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Abstract

Weak approximations have been developed to calculate the expectation value of functionals
of stochastic differential equations, and various numerical discretization schemes (Euler, Mil-
shtein) have been studied by many authors. We present a general framework based on semigroup
expansions for the construction of higher order discretization schemes and analyze its rate of
convergence. We also apply it to approximate general Lévy driven stochastic differential equa-
tions.(THIS VERSION HAS ERRATA CORRECTED FROM THE PUBLISHED VERSION,
Thanks to Miquel Montero, Salvador Ortiz and Aurelien Alfonsi)
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1 Introduction

Weak approximation problems play an important role in the numerical calculation of E[f(X:(x))]
where X;(z) is the solution of the stochastic differential equation (SDE for short)

Xt(x):o:Jr/U f/o(Xs_(x))der/O V(Xs_(x))dBﬁ/O WX, (z))dY,. (1.1)

with smooth coefficients Vy : RN — RN,V = (Vi,...,Vg),h: RY — RN ® R? whose derivatives of
any order (> 1) are bounded. Here B; is a d-dimensional standard Brownian motion and Y; is an
d-dimensional Lévy process associated with the Lévy triplet (b,0,r) satisfying the condition

v iy vtay) < o

RO
for any p € N.
Our purpose is to find a discretization scheme (Xt(n)(x))tzo,T/n,.,.,T for given T > 0 such that

Bl @) - Bl @) < TS
We denote briefly by E[f(Xr(z))] — E[f(X:(Fn)(x))] = O(1/n™) the above situation, and say that

X(Tn) is a m-th order discretization scheme for X; or that X%n) is an approximation scheme of order

m. The Euler scheme is a 1st order scheme, and has been studied by many researchers. Talay-
Tubaro [22] shows the 1st order convergence of the Euler scheme and 2nd order convergence with
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the Romberg extrapolation for continuous diffusions. The fact that the convergence rate of the Euler
scheme also holds for certain irregular functions f under a Hormander type condition has been proved
by Bally-Talay [3] using Malliavin calculus. For the general Lévy driven case, the Euler-Maruyama
scheme was first studied in Protter- Talay [20], see also Jacod-Protter [9] and Jacod et al. [8] (for
smooth f). The It6-Taylor (weak-Taylor) high order scheme is a natural extension of the Euler
scheme although is hard to simulate due to the use of multiple stochastic integrals. A discussion on
the It6-Taylor scheme with the Romberg extrapolation can be found in Kloeden-Platen [10].

In the continuous diffusion case, some new discretization schemes (also called Kusuoka type
schemes) which are of order m > 2 without the Romberg extrapolation have been introduced by
Kusuoka [13], Lyons-Victoir [15], Ninomiya-Victoir [18], Kusuoka-Ninomiya-Ninomiya [14] and Fu-
jiwara [6] (m = 6). The rate of convergence of these schemes is closely related to the stochastic
Taylor expansion, or series expansion of exponential maps on a noncommutative algebra.

The actual simulation is carried out using (quasi) Monte Carlo methods. That is, one computes
+ Zivzl f(Xé«n)’Z(x)) where X:(Fn)’l(x)7 1 =1,...,N denotes N i.i.d. copies of X:(Fn)(a:). Therefore,
using the law of large numbers, the final error & S FXS (@) — E[f(X7(2))] is of the order
O (ﬁ + T%m) Then the optimal asymptotic choice of n is O(n™) = O(v/N).

The goal of the present article is two-fold. First, we introduce a general framework to study weak
approximation problems from the standpoint of operator (semigroup) expansions. That is given two
processes that have equal semigroup expansions up to some order lead after composition to two
processes that are closed in law. This goal is not new. In fact, using PDE techniques, Milshtein and
Talay between others proved various weak approximation results. Although our proof is essentially
the same it gives a new viewpoint that will help in defining new approximation schemes.

The next idea, is to decompose the generator associated with (1.1) in (say) d+2 components where
each component is associated with each component of the driving process (the whole Lévy process
is considered as one component). Then we prove that if each of these components is approximated
with an error of order m + 1 then the composition gives an error of order m. In the particular
case that each component can be characterized as the semigroup of a flow-type process then the
composition leads to a composition-type approximation scheme.

Secondly, using the above strategy we provide approximations for solutions of (1.1). In partic-
ular, our approximations are valid for infinite activity Lévy processes Y. We prove that in fact,
if one uses the Asmussen-Rosinski idea of approximating the jumps of size smaller than ¢ with a
Brownian motion and we only simulate one jump of size bigger than & per each time interval in the
approximation is enough to provide a first order approximation procedure. Furthermore we give the
necessary estimate to determine ¢ as a function of n. For this approximation, we found it better to
decompose the generator in d + 4 components.

This paper is organized as follows. In Section 2, we introduce the main example and the goal for
the first part of this article in explicit mathematical terms. The general framework is introduced in
Section 3. In Section 4 we give the results of convergence rates of numerical discretization schemes
in the general framework. In Section 5, we give a general result that states how to recombine
the approximations to coordinate processes in order to approximate the semigroup associated to
(1.1). Finally, in Section 6 we approximate each coordinate process and in particular, we define
approximation schemes for Lévy driven SDEs.

2 Weak approximation problem

In order to better understand the abstract formulation in Section 3, we introduce here our main
example. Let (Y;) be a d-dimensional Lévy process characterized by Lévy-Khintchin formula:

E[eiw’y‘)] =expt <2’<9,b> — M + /Rd(eiw’y) —-1- i(@,r(y)))u(dy)) (2.1)



where b € R?, ¢ € R? ® R? (symmetric, semi-positive definite) and v is a Borel measure on
R¢ := R?\ {0} satisfying that for all p > 2

/ (P V [y (dy) < oo. (2.2)
R

This measure v is called the Lévy measure. It is well known that (2.2) implies that Y; € ﬂp>1 Lr
for all ¢. We also recall that 7 is a truncation function (e.g. 7(y) = ylyjy <1}, the constant b and 7
depend on each other). The triplet (b, c,v) is called the Lévy triplet.

The Lévy driven stochastic differential equation is given by

Xt(z):er/O %(Xs_(z))dH/O V(X(g_(:c))stJr/O h(X,s_(2))dY; (2.3)

with smooth coefficients V5 : RV — RN,V = (Vi,..., Va),h : RY — RN @ R? whose derivatives
of any order (> 1) are bounded. Here B; and Y; are independent d-dimensional standard Brownian
motion and Y; is a d-dimensional Lévy process associated with the Lévy triplet (b,0,v) satisfying
the condition (2.2). Using general semimartingale theory (see [19]) we have that the above equation

has a unique solution. We define Vg := Vj — 1 Zle Zjvzl g;/? Vi(j). Then (2.3) can be rewritten in
J

the following Stratonovich form:

d t t
X =+ / Vi(X,_(x)) 0 dB: + / h(Xo_ (1)),

where BY = t.

Before introducing the general framework of approximation, let us explain in mathematical terms
the goal in this article. Our main example corresponds to the approximation of the semigroup P;
defined as the semigroup associated to the Markov process X;:

bif(z) = E[f(Xi(2))]

where f: RN — R is a continuous function with polynomial growth at infinity.

Let Q¢ = QF be an operator such that the semigroup property is satisfied in {kT/n;k =0, ...,n}.
Assume that @Q; approximates P; in the sense that it satisfies the local error estimate (P;—Q:) f(x) =
O(t™*'). Then using the semigroup property of both P; and (Qxr/»), we notice that

n—1

PTf(w) - (QT/n)nf(w) = Z(QT/n)k(PT/n - QT/n)PTf%Tf(x)

k=0

Therefore if we have good norm estimates of (Qr/,)" and Pj_x+1 in a sense to be defined later (in

particular the norm estimates have to be independent of n) then we can expect that (Qr/,)" is an
approximation of order m to Pp. Finally in order to be able to perform Monte Carlo simulations we
assume that @ has a stochastic representation. That is, there exists a stochastic process M = M,;(x)
starting at « such that Q:f(z) = E[f(M;(x))]. Then clearly, we have the following representation.

Qrf(z) = (Qr/m)" f(z) = E[f(M%/n -0 M’F/n(ff))]

where M:ip/n are independent copies of My, and o is defined as (M{ o M) (z) = M} (M] (x)).

The above ideas are well known and have been already used to achieve proofs of weak convergence
(for historical references, see [10]). Nevertheless, it seems to us that this is the first time it appears
in this general framework. For example, if we take M, (z) := =+ Vo ()t + V (2) By + h(z)Y; for d = 1,
one obtains the Euler-Maruyama scheme.



Next to further simplify the procedure to obtain approximations we write the operator P; as a
composition of d + 2 operators as follows. First define the following stochastic processes X; .(z),
1=0,...,d+ 1, usually called coordinate processes, which are the unique solutions of

t
Xoy(z) == —l—/ Vo(Xo,s(x))ds
0
t
Xit(z) =2 +/ Vi(Xis(z))odBl 1<i<d
0

t
Xiwrale) =+ [ h(Xaroo(@))dY.,
0

Then we define
Qi f(2) = E[f(Xi())] (2.4)
for continuous function f : RN — R with polynomial growth at infinity.

For notational convenience we identify a smooth function V : RV — R” with a smooth vector
field Ziil V(l)% on RY. Let us define (integro-)differential operators L; acting on C? by

Lof(@) = (%f)(a), Lif(x) = L(V2P)(), 1<i<d (25)
Lap1f(z) := Vf(x)h(z)b+ /(f(év + h(x)y) = f(z) = Vf(@)h(z)7(y))v(dy).
It is well known that L := Zfiol L; is the generator of X and similarly L; is the generator of

X Also et .= P, and et = Q; .+ respectively where we consider these expressions as exponential
maps on a noncommutative algebra. One notices that these operators have the form

7

et =3 EL" + O™ (2.6)
k=0 """

etli — o L+ 0@ (2.7)
k=0

To approximate e'”, we would like to find some combination of operators satisfying

k
et = S ettt ettt s = Ot (2.8)
j=1

with some ¢; ; > 0, A; j € {Lo, L1,..., L4411} and weights {&;} C [0,1] with 2?21 & = 1. This will
correspond to an m-th order discretization scheme.

To find such schemes, one can perform formal Taylor expansions for e!* in each of the terms
in (2.8). We remark that the result (2.8) will follow directly from (2.6) and (2.7) independent of
the specific form of the decomposition L := Zfiol L;. This algebraic calculation has lead to the
introduction of the following approximation schemes

Ninomiya-Victoir (a):

A

1 1
—esLogtly .. gtlatigsLlo 4 §e%LoetLd+1 . etligglo (2.9)
Ninomiya-Victoir (b):
1 tLo tLq tLgiq 1 tLgaq tLy tL
—e ettt L etdtl o —glhdtt L. gt ghho (2.10)

Splitting method:
eslo. .. e3Llagtlatip5la ., o5Llo (2.11)



The semigroups generated by these operators have a probabilistic representation. For example,
Ninomiya-Victoir (a) corresponds to

ly<c1Xots20 Xayra- - X100 Xojy2(w) + 1icyXoyz 0 Xue -+ Xagra 0 Xojey2(w)

1
2>

where U is a uniform random variable taking values in [0, 1], independent of X; ;. However, since a
closed-form solution X ; is not always available, one has to replace X, with other approximations
of order m + 1 so that the final approximation result remains unchanged. Nevertheless the fact that
there is only one driving process simplifies this task. This problem will be discussed in Section 5.

3 Preliminaries

3.1 Notation and assumptions

In this section, we consider a general framework for weak approximations following the arguments
in Section 2, without using the specific form of the operator. We first define the following functional
spaces.

o (' = C;”(RN): the set of C™ functions f : R — R such that for each multi-index o with
0 <|al <m, |0 f(x)] < C(a)(l+ |zP) for some positive constant C(«).

We also let Cp, = C). Let us define a norm on CJ* by
I fllep == nf{C>0:07 f(z)] < C(1 + [2[),0 < |a] < m,z € RV}
where we denote |a| := a3 + -+ + ay for a = (aq,...,an) € Zf.

o G ([0, T]x RY): the set of functions f : [0, 7] x R™ — R such that s — f(s, z) is continuous
differentiable for all € RV and satisfies that f(s, ), (s, -) € CI* with supaco 1715, Moy +
10.£(5. ey < oo.

From now on, we denote by Q: : U, Cp(RN) — Up>o C,(RY) a linear operator for 0 <t < T
such that Q;1 = 1. - B

Assumption (My) . If f € C, withp > 2, then Q,f € C, and

sup [|Q:fllc, < Kllfllc,
te[0,T)

for some constant K > 0 independent of n. Futhermore, we assume 0 < Q¢ f(z) < Qig(x) whenever
0<f<y.

We now introduce two assumptions which are highly related to the convergence rate of approxi-
mation schemes.

Assumption (M) . Q; satisfies (My), and for each f,(z) := |z|[*? (p € N),
Qufp(z) < (1+ Kt)fp(x) + K't (3.1)
for some constant K = K(T,p), K' = K'(T,p) > 0.

For m € N, d,, : [0,7] — R denotes a increasing function which satisfies

Im ()

tm—1 =0.

lim sup
t—0+

Usually, we have d,,(t) = t™.



Assumption R(m,d,,) . For each p > 2, there exists a constant ¢ = q(m,p) > p and linear
operators ey = eg : C’gk — Cpyor (k=0,1,...,m) such that

(A): For every f € Cg(m/ﬂ) with 077 < m’ < m, the operator Qy satisfies

’

Qif(x) = (ekf)(x)tk + (Errtm/)f)(:c), t e [0,T], (3.2)

0

3

~
Il

where Errgm,)f € Cy, and satisfies the following condition:

(B): If | € C’;"” with m" > 2k, then e, f € Cﬁ;;gk and there exists a constant constant K =
K(T,m) > 0 such that
||ekf||C;n+~2;z;c < K||f||C;n,u k=0,1,...,m. (3.3)

Furthermore if f € CI’,”” with m"" > 2m’ + 2,

e g, < § K0 W e i <om
v = KOl i =m

forall0<t<T. '
(C): For every 0 < k <m and j > 2k+2, if f € Cp7([0,T] xRYN), then ey f € C;ﬁ;kgk([O,T] x RN).

In order to compare the finite power expansions of different operators, we introduce the following
notation.

JSWL(Qt) = Ztkek
k=0
In(Q) = ep,.

J<m(Q¢) is a linear operator, which is related to the series expansion of ¢ etli (cf. Proposition
7.6). The following Lemma comprises some basic properties related to the above definition. The
proof is straightforward.

Lemma 3.1. The following properties are satisfied:
R(m+1,0mt1) = R(m,t™)

R(m,bm) = R(m, Sm)

whenever 6, (t) < Kb, (t) and lim Sup; o4 Om(t) /1 =0.

(1) Let {&}1<i<e be deterministic positive constants with ). & = 1, and assume (M) for le)
(t=1,...,0). Then Zle & Ei) also satisfies (M).

(11) Let {&}1<i<e C R and assume R(m, ) for Q,Ei) (i1=1,...,¢). Then Zle & §“ also satisfies
R(m, o).

4 Weak rate of convergence

In this section, we prove the rate of convergence for the approximating operator () under the as-
sumptions (M), R(m, d,,). Throughout this section, we assume the following assumption

Assumption (Mp) . For all f € CJ' then P.f € C;fQFQ with P;1 = 1 and furthermore the
following two properties are satisfied for some positive constant C

1. supyepo, 7 1P flley < Cllfllep -

2. (P = Po) fll gy < Clt = sl fllog-



Theorem 4.1. Assume (M) and R(m,dy,) for Py and Q with J<um (P, — Q1) = 0. Then for any
fe C,?(m“), there exists a constant K = K(T,z) > 0 such that

T
Prf(@) = Q)" (@) < Kom ()| fllgann- (4.1)
For the proof, we need the following lemma.

Lemma 4.2. Under assumption (M), the operators P; and Q; satisfy

sup max ((PT/n)k + (QT/n)k) flz) < oo

n 0<k<n
for any positive function f € Cp with p > 0.

Proof. Without loss of generality we do the proof for Q. Let f,(z) = |z|*” for p € N. By the
assumption (M), we have

(@) o) = @1 Q) @)
<1+ @) o + S

with some constant C,C’ independent of t,x, k,n. Since (1 + %)k < €%, one proves by induction
that
k C 1 2
< 1 Py,
sup max (Qr/n)" fp() < e C°(1+ [2[7)

This completes the proof. O

Proof. Proof of Theorem 4.1: Let f € Cz(mﬂ). Using the semigroup property and assumption
R(m, ), we have

n—1
Prf(x) = (Qr/n)" (@) = > (Qr/m)* (Prjn — Qr/a) Pp_roa p (1)
k=0
n—1
= 3 (@Qry)F (Brrf) Pr s f)(@)
k=0

where Errgm) is the error term of (P — @) defined in (3.2). We obtain from assumptions R(m, d,,)
and (Mp)

m T /T
(e Pr_ s @) < Ko 8 () (14 2 P ol zcnsn

KT T
< =2 (=) W+ LISl gonen

and hence Lemma 4.2 leads to

m K,T T
(@) (B Pr_ s p @) < =28 (=) 1l s Q) (1 4 [2])
K T
< —6m<—> 2(m+1
< O ()1 llgzemen
for some constant K = K (T, ). This completes the proof. O

The following theorem is an extension of Theorem 4.1, and is analogous to Talay-Tubaro [22,
Theorem 1].



Theorem 4.3. Assume (M) and R(m + 1,0pm41) for Q¢ with J<pm (P — Q) = 0. Then for each
fe C,?“"*?’), we have

., K T\ m+1 T
Prf(@) = Qr)"f@) = ——+0((2) Vimn (7)) (4.2)

where K =T™ fOT PyJmi1 (P —Q)Pr_sf(x)ds.

Proof. We start by noting that as in the proof of Theorem 4.1,

T

m+1 (m+1)
(Prjn = Qup)Pr—of @) = ()" i1 (P = QPr—of(a) + (Enxlf] ™ Py f) (@)

and therefore,

-1

Prf@) ~ @) f@) = (2)" @) I (P~ QPp_ssapf(2)
k=0

0(sun(D)).

Now applying the proof of Theorem 4.1 (for m = 1) to Jp41(P — Q)P w1y f € C§+2(m+1), we
obtain
‘((QT/n)k - PkT/n)Jm+1(P - Q)PT_%Tf(x”
Cl (T, l‘)
< T”Jvrwl(P - Q)PT—’%]TfHC:+2(m+1)
Cy(T, x
< LD ) .
Next, we have by hypothesis (M),
| Por/ndmi1 (P — Q)PT_%TJC(JJ“) - P%TJm-H(P - Q)PT_%TJC(JU”
= (I = Pr/m) Per/ndms1(P = Q) Pp_siap f ()]
Cg(T, ZE)
< — N BrmImr(P = Q)Pp_eapfllos,
Cy(T,
< SED ) .
Using Lemmas 7.1, 7.2 in the Appendix and Jy,,+1(P — Q)Pr—_sf(z) € C;fQ(m+2)7 we have
T n—1 T
‘E Z P%TJWL*F].(P - Q)PT_;%le(x) - / PstJrl(P - Q)PT,Sf(.T)dS
k=0 0
_C(Tfoo)
n
As a result, taking K = T™ fOT PyJm+1(P — Q)Pr_sf(x)ds, we conclude that
we K Tym1 T
Prf(z) = (Qrm)" f(z) = m O((g) V Omt1 (5»
This concludes the proof. O



5 Algebraic approximations of semigroup operators using co-
ordinate operators

Throughout this section, we assume that Py, ¢t € [0,T] is a semigroup that satisfies (M), (Mp)and
R(m, d,). Furthermore we suppose that

J<m(Pr) =1+ Z 1%

j=1

J
with e; = (Efiol Li> satisfying the properties stated in R(m,d,,). Similarly, we assume that

Qi,t:U,>0 Cp(RY) — Upso Cp(RYN),i=0,...,d+1 be a sequence of operators such that they satisfy
(M), (Mp)and R(m, d,,) with

LAY
Jm(Qig) =T+ FLf
=1

¢ .
[I;_; @ := aiaz - - - ay denotes a noncommutative product.

Theorem 5.1. Assume m = 2. That is, (M) and R(2,62) are satisfied for Q; (i =0,1,...,d+1).
Then all the following operators satisfy (M) and R(2,02):

N-V(a) Qta) = 1Qo.t/2 H?Ll Qi,tQo,t/2 + 3Qo0.1/2 Hf;l Qar2—i,tQo,i/2
N-V(b) ng) = %H;i:ol Qi+ %Hfiol Qat1-i
Splitting Qz(sSp) =Qou/2 Qat/2Qar1,tQdys2 - Qo2

Moreover, we have JSQ(QSZ)) = JSQ(Q,Eb)) = JSQ(QESP)) = Ei:o %Lk In particular, the above
schemes define a second order approximation scheme.

The proof of Theorem 5.1 is an application of Theorem 4.1. The conditions follow from the next
lemma, together with an algebraic calculation as pointed out at the end of Section 2.
This theorem can also be stated for third order approximation schemes.

Lemma 5.2. Let Q; and Q7 : U, Cp(RN) — Upso Cp(RYN) be two linear operators and let Qf Q?
be the composite operator. Then

(i) If (M) holds for Qf, Q%, then it also holds for Qi Q?.

(ii) If R(m,6,,) holds for Qf, Q?, then it also holds for Q1 Q3.

Proof. (i) is obvious. We now prove (ii). Let m’ < m. We have by hypothesis that

’

Q@) = Y (L) (@)t* + (Eri™ Y f)()

3

>
Il
<)

(JQ2 ) (@)t" + (Brrl™ 2 ) (x)

=

Qi f(x) =

b
Il
<)

for f € C’f,(mlﬂ), p > 2. Furthermore there exists ¢ = g(m,p) > 0 such that Errim/’l)f, Errim/’z)f €
Cy. Now we prove (A)-(C) in the definition of R(m, ., ).
(A): Note that for f € Cﬁ(m +1)(RN),

’
m

QIQ2f(x) = QF [ Y (@A) (@)t + (Erel™ ) ) (x)

k=0



Since J,Q*f € CQ_(:;LkH)_Qk, Q1 (J1Q?f) can be written as

Q@) = S QRGN + (el D 1,62 1) (o).
=0

As a result, we have
" m/—k

Q@) =3 3 (QHIQI ) @)t + (Brr{™ ") f)(x)

k=0 ¢=0

where
(Err{™ " f)(2) = (QIEr{™ ) f) (x +Z (Exr{™ " 1,Q2 f) (x)tF. (5.1)
k=0

We obtain from the properties of the error terms that Errgm 71’2)f € Cy for some ¢’ = ¢'(m,p) > q.

(B): For f € C;"” with m” > 2(m’ + 1), we can derive for k + ¢ < m/,

196Q (T Qi )l 200y < K| Q7 fll gonrr—2ic < K2 fll
p2(k40) 2k »
and by (5.1),
[Eref™ 2 fllc,, < Kl Bref™? fle, + Kil|Ere™Y 1@} |,
+ Ksz ||JthfHCm,,_2ktm "1
k=1
Kt™ Y flgme  ifm' <m
Ktom ()| fllcme  if m" =m.
Finally, the proof of (C) is straightforward. O

Proof. Proof of Theorem 5.1: Using this lemma, we end the proof, calculating J<,, for each numerical
discretization scheme. For instance, in the case of N-V(b) (i.e. (2.10)), we obtain

d+1 d+1

J§2( Hta-i- HQd+1 zt)
) 1 d+1
= §J§2( H J<a (Qit)) + §J§2( H J<2 (Qd+1—i,t>)

d+1 ) d+1 2
(TS )+ (T (35 )
Z;-&-l B 2 ¢l - :
SIS DIERD WY
d+1 2d+1 -
%<I+tZL+ ZL2+ 23 LiLy)
= J<2(P). h

O

Another idea to construct construct higher order schemes is to use local Romberg extrapolation.
In order to do this we need to weaken the assumption {¢;} C [0, 1]. This is done in the next theorem.

10



Theorem 5.3. Let m =1 or 2. Assume (M) and R(2m,t*™) for P, and QM (t=1,...,¢) and
(Mp) for P;. Furthermore, we assume

,,,,,

(2) There exists a constant ¢ = q(m,p) > 0 such that for every f € C;"/ with m’ > 2(m + 1),
(P — QN f ey 2mtY) gng

e (P - Q) )l

m'—2mi1) < CO7l| f]

m+1
Cm’T

Then we have for any f € C mH)

L
Puste) - 360l < d )

n2m

Proof. We first remark that the operator Zle @QL“ no longer satisfies the semigroup property, i.e.
El 1 &(QT/”) 7 (Zle fiQ[TZ]/n)". Thus the proof is nontrivial. Note that for f € C’;,L(mﬂ),

e it 36 (00, 1 o6 (- ()1

Using the semigroup property of P, and Q[;]T, we have

f-y e S Q) (Pryn = Q5 ) Py ks f ()
k=0

1=1

n—1

- Zgz Z Pk:T/n (PT/n QT/n) klef(x)

+ Zgz Z ( QT/n PkT/n) (PT/n QT/n) ""#Tf(x)
=1

We expand (QT/n) — Py7/yn again, to obtain

n—1
E= Z(PT/’YL (PT/n Z&QT/n) kIITf(x)

n—1k—1

6 () (@~ Pr) Py (Prg = Q) Py 10

i=1 k=0 1=0
By the assumption (1), we have

S Py (e - Z&QM) o f@)] < AELD)
k=0

n2m

Thus we end the proof by showing that

n—1k—1

36 S (@) (@8~ Pos) ot (Pr @8, )Pyt

i=1 k=0 1=0

CQ(Ta f,l‘)

n2m
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Using here the assumption (2), we obtain

H (QT/n - PT/”)PT—H—IT (PT/n - Qgi]/n)PT_%

< ot (Prin = @l ) Prssen

c(T)
W"f”c‘*(wwrl)

c2(m+1)
<

and therefore

13655 (08,) (@ Prva) Prssar (P QU ) Py 1)
i= k=0 =0
. Zl Cy(T f,w) _ Co(T. f.2)

n2(m+1)  — n2m

k=0 1=0
This completes the proof. O

Example 5.4. It is known that the Ninomiya-Victoir scheme

d+1 1 d+1 n
( eQnLOHe L"e2nL0+ 62"L0H€”Ld+2 7'6271[’
2
i=1

is of order 2 (m = 2,05(t) = t? in Theorem 4.1). By Theorem 5.3, the following modified Ninomiya-

Victoir scheme
d+1 d+1
1/ o, v, T \* 1/ v, T T\
— | e2n ™0 I | eniean 0 +7 e2n 0 | | en d+2*162n 0
2 . 2 !
i=1 =

1s also of order 2.

Example 5.5. Fujiwara [6] gives a proof of a similar version of the above theorem and some examples
of 4th and 6th order. We introduce the examples of 4th order:

d+1 d+1 d+1 d+1
4 (1 e \2 1 tr ,>2 1(1 otLi 1 tL
~ | = sLi - sLay1—i _ i d+1—i
3(2(2116 ) +2(ge 3 2}1 T3 He

In order to complete the approximation procedure through (quasi) Monte Carlo methods we need
to find a stochastic characterization of the operators Q; ;.

Definition 5.6. Given a stochastic process Yi(x) € Np>1LP, we say that Y is the stochastic char-
acterization of the linear operator Q¢ if Q¢ f(x) = E[f(Yi(2))] for f € U,50Cp- In such as case we
use the notation Q; = QY .

Remark 5.7. Given the operators Qtz’ (1 =1,...,¢) and the deterministic positive weights {&; }1<i<e
with Zizl & = 1. Let U be a uniform random variable on [0,1] independent of (Z%); and define

Z = Zf:l 1(2;;11 &G <UL Z;—Zl &)Z'. Then
e .
Q7 f(x) = B[f(Zi(x))] = Z&Qt f(x)

Therefore by Lemma 3.1 if QtZ satisfy (M) and R(m, 8,,) so does QZ. This property will be used
repeatedly in what follows.
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6 Applications

From this section on, we discuss the application of the previous approximation results to the case
of solutions of the sde (1.1). From the results in the Appendix (see Corollary 7.7), it is clear
that the semigroup P f(z) := E[f(X:(z))] satisfies the hypotheses (M) and R(m,d,,). We define
various approximations generated via a stochastic process X; with corresponding operator Q;Xi
(1=0,1,...,d+1).

Due to the previous results and in particular, Theorem 5.1, we see that is enough to verify
local conditions on the approximation operators to conclude global properties of approximation. In
particular, we only need to verify that the operator associated with X; (the approximation to the
coordinate process) satisfies (M) and R(m, 8,,) and J<,, (Q7F) = I + ZT:l E—J,Lf for some m > 2
for L; given by (2.5). This is the goal in most of the applications in this section.

Recall that the stochastic differential equation to be approximated is

d t 4 t
Xt(a:):x—i—;/o w(xs,(m))od35+/0 h(X,_(2))dYs.

In each of the following sections we consider different approximation processes for the coordinate
processes X; ;. In each section, the notation for the approximating process is always X, ;. We hope
that this does not raise confusion as the framework in each section is clear.

6.1 Continuous diffusion component

a) Explicit solution: Let V : RY — R" be a smooth function satisfying the linear growth
condition |V (x)| < C(1 + |z]). The exponential map is defined as exp(V)z = 21 (z) where z denotes
the solution of the ordinary differential equation

dz(x)
dt

=V(z(x)), 20(x) = x. (6.1)

The solution of the coordinate sde is obtained in the following Proposition. The proof follows
from Ito’s formula.

Proposition 6.1. Fori=0,1,....d, the stochastic differential equation
t .
Xit(zx)=xz+ / Vi(Xi.s(z)) o dB; (6.2)
0

has a unique solution given by '
X, 1(z) = exp(B;V;)z.

X;+(x) is called the i-th coordinate process and its semigroup is denoted by @i This is a
trivial example of the approximation of e*’i, i = 0,1,. .., d satisfying (M) and R(m,t™). However,
sometimes it is not easy to obtain the closed-form solution to the ODE (6.1). In those cases, we
shall approximate exp(tV)z. Here we will do this with the Taylor expansion first and then the
Runge-Kutta methods denoted by b,, and c,, respectively.

b) Taylor expansion: We first prove the following lemmas which help us to find the rate of
convergence of the scheme to be defined later. The following Lemma follows easily from Gronwall’s
lemma.

Lemma 6.2. Let V' be a smooth function which satisfies the linear growth condition. Then |exp(tV)xz| <
C X1 4 |z|) fort e R, z € RV,

From now on we denote by e; : RY — R, the coordinate function ej(x) =x; for j =1,...,N.
Furthermore, we also denote by V' the vector field operator defined from V.

13



Lemma 6.3. Let f € CI’,”H. Then we have fori=0,1,...,d,

Ttk Et—u)m
flexp(er)e) = - Vi) + [ v expluviod (6.3
s !
and
Lt—u)m 1 K|t 1 1
‘/ v f(exp(uVi)w)dUI < Conl| fll g €1 (1 4 [P+ 71
0 !
for allt € R.

Proof. Assertion (6.3) follows application of Taylor expansion to the function f(exp(tV)x) around
t = 0. Next, as |V;"* f(z)] < C(1 + |z[P*™*!), we obtain from Lemma 6.2,

‘ /Ot %%W‘/;mﬂf(exp(u‘/)x)du

Il
< Om”f”C;n«i»l / ‘t|m06K|u‘(1 -+ |1‘|P+m+1))du
0
< Cy/n”fllcl’?"JrleKlt‘(l + |x|p+m+1)|t‘m+1.
O

Based on this Lemma, we define the approximation to the solution of the coordinate equation
(6.2) as follows

‘ ¢ ]
Bt V) =Y (V) (@), = 1,0, N,

Define - _

Xi,t(x) = b2m+1(Btl, ‘/7)1‘ for i = 0, ceey d.
Then we have the following approximation result.
Proposition 6.4. (i) For every p > 1,

1Xi1(x) = Xi s (@) Lo < C(p,m, T)(1 + [ HD)pm L,
(i) Let f € C}. Then we have
B[ f(Xip(@) = f(Xin(@)]] < Cm, T)|[ fllcy (1 + [a[PH20mtD)gmtt,

Proof. (i): Apply Proposition 6.1 and Lemma 6.3 with f = e;. Then we have

_ 1/p
1Xi0(2) = Xio(@)llor < B ||Crne®IP(1 4 |20+ B 2D

< C(l + ‘x|2(m+1))tm+1

for some constant C = C(p, m,T).
(ii): We first apply the mean value theorem to obtain

BUF (K@) — F(Ks@)] 7
< N fllexllt + 10X, () + (1 = 0) X (2)[P[| 22]| Xi e (2) — Xiu(2)]| 2

< Ol flloallt + 1 X (@) P + [ Xie (@) [P 2 (1 + |22 D)em 1
We see by Lemma 6.2 that

sup |1+ X (@) + | Xip(@)[P[| 22 < C'(1 + |2[7)
t€[0,T)

from which the proof follows. U
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As a result of this proposition we can see that R(m, ™) holds for the operators associated with
by (t, Vo) and boy,1(Bf, Vi)z, 1 < i < d. Indeed, we have for m’ < m,

Ef(Xi(2)] = E [f(Xi,t(w))] + E[f(Xi(2)) = f(Xi(2))]

Z + (B f)()

where

(B f)(@) = Brr™ f)(@) + Blf(Xi4(@)) — F(Xis(2))]

and (Errgm/)f)(x) is defined through the residue appearing in Proposition 7.6, using L; and Q;
instead of L and P. Furthermore, using Proposition 6.4 (ii), we have that the error term EI
satisfies (B) in assumption R(m, ™).

It remains to prove that (M) holds for X, ¢(z). For the proof, we need an additional growth
condition for the vector field V;.

Proposition 6.5. Assume that (Vikei-) 2<k<m,0<i<d,1<j<N) satisfies the linear
growth condition then (M) holds for X; (x), i =0,...,d.

Proof. The assumption (M) follows from the smoothness and the linear growth property of Vikej.
We only prove the moment condition (3.1) for X;,(z) ¢ = 1,...,d. Consider the multiplication
(peN)

m 2p

|3 B ey o) = [o + Bivia @)
-0

)2k+1]

Taking into account that E [(BZ =0, k € N. Then by the assumption, we obtain the result. O

Therefore we obtain the main result.

Theorem 6.6._Assume that (Vikej) 2<k<m,0<i<d,1<j<N) satisfies the linear growth
condition. Let X, (x) be defined by

2m—+1
_ 4 1 , 4
Xit(x) = bam41 (B, Vi) = E ,(Vk )(z )/ lo del 0 dBan
k! 0<ty <<t <t

Denote by in the semigroup associated with Xi(z). Then QtX‘ satisfies (M) and R(m,t™).
Furthermore J<pm(Qr) =T+ 3" 2 L.

j=1 47

¢) Runge-Kutta methods: We say here that ¢, is an s-stage explicit Runge-Kutta method of
order m for the ODE (6.1) if it can be written in the form

em(t,V)z =z 4+t Biki(t,V)a (6.4)
i=1

where k;(t,V)z defined inductively by
k1 (ta V)‘T = V(I)v

ki (8, V) (x+tza” ),2§¢§s,

and satisfies
|exp(tV)a — e (t, V)| < CppefH (1 x|+ 1)+

for some constants ((3;, s ;j)1<j<i<s). Runge-Kutta formulas of order less than or equal to 7 are
well known. For details, see e.g. Butcher [4].
The following proposition can be shown by the same argument as in the proof of Proposition 6.4.
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Proposition 6.7 (stochastic Runge-Kutta). (i) For every p > 1,
|Xi.4(2) = Comar (B Vi)l o < Clp,m, T)(1+ [0 D)1 (6.5)
(ii) Let f € C}. Then we have
Elf(Xit(2) = f(camr1(Bi, Vi)a) ] < Clm, T)| fll oy (L + [P0+ (6.6)
Next we show that (M) still holds for the Runge-Kutta schemes.
Proposition 6.8. (M) holds for ¢, (B}, Vi)z, i=0,...,d.

Proof. We first note that for every 1 < j < s, there exists a function of the form p; = ch;é ajk|t®
such that
|k (£, V)| < p; () (1 + [z]).

The assumption (M) follows from the smoothness and the linear growth property of V;. We now
prove (3.1). In the case ¢ = 0, this is obvious by definition and the inequality (6.1). In the case
1 < i < d, observe that

s s 1 d -1
em(t,V)z =z 41> BV () +t265/ @v(ﬁetzalm(t, V)x)d@
=1 1=2 0 j=1

=+t Z BiV(x) + Dy (t, V).
=1

Expanding multiplications and taking expectations, as in Proposition 6.5, we can show that the

terms containing odd powers of B} have expectation 0. Finally, we obtain from the boundedness of
0V; that _ _
| D (By, Vi)z| < p(By)(1 + |2])

where p = p(t) is of the form > ;_, ax|t|*. Using this, we conclude the proof. O

Consequently, as in the Taylor scheme, R(m, ") and (M) hold for the operators associated with
em(t, Vo)x and capmy1(Bi, V;)z, 1 < i < d. For more on this method, we refer the reader to [14].

d) Minor extension: In the previous approximation, the assumption that B; ~ N(0, I) can be
weakened. In fact, we can use v/tZ instead of B, where (Z%)L, are independent and

P(Z'=+V3) = é P(Z'=0)= %

foreacht=1,...,d.

Proposition 6.9. Let B; be a 1-dimensional Brownian motion and Z be a R-valued random variable
such that for all 0 < k < m,
E[(2)"] = B[(B1)"]

and

Blexp(clZ])] < o
for any ¢ > 0. Then, for every f € C’;"H,

|E[f (exp(B,V)a)] = E[f (em(VEZ,V)2)]| £ C(m, T)(L + [a[rFmH)etm+D/2,
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6.2 Compound Poisson case

Suppose that Y; is a compound Poisson process. That is,

Ny
o= Ji
i=1

where (N;) is a Poisson process with intensity A\ and (J;) are i.i.d. R%valued random variables
independent of (N;) with J; € (0 5, L.
In this case Y; is a Lévy process with generator of the form

/ ((z+9) — f(2)v(dy)
R{

where 7 =0, b =0, ¥(Rg) = A < 0o and v(dy) = AP(J; € dy).
Then in this case

X z) =2+ /Ot X (2))dYs, t e [0,T] (6.7)
which can be solved explicitly. Indeed, let (G;(x)) be defined by recursively
Go==x
Gi = Gi—1 + hG;i-1) ;.

Then the solution can be written as X3 (z) = Gy, (z). Define for fixed M € N, the approximation
process Xgy1, = Gn,anm(x). This approximation requires the simulation of at most M jumps. In
fact, the rate of convergence is fast as the following result shows.

Theorem 6.10. Let M € N. Then the process Gn,am(x) satisfies (M) and R(M,tM~*) for
arbitrary small & > 0. Furthermore JSM(Qth“) =1+, %L§+1'

Proof. Note that for f € C,

QX f(x) — QI f(x) = ELf(Gnoant(@))] — E[f (G, (2))]
= E[(f(GNt/\M(x)) - f(GNt (QI}))) 1{TM+1St}]
where Th := inf{t > 0: N, = M}. By the Hélder inequality,
Q5 f(a) — QI f (=)
< 2B[ sup |f(Gy,(2)|77]" T P(Tarpr < )7

0<t<T
t M 1
¥y ,x—1 ()\S) Y 5
=2E[ su Gn,(z))|7=1]~ / Ae” *¥ds
2w 1@ @)= (S )

<O, )| flle, 1+ |a]?) (tA) M+

Take sufficiently small v > 1, then R(M,t¥ =) holds for Qfd“ where £ := (1 —-1/v)(M +1) > 0.
Finally, we show (M). Let f,(z) = |z|?’ (p € N) and v < M. Then using the above calculation
and Corollary 7.7, we have

QI (@) = QI fp(w) + (@ fyla) — QI fy ()

< (14 Kyt) (@) + Kot + Q" £,(x) — QFF £, ()]
< (14 K3t) fy(x) + Kyt
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6.3 Infinite activity case

In this subsection, we consider the SDE (2.3) under the conditions v(R%) = co. Without loss of
generality, we assume that ¢ = 0.

a) Ignoring small jumps: Define for € > 0 the finite activity (i.e. drift + compound Poisson)
Lévy process (YF) with Lévy triplet (b, 0, %) where the Lévy measure is defined by

V(E) :=v(En{y:|y| >¢}), E < BRY). (6.8)

Consider the approximate coordinate SDE
— t —
Xat1i(z) =2 +/ h(Xat1,s—(2))dYy,
0
whose generator is
Lyt f (@) = Vf()h(x)b+ /(f(x + h(z)y) — f(z) = Vf(@)h(z)r(y))v" (dy).

Now we derive the error estimate for Xd+1’t.

Theorem 6.11. Assume that 0 < € = £(t) < 1 is chosen as to satisfy that 02 (¢) = f|y|<s ly|?v(dy) <
tM. Then we have that Q"' satisfies (M) and R(M,tM). Furthermore J<n( Xd“) =1+
E I LJ

j=1 jTa+1-

Proof. First, we remark that condition (M) follows from Proposition 5.2 in [8]. We start by noting
that from Proposition 7.6, we have

Q?“f( ) = Q! f(x) (6.9)
= Z ( Lat)" <L(11_i1>k) f(@)

M )
# [ (i e @ (132)) s

Therefore the proof is achieved if we prove that
[(Lay1 — Lgg ) f(@)] < Cllfllez (14 [P 2)eM+1,
For the proof, we change here the representation of the Lévy triplets of ¥; and Y® as follows:

(b’ 07 Z/)7T é (b8707 y)77-6
(b,0,0°),7 = (b, 0,0°), 72

where 7.(y) = ylyjy|<c}- Then
(Lan = LA < | [ V1@ - 7.0) () ~ () (6.10)

+ | / / 0 & (2 + O (2)y)d0(v(dy) — v* (dy))

We first obtain that for £ > 0,

Jo= ety - @ =0

18



since the support of the measure (v — v°) is {|y| < e}. Now we consider the second term of (6.10).
We can immediately show that due to the polynomial growth property for f,

1 52
[ | e+ on@aniutdy) - v @) < Cllflez 1+ el )%

and hence as 02(g) < tMT1 one obtains that J<ps( Xd“) =I+370, %Lle and that Qfd“
satisfies (M) and R(M,tM) follows as in the proof of Proposition 6.10. O

Using Theorem 5.1, we can incorporate the above approximating process X1, to the whole
approximation method. This will require to first simulate the jump times of the approximating
Lévy process Y and then solving ode’s between these times. If the task is time consuming one can
also separate the jump component from the drift component as indicated by Theorem 5.1 (see also
Section 6.4). The right size of ¢ is determined by the condition o2(g) < tM+1,

b) Approximation of small jumps: We apply here the Asmussen-Rosinski’s approximation for
small jumps of Lévy processes. The idea is that the small jumps ignored in (6.8) are close to a
Brownian motion with small variance o%(¢) (see details in [2]).
Consider the new approximate SDE
t

t
Xd+l,t(x) =X +/ h(Xd+1,S(I))E;/2dWS +/ h(Xd_Fl,s_(.%))d}/sg (611)
0 0

where W, is a new d-dimensional Brownian motion independent of B; and Y7, and X. is the sym-
metric and semi-positive definite d X d matrix defined as

Ye = / yy v (dy). (6.12)

lyl<e
We remark that 3. is of the form AAA*, where A is an orthogonal matrix and A is the diagonal
matrix with entries A1,...,Aq > 0 (eigenvalues). Thus we use the notation 22/2 = AAY/2. Since

the above SDE is also driven by a jump-diffusion process, we can also simulate it using the second
order discretization schemes in Theorem 5.1.

Now we prove that rate of convergence in this case is faster than in the case that we ignore
completely the small jumps (see Theorem 6.11).

Theorem 6.12. Assume that 0 < ¢ = ¢(t) < 1 is chosen as to satisfy that f|y‘<€ ly|Pv(dy) <
tM Then we have that Q**" satisfies (M) and R(M,tM). Furthermore J<m( X“l) =1+
Z] 1 E'Ltji-‘rl

Proof. As before, condition (M) follows from Proposition 5.2 in [8]. The SDE X, corresponds
to the generator

Ly f(z) = z)b+ = Zasz 2) B ()1,

+ /(f(x + h(z)y) — f(x) = Vf(x)h(z)7(y))v" (dy).
Using this representation, we have for f € C’3
(L~ 2010 = [ [0 0) 8 10+ onamasotan) - v (@)
—fzaklf 2)ZLh (@)

/ / 2 d93 (z + Oh(z)y)do(v(dy) — v°(dy)).

Hence we finish the proof as in the proof of Theorems 6.10 and 6.11. O
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If we put all the pieces together, we have the following final result. Here sz denote 1 =1, ...,d,
7 =1,...,2n denote 2nd independent standard Brownian motions and Bf T =t.

Theorem 6.13. Assume that Vi, V and h are infinitely differentiable functions with bounded deriva-

) ) 3
twesiu.nth ng(l A |yv|p)l/(dy) < oo for all p € N. Define e = e(T,n) so that fIyISE lylPv(dy) < (%)
Let X} ,(x) = e5(By,Vi)x, i = 0,...,d, j = 1,...,2n, 2n copies of the Runge-Kutta method of order
2 as defined in (6.4) and Xi+1’t(x) j=1,...,2n independent copies of the approrimation defined in
(6.11). Then the following schemes, erpn) =YroYr lo.. oY (x), are second order discretization
schemes:

N-V(a) Yr{(x) = Ung,T/(zn) °© Xf.,T/n O OX$+1,T/n OXg,T/(Zn) (z)+(1- Uj)Xg,T/(zn) °© X§+1,T/n °©

.. © X{’T/n o Xé,T/(Qn) (x) where Uj is a Bernoulli r.v. with P(U; = 1) = 1/2, independent of
everything else.

N-V(b) Yi(@) = U X}, gym 00 X]p(@) + 1 =Up) X] 00 Xoy 1
Bernoulli r.v. with P(U; = 1) = 1/2, independent of everything else.

(x) where U; is a

o X7

I
o..0X d+1,T/n

Splitting Y,/ (z) = X, 3T/ (2m) o X"t o XM ().

0.7/(2n) 4,7/(2n) © 0,T/(2n)

One can also write a similar result for higher order schemes using Theorem 5.3.

6.4 Limiting the number of jumps per interval for approximations of
infinite activity Lévy driven SDE’s

In the previous two approximations although £ € (0,1) may be relatively large compared with
the interval size T'/n, one still faces the possibility of having many jumps in the interval [0, T.
Therefore we introduce the idea used in Section 6.2. That is, we propose another approximation
that restricts the numbers of possible jumps to at most n. Throughout this section we assume that
flyl<1 lylv(dy) < oo and without loss of generality, we assume that 7(y) = yljy<1.

Then we decompose the operator

Lay1 = Lgyq + Ljyq + Ly

L1 f(2) = Vf(2)h(w) (b —/

<Jy|<1

T(y)l/(dy)>

Lip f(x) = / (f (@ + h(x)y) = f(z) = Vf(2)h(z)7(y))v(dy)

ly|<e

Liaf@)i= [ fa+bay) - f@ldy).

e<ly|

The operator L}i 41 can be easily approximated using any Runge-Kutta method for the ordinary
differential equation

¢
Xé-{-l,t =xz+(b— / 7(y)v(dy) / h (Xé—i-l,s) ds.
e<|yl<1 0

We denote by X} 11,1 the Euler scheme associated with this ordinary differential equation. Therefore
we only need to approximate L(Qi 41 and Lf’l 1

Let I : R — R, be a localization function that may be used for importance sampling of the
Lévy measure. Let FL(dy) = A\7'(y)1 ), <-v(dy) with A. = f|y\§e I(y)v(dy). Let Y& ~ F. . Define
X§f17t(:r) = X°(z) = £+ h(z)Wiv/A-, where W is a d-dimensional Wiener process with covariance
matrix given by ¥;; = l(Y‘E)’lYijE which is independent of everything else.

First we prove that X°(z) satisfies assumption (M).
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Lemma 6.14. Assume that for p > 2, sup.¢(g 1 fly|<e |y|Pl(y)—pT721/(dy) < 00, then assumption
(M) is satisfied with
_ P
Bl|x2@)|] < 1+ Kt + K.

Proof. Let f(x) = |z|P, p > 2. Using Ito’s formula for p # 3 and an approximative argument in the
case p = 3 (as in the proof of the Meyer-Ito formula) one obtains that

Blf (XP@)] - f@) (6.13)
t
_P\E {Z(W)l / (3 - 1) | X25(@)|" " (h(z) Ve, X25(2))° (6.14)
2 o \2
X2 @) b)Y P ds]
We use the Lipschitz property of h to obtain that
[X24(2)| = |

(1+0\W|f) (1 + |a]).

Then, we have
B[ (X2°@)] - f@)]
<op+ia) [l (1 (P i) a) T ) via)

lyl<e

Lemma 6.15. Assume that for f € C’;l, p> 2,

p—2
M= s [ i) (1 (i) T )t <o
c€(0,1] J]y|<e

and f\y\<5 ly|v(dy) < Ct then

’E [f(vaa)} — flz) —tLi, f(x )‘ C() Ifllos (1 + 2[7+4)22

That is, X} (x) satisfies assumption R(2,t?).
Proof. Let f € C;f then applying Ito’s formula, one gets

Bf(X29)] = ) + 5B / S 0 (X2 haha()l(Ye) Y YEds

i,5,k,l

—j@+5 [ 3 dsf@huhaelun(dy) + Relz)

ylI<e i)k,

where by Lemma 6.14, we have

Re@)] < Cflley (L4 [ ity (1 + (|y|%<y>-u5t)p2) v(dy).

ly|<e
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Furthermore

035 f (@) hinhar () yryiv(dy)

=y /||< /0 (05 f(x + ah(x)y) — 0y f(x)) (1 — a)dahihi(x)yryiv(dy).

Therefore

c 1
L3, 0() - / 3 duf k@ (@
YISE 4 5kl

<l ey 1+ 1) [ lalv(ay).

lyl<e
This finishes the proof O

In the particular case that I(y) = y", r = 2, the above scheme corresponds to a Asmussen-Rosiriski
type approach.
The approximation for L3 41 is defined as follows. Let

Geu(dy) = C_ [ U(y) 1y sev(dy),
Coa= [ Uywiay)
ly|>e
and let Z5! ~ G, and let 55! be a Bernoulli random variable independent of Z%!. Then consider

the following two cases. If S5 = 0 define X;’fl’t = X?°(x) = x, otherwise ngl,t = X (x) =
x4+ h(x)l(Z5")~1Z%!. Then we have the following results.

Lemma 6.16. Assume that forp > 2, sup.¢ (g 1 fl
Ct then assumption (M) is satisfied with

() P v(dy) < 00 and CZ P[S* =1] <

E HX}E@)"’} < (14 Kt)|z]P + K't.
Proof. The result follows clearly from (f(z) = |z|?)
P[S* =1]|E[f (z+ h(x)l(2) 7' Z°") = f(2)]]
—CP(s =1 [ (f+ @) ) - f@) ()

ly|>e

< Ct(1+ |z|P) <1+/|| l(y)™" yl”“l/(dy))

Lemma 6.17. Assume that for f € Cg, we have that for some positive constant C,
[ @ (i) e < 0
y|>e

cmdf‘ylx ™ |U(y)~ — 1“12 v(dy) <t for some conjugate exponents qi1,q2 > 1 and ’C;llP [t =1] - t‘ <
Ct? then -
B [£(X2)] - F@) — L3 £(@)] < OF | fll s (1 + [o]+).
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Proof. As before let f € Cg then
E[7(X39)] = 1) + E[f (w+ @29 2°0)  f(a): 5! = 1]
= f(z) + /| N (f(z+h(@)l(y)"ty) — f(2)) U(y)v(dy)

x C}P[S =1].
Then we clearly have that

B [7(229)] - @) - tLi f @)

< / - /0 Z (0if (= + ah(z)l(y)~'y) — Oif (x + ah(z)y)) dah(z)yv(dy)

x C/P[S =1] + f(z + h(z)y) — f(z)v(dy)

|
‘C P sl = —t‘.

y|>e

Now note that

/ n / (0.1 (2 + ah(@)1(y)1y) — 0 f (¢ + ah(x)y)) doh(z)yw(dy)

[ ] / 32 (07 (a-+ 1= Blahloly + Bah(a)()™19) o (), (), ()™ = 1) dpdaw( )

As f € C2 then |02 f(z)| < C(1+]x])? therefore the above quantity (after an application of Cauchy-
Schwartz mequahty) is smaller than

1/q1

C(/ / / (14 |o + (1 — B)ah(x)y + Boh(z)i(y) " y|)"™ [h(z)y|" aqldﬁdau(dy)>6.15)
ly|>e JO JoO

1/Q2
x </| N |h(z)y|™ [I(y) " — 1| V(dy)>

Then by using the Lipschitz property of h one finds that the first term above is finite if

/ (L4 )™M (14 1(5) ™))™ w(dy) < C
lyl>e
for a constant C' independent of ¢. Therefore
|B[(XP9)] = 1(@) = L3 f@)] < Cllflles (0 + o]0ty
This finishes the proof. O
Using the previous results we can propose various schemes of approximation of order 1 as in

Theorem 6.13. We state the simplest type of approximation.

Theorem 6.18. Assume that Vi, V' and h are infinitely differentiable functions with bounded deriva-
tives with ng(l/\\yP)u(dy) < oo for allp € N. Definee = &(T,n) so that the conditions on Lemmas
6.14, 6.15, 6.16 and 6.17 are satisfied for t = T/n and for appropriate localization functions. Let
X/ (x),i=0,....d, j =1,..,n, n copies of the Buler-Maruyama method for X; +(x).

Also, let X;j_le/n, =1,2,3, j=1,....,n be n independent copies of the schemes defined above.

Then the followmg scheme, X;") =YroY  lo.. oY x), Yi(z)= Xg T/n© .oXJ T/n oX;Jf’le/n o

2,e,3 3,6,] ; . N
XdJrl T /n © Xd+1 Tn (z).is a first order discretization scheme.
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Achieving higher order schemes for the approximation of L? 41 can be easily obtained from the
proof of Lemma 6.15. In fact, the required conditions are as follows. Assume that for p > 2,

/|y|<e 1)~ (1 + (i l(y)uet)p?) v(dy) < Ct (6.16)
/||<E ly|Pv(dy) < Ct2. (6.17)

For Lg 41, the idea used in the previous scheme is that the probability of having more than one
jump in an interval of size T'//n is of order (T//n)? and therefore they can be neglected if the goal
is to achieve a scheme of order 1. Obviously, in order to obtain a higher order scheme, one has to
consider the possibility of more jumps per interval. As an example, we consider the case of at most
two jumps per interval with localization [ = 1.

For L3, one can do the following: Let G.(dy) = C: 1y 5.v(dy), Ce = f‘y|>€ v(dy) and let
Z5, Z5 ~ (¢ independent between themselves and let Sf and S5 be two independent Bernoulli
random variable independent of Z7, Z5. Then consider the following cases. If S = 0 define
X% (x) = 2, if S5 =1 and S5 = 0 then X°(2) = x4 h(x)Z¢ and finally if S = 1 and S5 = 1 then
X (x) = o 4 h(x) Z5 + h(x + h(x)Z5) 7Z5.

Define

pe=P[ST=1](1+ P[5 =1]),
ge = P[ST =1 P[S; =1].
In this case we have

Lemma 6.19. If C-'P[S5=1,55 =0] < Ct and C7?P[S§ =1,85 = 1] < Ct then assumption
(M) is satisfied with

5|

%3¢ )] < (14 Ktz + K’
i@ | <A+ Kt)z[P + K"t

for allp > 2.

Proof. The result follows clearly from (f(x) = |z|P)
P[ST =18 =0 E[f (x + h(z)Z°) — f(2)]]

<Ct1+1z|?) (1 Pu(dy) |,
<Ct(1+] |>< +/y>s|y| <y>>
P[S; = 1,85 = |E[f (¢ + h(x) Z + hx + h(2) Z5)Z5) — f()]

<Ct(1+|zP) |1+ </| N ly[” V(dy)>

Lemma 6.20. Assume that ‘C;lps — t| < Ct3 and |2C;2q5 — t2| < Ct3 then

~ 2 2
B[] - o) - s - § (140)*

|>e

2
< OB [flles (1 + 1alP*2) 1+</| |y|u<dy>>
)
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Proof. As before let f € Cg then
B [£(%)9)]
= f(x) +/||> (f(z + h(z)y) — f(z)) v(dy)CT P [S] = 1,55 = 0]

+F

/||> f(x+ h(x)y + hz + h(z)y)Z5) — f(x)v(dy)| C- PSS =1,85 = 1]
+Ld+1f( x)C; 1P[51—1 S5 =0
/> /|> z + h(z)y + h(z + h(z)y)y1) — f(2)v(dy)v(dy:)

x C72P[Sf =1 52—1]
*f()+Ld+1f() CHP[Si =1+ P[S;=1,55 =1])
+(L3)° fe)C2P[S; = 1,85 = 1]

Therefore
N 2
B[] - 1) - 150 - (120)° £
2
<Ly f@)]|Cpe - t""‘(LgH)Qf(x)‘ CE_QQE—% .

Finally note that

(L) f(2)
= [, S A~ L @wta)

= /< | /<| (f(z + h(x)y + h(x + h(z)y)y1) — 2f (x + h(z)y) + f(2)) v(dyr)v(dy)

— /<y| /<|y1 / Vf(x+ h(z)y + ah(z + h(z)y)y)h(z + h(z)y)n
— Vf(z + ah(x)y)h(z)ydav(dy, )v(dy)

/<y|/<|y1 / Vf(z +h(z)ys + ah(z + h(z)y1)y)

x / Ve + Bh(x)yn)h(x)yrdBydov(dy,)v(dy)
+ /<|y /<|y1 / /0 D? f(x + ah(z)y + B(h(x)y; + o (h(z + h(z)y1) — h(x))y))

[h<a:>y1 +a ( / h(a + vh(m)yﬁdwh(x)yl) " h(m)y] dfdow(dyr v (dy).

This finishes the proof. O

A similar statement can be achieved if we limit the number of jumps in any interval. The parallel
of Theorem 6.18 can also be stated in this case.
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6.5 Example: Tempered stable Lévy measure

Now we consider the previous approximation in the case that the Lévy measure v defined on Ry is
given by
1 _ _
v(dy) = W <C+€ )‘+|y|1y>o +c_e A_|y|1y<0> dy

The Lévy process associated with no Brownian term and the above Lévy measure v is called by
e Gamma: Ay,cy >0,c- =0, a=0.
e Variance gamma: Ay, A_,cq,c— >0, a=0.
e Tempered stable: A, A_,cy,c >0,0< < 2.

Then, we have that for o € [0, 1)
/ yl*v(dy) ~ 7 k> 1
lyl<e

Then sup.¢g,1) f\y|§e ly|lv(dy) < co. For L3, we consider as localization function I(y) = [y|", then

the conditions of Lemma 6.15 are satisfied if « < r <2 and ¢ = t7a
For L3 |, we consider as localization I(y) = 1, then Lemma 6.17 is satisfied for example in the
following case. Let P[S® =1] = e~ where C. ~ 7, a(e,t) = —e*log ((t2 +t)e™*) as
e =15 then we have that . .on
a = 175 log ((t + 1)tﬁ) .

In the case of Lemma 6.20, one choice of parameters is

P[Ss=1]=t5= (t+1)(1+t5°7)

- 1
P[52:1]:m

The choice of r in the above scheme is related with variance/importance sampling issues.

Final Comment: In this article we have presented a general set-up to handle what maybe
called operator decomposition methods. In particular, the method is useful when considering ap-
proximations of expectations of functionals of diffusions. The approximation problem is divided in
components, each one driven by a single process. This single process, called the coordinate process
can be approximated to a high order using an appropriate (stochastic) Runge-Kutta scheme if the
driving process is the Brownian motion. In the case that the driving process is a Lévy process one
can decompose the Lévy measure in various pieces to facilitate the analysis. Note that sometimes is
not needed to know how to simulate ¥ but only the functional form of the Lévy measure. In com-
parison with the proposal presented in [10], where high order multiple integrals driven by different
Wiener processes have to be simulated at each step, we believe that the present methodology is a
better scheme.

The issue that local approximations of high order are interesting to study in comparison with
Romberg extrapolations as introduced in [22] is similar to the discussion of using Runge-Kutta
approximations in comparison with Romberg extrapolations to approximate solutions of ordinary
differential equations. We believe that this article helps to open the path in this direction. In fact,
it is somewhat clear from Theorem 4.3 that the leading constants in a Euler+Romberg method and
a Runge Kutta method do not coincide.

Finally, we used the structure of this construction to easily introduce and analyze the asymptotic
error of an approximating scheme for solutions of stochastic differential equations driven by Lévy
processes with possibly infinite activity.
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7 Appendix

In this section we assume condition (Mp).

Lemma 7.1. Let f = fo(z) € CL2([0,T] x RN). Then a map s — Py fs(x) is Lipschitz continuous
for all z € RN.

Proof. Note that
[P fi(x) = P fs(@)] < [Pfi() = Pefs()] + [Pefs(x) = Psfs(@)]
Using the Lipschitz properties of ¢ — fi(x) and t — P, fs(x), the proof follows. O

Lemma 7.2. Let g: [0,T7] = R be a Lipschitz continuous function. Then we have

]% igm/n) - / Tg(s)ds\ < L) (7.1)
k=1

n

Proof. From the assumption we immediately obtain

otz im - |

(k—1)T/n

kT /n C
g(s)ds’ < "

where C' depends on T and the Lipschitz coefficient of g. This implies (7.1). O

7.1 Appendix: Some properties of Lévy driven SDEs

We start with the differentiability properties of X;(z) in z. The following material can be found in
[9], [8], [12], [19] and [20]. We quote them here for completeness.

Lemma 7.3. There exists a version of X;(x) such that a map x — X;(x) is infinite times continuous
differentiable almost surely and in the LP-sense. Moreover, we have for p > 2,

Bl swp [X(o)P] < Ol 7)1+ o) (1)
and
sup E[ sup |09X(2)|P] < o0 (7.3)

z€RN  0<t<T
for any multi-index o with |a| > 1.

Proposition 7.4. Let f € C}'with p > 2.
(i)Then P f € CJ'for allt > 0 and

sup [|Pifllem < C| fllom (7.4)
t€[0,T]

(ii) If m > 2, then Lf € 0;73:22 and
||Lf||c;"+;2 < Cllflleg-

(iii) If f € CLm((0,T) x RN), then (9,LF)(t,z) = (LOf)(t, z)
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Proof. The proof of (i) follows by interchange of derivation and expectation together with the mo-

ment estimates in Lemma 7.3. Recall that L = Zfiol L; as defined in (2.5). (ii) We only do the
proof for L4yi. We have

| [+ bl  f) = Vs @)
<| [ Vst -] +| [ [ s+ om@imania

< Cllfllep (1 + [al*2).
O

Proposition 7.5. Let f € C7. Then P, and L are commutative and ug(t,x) := P, f(x) is the
solution of the integro-differential equation:

{ %uf(t,x) = Luy(t,x)
us(0,z) = f(z).

Let f € C2"*2. Then the commutativity of P, and L implies that L™uy (= upmy) is differentiable
in ¢ and the solution to similar integro-differential equations. That is,

{ A (L™up)(t @) = L(L™ug) (@)
(L™up)(0,2) = (L™ f) ().

for each m > 0. Consequently, applying Taylor’s expansion to us, we have

Proposition 7.6. For f € C2m+2,

m ok t _g)m
R =30 ki) + [ S p e pywas
k=0 0

X

Furthermore, if f € CJ* with m > 2. Then P f € C’;_’g_?
Summarizing this section, we have

Corollary 7.7. P,f(z) = E[f(Xi(x))] and Qif(x) = E[f(X{(z))] (i = 0,1,...,d + 1) satisfy the
conditions (M) and R(m,t™). That is, for p € N,

E[|IX ()] < (1 + Kt)[2[*" + K't

for some constant K = K(T,p), K' = K'(T,p) > 0 and

M=
=%

']Sm(Pt) - Lk

k

Il
<)
B

J<m(Q)) =

NE
=| %
~
S

b
Il
<]

for any m € N.
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