choice of k,p, we proceed by induction on k.
Theorem 2.2 gives the statement for £k = 1 and any p, so we assume that Y; € D*P for any p and
prove the same holds for £ + 1. Taken a sequence of times 0 < ry < ry < --- < 1, < t, the k—th

Malliavin derivative of Y; verifies the following linear equation

T
DF .Y, =G*Xr) +/ [hy(s)DE . Yo+ he(s)DE | Zi+ H"(X,,Ys, Z,)|ds
t

T1...TE

T
= / Dy .. Z,dW,, where
t

k
Gk(XT) _ Zg(J) ZDk(h) Df((ljj))XT
j=1

_ Dh(s)
k _ k
H (XsaYS7ZS) - h ( D X +Z Z amjlay]Zasz

J=2 j1+j2+i3=J

K y . pF0n) ¢ pk() k(i) k(L) K(Lss)
DD X Dy XDy Ya e D YDy Zs Dy 2

13



and the sums are taken over all possible partitions Iy,..., I, Iv,..., I, Ji,...,Jj, L1,...,L;
, & h(s)

sis. g(d) )

of {1,...,k}. By hypothesis, g\, h,(s), h.(s) and Duh Dyt 0o

the indices, consequently G*(X7) and H¥(X,,Ys, Z,) satisfy the hypotheses of Lemma 4.1, thus

DF Y., DF . Z belong to D">. O

T1...Tk

3

are bounded for any choice of

Remark 4.3 : Actually D.Y; can be defined even if g and h are not regular in x, as long as ’y)_(; e Lp
for all p > 1.

For simplicity, consider Yy = E(0,(X7)|Ft), t < T, where 6, stands for the Dirac delta function.
If X1 is non-degenerate conditioned to Fy for any t < T, then one can use the integration by parts
to write

E(6a(X7)|Ft) = E(Lixra187 (D X1)7x0)|1F2)-

In this sense Y; is uniquely defined. To prove that Y; € D, we choose a sequence of smooth
bounded functions gy converging weakly to 6,. Since the conditional density of Xr given Fy is
smooth and bounded, then Y = E(gi(Xr)|F:) converges to Yy in LP(Q) for anyt < T. Besides, by

the integration by parts formula, we have for any r <t
(13) D,Y} = E(g;,(X7) D, X1|F:) = E(gr(X1)8] (D X7) v, D-X1)|F2).-

Integrating by parts once more, by dominated convergence theorem, the right side of equality (13)

converges, which, by Lemma 1.2.3 in [N1], gives D,.Y;.

The above remark becomes important when considering binary options (g(v) = 1{z>x}) or
when studying the properties of fundamental solutions of the associated quasilinear parabolic pde’s
(9(x) = 8a(x)).

Using this remark one may extend the next two theorems in certain cases when g and h are not

regular in x.

Now we are going to describe two ways to obtain the regularity of the density of Y;. In the first,
we require global conditions similar to those in Theorem 3.1. In the second, in order to localize our
conditions, we add the hypothesis of uniform ellipticity for the diffusion, since we need to apply the

lower bounds estimates as in [A] or [KSIII] for the densities of X.

Theorem 4.4 : Let b,o : R — R and h, g be infinitely differentiable in space with bounded deriva-
tives of all orders greater than one and the Hormander hypothesis be satisfied, that is either o(xg) # 0
or there exists n € N such that o™ b(zq) # 0.

Let t € (0,T) be fizred and assume the same notation as in theorem 3.1. If there exists a constant

1> 0 such that one of the following holds

T
(14) ge= S8R @KT | j ) / 0SB ((NKs g <

- t

T _
(15) gesgn(g)KTJr}‘l(t)/ eSgH(h(s))stS< —u,
t

14



then Y; has an infinitely differentiable density for t € (0,T).

Proof: Tt is enough to prove that Vil € ﬂ LP.
p>1

—1\p\ __ 1
Bl = E([£3 fJ(crla<Xr)>2erp> '

By Holder inequality we have

- 1/2 1/2
2071 < [B(g)] {E(mf(c;la(;))?dr)%”

the second factor is bounded by virtue of the Hormander hypothesis, hence we only have to show

the first is bounded. We assume now that (14) is satisfied, as the other case follows similarly. So we

have

T T
& = E<¢Tg'(XT)§T+/t wshx(s)gsdsm)wt—l — B, (HTg/(XT)Jr/t Hshx(s)ds\]—‘t>¢;1 > .

Here @ is the measure determined by the change of measure in (5). Therefore we obtain immediately

1 C
E (Tp) < 5 which is finite because the properties of the flows. O
1
t

As before it is not difficult to obtain second order conditions of smoothness. Instead, we show

how to localize condition (14).

Theorem 4.5 : Let b,o be bounded and b, o, h, g be infinitely differentiable in space with bounded
derivatives of all orders greater or equal than one and let |o(-)| > ¢ > 0 (i.e., o is uniformly elliptic).
If for fixed t € (0,T) the first inequality in either (7) or (8) holds and there exist > 0 and a set
A C R with M(A) > 0 such that correspondingly one of the following is verified

T
(16) ghe BT | ) / e—SEL (D Ksge S ),

t

T _
(17) gAesgn(gA)KT+ﬁ(t)/ e—SEN ((NKsgg )

t

then Y; has a smooth density.

Proof: The proof is done in two steps. For the first we consider the smoothness of the density of

Y,**) for s close to ¢ with ¢ fixed. For this, consider the Malliavin variance of Y;(***,

t
Tyem = (E7) / () e, X)) .

We have that for s < t,

([ 1o otr xenpar) e (1,

p>1

therefore is enough to prove that (,5,5”))—1 € m L.
p>1

15



We assume hypotheses (7) and (17) are satisfied and we show that for s < ¢, Yt(s’i) has a smooth

density of order v > 0, if ¢ — s is small enough. From theorem 3.1, we get (with the obvious

T
modifications) that H}S’I)g’(X(Ts’m)) +/ HED RS2 (1)dr is (Q or P) a.s. nonnegative, then
¢

T
t(s,l) _ EQ (H,Z(;S,l)gl(Xq(;s,w)) + / vas,z)ha(cs,:r) (T)d’l’|.7:t) (wt(s,a:))fl
t

T
(g“e—Sgn (QA)KT_A'_ﬁ(t)/ eS8 (Q(r))Krdr)Q(Xq(f»fﬂ) c A|_7:t)(¢t(5»f6))—1
t

> QXY € AlF) ()

Y%

Since z/Jt(S’x) € ﬂ L?, according to Proposition 2.1 it only remains to prove that for any p > 0,
p>1
Q(X(Ts’w) € A|F;) "t € LP for some p = p(p), or equivalently that P(Q(X;S’w) € A|lF;) <e) <€ for

€ < ¢ and 8 = B(p).
To obtain this result we use the lower bounds estimates for densities of diffusions as proven by
[KSIII], Theorem 4.13. By virtue of the uniform ellipticity of o (see Lemma 4.6), there exists a

positive non-random constant C' such that

X C |X(S’x) _ |2
xX$" e AlF) > 7/ —2t Ty,

Therefore we can conclude

- C (X(va) o y)z
X(b’l) Af > f\/ At J d
Q( T € | t) = m Aexp( C(T—t) ) Y
c (X2 [ (X))
> S — =D dy = Cu(T — ¢ -t ),
SRV AR C(T—t))/Ae y = CalT = 1) exp(= G —yy)
Let € > 0 be so that ﬁ < 1 (note that T — t is fixed), using a similar Gaussian type upper
(T —

bound for the density, one obtains

PQX{™ € A|F) <€) < P(Ca(T —1) exp<-g§§f’””j{j> <e)
_ P<|X§”)| > \/—C(T— £)In 0,4(;”t)>
_ 2
=G /{z>\/—C(T—t)lncA(€Tt)} J%GXP(_CQ (yt _37;3) Jdy
= G <CA(;—t))CST(:tS)’

for some proper constants C1, C3, C3 and € < ¢, independent of s < ¢t < T'. Therefore, by Proposition
2.1, Yt(s’x) has a degree of smoothness depending on ¢ — s, increasing to infinity as t — s gets closer
to 0.

In the following, we denote by pg,s’z)(t, y) the density of Y; at point y when X starts at z at time

s. Note that this density exists due to Theorem 3.1. To finish the proof we use the Markov property
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for X.
W) = EE0) = BB, (ut, X} )|F)

= BB, (u(t, X; )| F)) :/E(%(U(t,Xf’z)))pgg’“)(s,Z)dz

- / E(,(Y;7)pi " (s, 2)dz = / Py (6 )R (s, 2)dz.

0,20

Therefore in order to prove the differentiability of order k of py*°(¢,y) is enough to prove the
differentiability of order k of p3;*(¢,y) for some s < ¢ that may depend on k. Using the previous
result that establishes that if s is close to ¢ then the density of ¥;>* is smooth to a high degree, we
end the proof. |

Lemma 4.6 Under the same conditions of Theorem 4.5

(s,7) 2
(s,x) > C . |Xt _ y|

for a non-random constant C.

Proof: To simplify the notation, we assume without loss of generality that s = 0. Recall that

T T
T = Mr = el [ (00X + ()W, — 5 [ (0,(X) 4 ha(e)Pds),

We consider a regular approximation of the identity ) such that ¢¥y(z) = z if || < A —1 and

|a(z)| < Afor all z € R and we denote

T T
M3 = exp {1/»\ (/t (0(s, Xs) + hz(s))dWS> - %/t (0g(s, Xs) + hz(s))2ds} .

Therefore we can write

QXr € A|F) = E(lixreayMr M |Fi) = E(lixpeayMRIF) + E(Lixpeay [Mr M — Mp]|F)
= E(lix,cayMp|F;) + Ry
By the boundedness of o, h, and v, we have e A K(T=1) < MA < AE(T=1)  thus
Q(Xr € A|F) = e KINP(Xr € A|F,) + Ry
and applying Theorem 4.13 in [KSIII], the following estimate holds
O(Xr € AIF) > g@t)f [ el oy + R

Now we estimate the residue, assuming A > 1

|RA|

IN

E(Lix;eayMa|Mr M (M7) ™! = 1] |F)

A — A [T 0. (Xs)+h.(s s
S e +K(T t)E(l{XTEA} [e eft ( (X )Jr ( ))dW + 1:|1{‘ftT(a—I(XS)Jrhz(S))dWs‘>)\*1}|ft)
AL A [T (05(Xs)+ho(s))dWs
< Cet(e” + DE(Lix eay [e el (on (e h-t) V1]1{|ftT<am(Xs>+hz<s>>dWs\>A—1}‘ft)
C(T)e* | X —yl*,, V3 (A—1)?
< 77 L g A SR
= (T—t)1/8</AeXp( C(T—t))dy) exp{=CTr—h
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where we used the Holder inequality and the flow property. The proof finishes by choosing A
appropriately large. O

5 Tail Behavior

Here we give some upper bounds for the tail behavior of the density of Y. As in the previous section
we assume that all coefficients are smooth with bounded derivatives and that b and ¢ do not depend
on time. The tails behave as lognormal tails if the coefficients grow linearly and as Gaussian tails
if the coefficients are bounded. The time dependence does not seem to be optimal except in the

uniformly elliptic case.

Theorem 5.1 : Assume the same conditions as in Theorem 4.4 or 4.5. Then we have that the

density of Yy satisfies for large |y|

2
0,0 < 4 (LA [20l”) o1+ |y — u(t, zo)|) + A4
Py (ty) < Aot(n+%)v(4n) ex { At }
in the case of Theorem 4.4. and

Az 1+ |zo|?) ly — u(t, xo)|?
0,20 < ( 0 B
py C(ty) < A07\/¥ EXP{ BN }

in the case of Theorem 4.5. Here p > 1 and Ay, A1, As are positive constants, while n = 0 in the
case that o(x9) # 0 and n > 1 is the index such that o™b(xg) # 0 in the case of Theorem 4.4.

Proof: Let us fix t € (0,T). For one dimensional random variables we know that

N|=

(18) P (1) = ElL iy, 005, DY) < P > )} [E (6075, D.Y))?)]

First we study the last factor. One can dominate this term using (1.48) in [N1]

a0 B 0 < B( [ G5t poras) v ([ [ (Duestpxoasi).

For the first term the following estimate holds for any p > 1

t t
B( [ 03! Dxas) = B(5? [ (Dyikds) = Blog)
0 0
1 1
o _ v _1p)]7 (1 + [xo|")
= B¢ ] < [B(16 )] [B(hx!1)]” < co e
where in the last inequality we used either theorem 4.4 or 4.5 and the upper bound estimates for
forward SDE’s, as in Corollary 3.25 in [KSII], with n coming from the order of the Hérmander
condition verified by X (hence n = 0 in the case of theorem 4.5). Similarly one can prove that
1 P
||’Y}7tl||p < C’O(;J%‘), with n chosen as before.

Thus it remains to estimate the second term in (19), which by the chain rule is
t ot t ot ¢
E(/ / (Du(y;}DsYt))?dsdu) - E(/ / iy DuD,Y, — V;f/ QDHDUYtdvDSYt]stdu).
o Jo ’ oJo ~Jo
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To bound efficiently these quantities, one needs to obtain that for p > 1

t p i t D
E(/ (DSYt)2ds> <o, E(/ /(DuDsYt)Qduds> <ot
0 0 0

and the last immediately implies, by Jensen’s inequality,

E(/Ot (/Ot DuDsYtds)zdu)p <Ot

The first two inequalities follow directly from Lemma 4.2. Applying the three bounds we obtain

t t
([ [ uos Dy Rasan) < C(Ihg! 1B + I ) < €O+ laop) e

We still need to estimate the first factor in (18). We recall that Y = u(t, X®) where u is a C12
solution of equation (6). Using the flow properties and the explicit formula for the solution of linear
backward sde’s (like in section 2) one obtains that u, is bounded uniformly in ¢.

Now we first consider the situation of Theorem 4.4. Without loss of generality, we may take

y > ‘U(t,x0)|, then

P(Y] > y)

IN

P(Ju(t, X7*°) = u(t, z0)| + [u(t,20)| > y) < P(elXP o] >y — u(t,z0)])

A

P(n(1+ X070 = wof?) > (1 + ¢ 2(y — lu(t, 20)])?))

Using It6’s formula we decompose In(1 4 [ X% — x4|2) = A; + M,, where the total variation part
verifies |A;| < C1t for some constant C; and the martingale part

t 0,x 0,z

2(X "o — X o

+ :/ ( s Oxg;O)O-( s )d”rs
0o 14[X5" =202

verifies < M >;< Cst, for some constant Cy. By the martingale exponential inequality (see (A.5)
in [N1]), we finally obtain

P(¥il>y) < P(A+ M, > (1 + ¢y~ [u(t.x0)])?))

P( < M >4< Cot, My > In(1 + ¢~ 2(y — |u(t, z0)])?) — C’lt)

[—Cit +In(1 4 ¢ *(y — |u(t, x0)|)*)]? }
20,5t ’

IN

2exp{ -

for some positive constants. Joining the two estimates, the result follows.
In the case of Theorem 4.5, the situation is similar but one does not need to apply the logarithmic

transformation. |
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6 Appendix

Here we prove the result on existence of densities for non-homogeneous diffusions. This is related

with previous results in [CZ] and [CM] and it is of interest in itself.

Theorem 6.1 Let us assume that, uniformly in t, o(t,-),b(t,-) are in C;°(R) and besides that
they are continuous at (0,xz¢). If condition (HO) is satisfied, then X; has a law that is absolutely

continuous with respect to the Lebesgue measure.

Proof: We show our result by contradiction, hence we assume that / t Cs 20(5, XS)QdS = 0, which,
by the continuity of the processes and of the coefficient, implies that g(s, X;s) =0 a.s. forall s <t.

If hypothesis (HO) is verified for o = 0, that is ¢ (0, z9) = Ag(0, x¢) # 0, we immediately reach a
contradiction. Next we proceed by induction on «.

If « € (0,1] and Ag(0,20) = 0 for all 0 < 8 < a, by using It6’s formula we may write for all s <t

/OS Bi(s,r, X,)dr + Dy(s,x) = /OS 0x(8, X;:)b(r, X, )dr + o(s,x0) — 0(0, zq)
= o(s,Xs) —o(s,x0) + o(s,20) — (0, 29) = o(s, Xs) = 0.

S

The term of biggest order in / Bi(s,r, X,.)dr 4+ Dg(s,xo) is exactly A,. Indeed dividing the latter

0
by t* and taking limits as ¢ — 0 we obtain

o(t,z9) — o(0,x0)
tO(

Dy(t,z0)
ta

Aa(071'0) = 1{(1:1}31(07 vao) + }L{% = I{QZI}BI(Oa Oa 330) + }E% = 07

which contradicts our hypothesis A, (0,zg) # 0.
Let o > 1 and Ag(0, ) = 0 for all 5 < a. In particular, for j < [a] ([-] = integer part), we have

6Aj_1
ot

1
(O,J?o) + ﬁBj(O, o ,0,1‘0) =0.
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Therefore, using It6’s formula we obtain

S Sj S2
/ / / Bj(S,Sl,...,S]‘,ij)dsl...dsj'+Dj,1(8,1}0)
0 Jo 0
0A; 4

S Sj S2 .
= / / / [Bj(s,sl, ...,Sj,ij) — Bj(O, ...,0,:]']0):| dSl...de + Dj_l(S,’l,’o) — ajt (0,:130)53
0 0 0
S Sj S92
/ / / [Bj(S,Sl,...,Sj7ij)—Bj(5,817...75j,$0):|d51...de+Dj_1(S,{E0)
0 0 0
aA_ . S Sj S92
s (0,z0)s’ —I—/ / / [Bj(s,sl, .y 8j,x) — B;(0, ...,O,xo)}dsl...dsj
ot 0 Jo 0

s rsiv 82
/ / / Bj+1(8,81,...,5j+1,X5j+1)d81...d8j+1 —|—Dj(8,$0).
0 0 0

This proves by iteration (under the inductive hypothesis) that for all j < [a] and s < ¢

S Sj S2
(20) A A /0 Bj(s, S1, ...,Sj,XSj)dsl...de + Dj_l(s,:co) =0.

To finish the proof we have to consider two cases. If [a] # «, then writing (20) for [«], dividing

both sides by t* and taking limits for £ — 0 we find that

Dy (t,
t—0 to
because the integrand By (s, 51, ..., 55, XS[Q]) is a.s. bounded, giving the contradiction with (HO).

If [a] = a, first note that B, is continuous at (0,...,0,20). Then using the same procedure we

instead obtain

0= tliqr%Da%it’xo) + %BQ(O,...,O,xO).
that is different from O by hypothesis. This ends the proof. O
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