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1 Introduction

Paul Malliavin in the eighties developed a stochastic method to study the regularity of probability laws arising
on the Wiener space. In particular, using this stochastic method he obtained the existence and smoothness of
densities of diffusions under the hypoelliptic condition. This celebrated theory has been applied successfully
to a variety of stochastic equations providing useful properties of densities of random variables associated to
these equations. It is based on the integration by parts formula which requires “stochastic” smoothness of
the random variable in question.

For this reason, one usually requires smoothness of the coefficients of the stochastic equation. On the other
hand, many results from partial differential equations provide the same results for the density of uniformly
elliptic diffusions under weaker conditions on (some of ) the coefficients, such as Holder continuity or even
bounded and measurable. Still, many stochastic equations (e.g. stochastic partial differential equations)
do not have a partial differential equation counterpart and therefore the current results on existence and
smoothness of probability laws are limited to the case of smooth coefficients.

Here we consider a d;-dimensional diffusion

t t
Xf=z+ / b(X)ds —|—/ o(X5) o dWs, (1)
0 0

where o : R4 — R4*™ p:R4U - R4 2 € R, We assume that o is smooth and uniformly elliptic while b
is measurable and bounded. Here W denotes a m-dimensional Brownian motion defined on the probability
space (2, F, P) and the above stochastic integral is the Fisk-Stratonovich integral. Under these conditions,
we obtain the existence and smoothness of the density of Y; where Y; = fot P(X%)ds where 1 : RTt — R% is
a smooth function with bounded derivatives. Note that this random vector is non-elliptic in the sense that

there is no Wiener component in the equation for Y and that the system (X,Y") is of dimension d = d; + ds.



Now, we introduce our main condition. Define the vector fields
d2 d1 m
0 1 0
Vo = i — = 010;04—=—,
0 ; i 0%itd, 2 z'jz::l ; 195014l o

0 .
‘/Z:Z(Tﬂaix],lglgm
Then, define

Ao ={V1,.... Vin}

A, ={[V;,Z);i=0,...m,Z € Ap_1},n > 1.
We assume that there exists k € N and ¢y > 0 such that that for all £ € R? and z € R%

Yo (V@8 = el (2)

Veur A
For example, in the one dimensional case (d1 = do = m = 1), if we assume that |¢)'(x)] > ¢ and o is

uniformly elliptic then the above hypothesis (2) is satisfied.

Our goal is then to prove

Theorem 1. Consider the random vector Y; = fotw(X;”)ds where X satisfies (1). Assume that the coeffi-
cients o and Y are smooth with bounded derivatives, b is a bounded and measurable function, o is uniformly

elliptic and that the system (X,Y) satisfies (2). Then the vector Y; has a smooth density.

The regularity of the joint density of time averages of diffusions is a problem that appears in various
applied fields ranging from average quantities in economics, finance® and filtering problems? between others.
One possible example is to consider one dimensional diffusions with drifts that have a discontinuity of the
first kind (for some examples, see e.g. [27] and the references therein. Also see the references on existence
and uniqueness of solutions for SDE’s with irregular drift).

From the mathematical point of view, another related attempt to deal with irregularities in the coefficients
of the diffusion using Malliavin Calculus can be found in [26]. Note that if we are only considering the density
of the random vector X then the problem could be studied by using techniques from partial differential

equations as can be seen in [15] or [24] but only limited regularity is obtained. The goal of the present

INotably the Asian option considers as its main random variable the integral of the stock price

2The signal process is an example that belongs to an extended version of the above theorem to be considered in Theorem 7.



research is to try to establish an extension of the Malliavin Calculus technique to deal with situations where
the drift is irregular.

Our method of proof can be succinctly explained as follows. First, we use Girsanov’s theorem in order
to remove the irregular drift from the stochastic equation. This is why we require uniform ellipticity. This
reduces our study to the case where the stochastic equation is regular driven by a new Brownian motion, say
B. Still, one has to deal with the non-smooth change of measure as this will appear in the expression for the
characteristic function.

The change of measure is then expanded using It6-Taylor expansion up to a high order. We prove that the
residue is small. The problem is to be able to carry out the integration by parts formula without requiring
derivatives of the multiple integrals as they contain the non-smooth drift..

Next, we divide the integration region of the multiple stochastic integral so that a fixed interval is not
included in the region of integration. We call this interval, [y, a3]. Using this interval we take advantage
that the noise B within this interval regularizes the irregular drift by use of conditional expectations.

Then we perform a conditional integration by parts (ibp) in this interval with respect to B. If we perform
a usual ibp we will not avoid considering derivatives of the drift.

The final idea consists in taking expectations with respect to the Wiener process, B, in the interval

[¢1392 ] in order to regularize the drift appearing in the multiple integrals, and then applying the ibp in

a1tas

2] (where no drift appears) as many times as necessary, in order to obtain the smoothness

the interval o,

of the density. Here is where the additivity of Y plays an important role.

The method just described is rather general and can be applied to many situations. In fact, we will
consider a slight generalization of the problem proposed here (see also the conclusions section at the end of
the article).

This article has the following sections. In section 2, we give the main set up of the problem. In subsection
2.1, we give notation from Malliavin Calculus that will be used in this article. Then in Section 3 we give our
general set-up for the problem and the generalization of Theorem 1 which we prove in Section 4. We close
with the proof of Theorem 1 and an Appendix where some preliminary estimates are proven.

Throughout the article, we assume that all stochastic differential equations have unique strong solutions.

In recent years, various applications of the system described here have appeared (in particular the 3D-Navier



Stokes equation between others) and has led to the study of existence and uniqueness of stochastic differential
equations with irregular drifts in weak and pathwise form (the interested reader may look at [2], [25], [5], [3],
[4], [6], [10], [11], [16], [17], [22], [18], [28] between others). In order to avoid this discussion, we decided to
use a set-up where the Girsanov theorem has already been applied (see Section 3).

For a multi-index a = (as, ..., ) € N¥, we denote its length by || = k. Without further mention we use
sometimes the convention of summation over double indices (Einstein convention). When the exact values
of the constants are not important we may repeat the same symbol for constants that may change from one
line to the next. These constants will be denoted by an over bar symbol. For a matrix A, AT denotes the
transpose of A.

Vectors will be always considered as column vectors except for vectors denoting time which are considered
as line vectors. For a vector of time variables s = (s1, ..., $»), we use the following notations: ds = ds,...dsq,
s7 = (s1,..., 85), 8" = (sj,..., 8). Similarly we denote by 7’(s) and 7*(s) the projection operator for the
first + components and the last ¢ components of s respectively. Sometimes, we may use s to denote a real
time (instead of a vector one) integration variable. The difference should be clear from the context. Partial
derivatives will be denoted by 0, f(z), € R™ where this means the i-th variable appearing in the function
f. For a multi-index o = (g, ..., ) € {1, ...,d}* we denote (i0)"* = i~F Hle 01, 107> = Hle 0,1 and
0o = Hle Oa,- The inner product between two vectors « and v is denoted by u-v. Similar notation is used for
products of vectors and matrices or between matrices. Stochastic processes may be denoted interchangeably
by X(t) or X;. As usual, constants may change from one line to the next even if the same notation is used.
Finally, j will denote the imaginary unit and although there may be a slight abuse of notation (occasionally

j may denote an index in a summation) the context will determine clearly the intended meaning.

2 Preliminaries

Let (2, F, P, (Fi)i>0) be a filtered standard m—dimensional Wiener space with filtration given by F; ( see
[8] Chapter 1, Section 2.25). We will use the following classical result which characterizes the existence and

smoothness of densities

Lemma 2. Let F be a random vector and denote by hr(0) = Elexp(j6 - F)] its characteristic function. If



for k € N, we have that

/H@H’“ hp(6)|d6 < o0

then F has a density and it belongs to the class CF.

Note that in order to obtain the smoothness of the density of F' it is enough to prove that for any £k € N

there exists a positive constant Cj, such that for all ||| > 1, we have that ||0]|* |hr(0)] < Ct.

2.1 Malliavin Calculus

We give a brief introduction to Malliavin Calculus. For details, we refer the reader to [7], [19], [20] or [21].
From now on we fix 7' > 0. For any measurable function h € L?([0,7]; R™) =: Ho 1 we denote its stochastic

integral by W(h) = fOT h(s) - dWs and by S the class of smooth functionals
S§= {F (B = f(W(hl)a 7W(hn))7hlv ahn € 7_[O,T; f € C;;C(Rn7]R)an € N}

Here CJ° denotes the class of C°°~functions with at most polynomial growth at infinity. For /' € S we define

the Malliavin derivative as

DIF =" 0;f(W(ha), ..; W (hy)HL(t).

i=1

For k € Z, and p > 1 we define the following semi-norms
e L :
1Pl = <E[|F|p] +E [IID’FII’;?;D

i=1
1D Fllye;, = /0/0 D% o FlPdsy..ds;

As usual, |Fllop = |F||,- If we complete these semi-norms appropriately, one defines the space D¥P. In

1
2

such a case for F € D®P, we can define the k-th order derivative as Dy, .. .s;F = Dy, ..Ds, F. As with
multiple derivatives we use the symbol D¢ F for a multiple derivative with respect to the noises indexed in
« at the times indicated by the time vector s. Furthermore we define the space of smooth random variables
D> = ﬂkprk’p. Similarly, for a Hilbert space V and a V-valued random variable one can define D*P (V)

and D (V). In particular, for a R-valued random process us, s < T, we define the following semi-norm

1
P

k
ullkp = E[H“H?—Lo o+ E|||ID"|l} i1
) Hy
i=1 ’



We define the Skorokhod integral ¢ as the dual operator of the closable operator D. When ¢ is restricted to
Fi-adapted L? stochastic processes {us, s < T} then the Skorokhod integral coincides with the Ito integral
d(u). For this reason we sometimes write 6(u) = fOT ug - AWy or 6(u) = foT ut - OWy if we want to be more
explicit. Furthermore if u is an element in the domain of § (this is the case if e.g. u € D%2(L2[0,T])) and

F € D'2 and it satisfies E [F2 fOT ufdt} < oo then
T
0

is satisfied provided the right hand side is square integrable and furthermore we have the following duality

T
/ D,F - utdt] . (3)
0

Definition 3. For a random vector F = (F*!, ...,Fd) S (DL?)d, we define the d X d Malliavin covariance

formula

E[F§(u)] = E

matriz Mp

My =< DF',DF’ >4, . . (4)

If we have that for any p > 1,

E[(det Mp)™P] < 400
then we say that the random vector F' is non-degenerate.

In order to simplify notation we sometimes consider the d x m matrix DF = (DI F?),; for F = (F!, ..., F%).

We also have the following integration by parts formula.

Proposition 4. Let F € (Doo)d be nondegenerate and let G € D>, ¢ € Cp°. Then for any multi-index
ac{1,..,d}* we have

E[aad)(F)G} - E[¢(F)HQ(F3 G)]
for a random variable H,(F,G) € D> which has the following explicit expression
H(al,u,ak)(F’ G) = H(ak)(F’ H(alx-n’ak—l)(F? G))
Hon(F,G) = §(G (M) DF).
Furthermore there exists positive integers B, v, q, n1 and ny such that

|Ha (., < O (det Me) | * IDFIT , 1Ga- (5)

al,y



We will also use conditional Malliavin Calculus in various part of the article. For this we introduce the
notation

Ei[G] = E[G|F]

k ;]
[ [|¢,t+hk0 = (Et[|F|p]+ZEt {|DiF||p D , FeD* k>1,p>2 h>0.

®i
: Hiten
i=1

We also use the following notation for the Skorohod integral d; ;4 (u) = f th

. Us - dW,. We remark as

before that if u is in the domain of § and E {FQ fOT ufdt} < oo and F € D2 then we have the duality

formula

t+h
By [Fogpyn(u)] = Ey
t

D,F - u5d8‘| (6)

if both terms inside the expectations are conditionally square integrable. In many situations we will have
to change probability spaces in order to carry the Malliavin Calculus in the standard Wiener space, given
that the quantity to be computed is determined only by the law of W. We will do this without any further
mention.

Note that usually the space H used in the definition of the Malliavin covariance matrix (4) is H = L?[0, T).
Some other times we may use H = L2[t,t + h]. In such a case we may use the notation Ml[f’t+h], H,[f’H_M
ete.

In the next result we give an extension of various classical theorems that can be found in [20], [9], [12],
[13] and [14]. The proof is quite similar so we leave it for the reader. We will apply the following results in

various situations.

3 Problem set-up and main result

The problem that we will treat is the integration by parts formula for the following expression

h(O) = E [exp(j6 - Y )o(t)]

t 1 t
p(t) = exp (/ b(X2) - dW, — 5/ bTb(Xg’m)ds>
0 0
where W is a m-dimensional Wiener process and

t t
X =t [0 [ o, (™)



t t
Yor =yt / P(XE)du + / P(XET) o dW, (8)

for z = (x,y). The following hypotheses will be used in our main theorem:

Hypothesis (A1): b:R% — R™ is a bounded and measurable function.

Hypothesis (A2): All the coefficients b : Rh — R4, g : RD — RAxXm 0 Rh 5 RdzXm apd
Y : R4 — R% are smooth with bounded derivatives.

Hypothesis (A3):07c(z) is an invertible matrix for all x € R™.

Remark 5. 1. The process Y* (%9 will appear frequently in our calculations so we may simplify the notation
to Y*r = Y50 - Similarly, we will also use Y; = Yto’m and X; = Xto’x. Note that due to the fact that
the initial value of Y is zero the flow properties are slightly modified. In fact, the classical flow property is
written as

exp(j0 - V%) = exp(j0 - YOF) exp(j6 - Y 7Yy, )

2. We also remark that under hypothesis (A2), we have that there exists a pathwise unique solution for (X,Y)

and it has smooth flows satisfying the Markov property. We define its associated semigroup by
P.f(2) = EIf(2])]

for Z;% = (X", Y;>%). Note that the following basic estimate is satisfied
1Pef(2)] < Clifllos -

3. Furthermore under hypothesis (A83) we remark that

(0To) to(X,)T (b(Xt)dt - dXt) = dW,

and therefore

is satisfied. Here



Therefore we also have that X satisfies the Markov property(see e.g. [23] Section V.6 Theorem 32). For

example, we have

f < / (X)W, + / bgz<Xs>ds> | 3 f ( / (X)W, + / ng<Xs>ds) | Xa] .

This property can also be generalized to multiple stochastic integrals.

E =B

We define the vector fields associated to Z

dq m d2 di m
VO—Zb +Z’(/)z - = 220718 Uzl Zzzaﬂaj%l
i=1 896“1 zj 11=1 11] 11=1

d
Vi = Zla'jz +Z<sz , 1<i<m.
i=1 Ljtdy

We assume that there exists k € N and ¢ > 0 satisfying that for all ¢ € R? and = € R%

S V@), = e llgl. (10)

Veur_ A

This condition is a uniform version of the Hormander condition. Furthermore we also have the following

classical result.

s,t.k,p =

Theorem 6. Assume Hypothesis (A2) and (10). Then Z;* := (X;"*,Y;>*) € D*> and in fact || Z;*

C(1+ ||z||)* for any s <t and k, p € N and some positive constants C and p. The Malliavin covariance

matriz has all inverse moments. That is, there exists positive constants C and p such that
E [(det M[Zigfl)p} < C(t—a) "1+ ||2])"
for all a € [s,t) and there exists positive constants C = C(a) and p = p(a) such that for any multi-index o
|z | <oatpay - a7 (11)
Therefore the semigroup associated to Z;'* satisfies
0 Prf(2)] < OO+ [l2[)" 7 [ Fll o
and in particular, the characteristic function of Z;** satisfies
(B [e 4] | < o 2y - ) o)~

for any 6 € R¥*TY — {0}, any k € N and some constants C and u. Therefore Z;”* has a smooth density
ptfs(zv ) .

10



We will prove the following result which is more general than Theorem 1.

Theorem 7. Assume hypotheses (A1), (A2), (A3) and that the system (7)-(8) is uniformly hypoelliptic in

the sense of (10). Then there exists constants Cj, such that for all k € N, we have for all § € R
101% 18(0)] = 101" | E [exp(i6 - Y2 ")o(0)]| < C

The conclusions on the densities of Y will follow from Lemma 2.

4 Proof of Theorem 7

The goal is to prove that [|0]|* |h(#)] is a bounded function of @ for any k > 0. We start with a Lemma which

expands h(#). The proof uses the Itd-Taylor expansion.

Lemma 8. For any 0 € R and t > 0, then

h(0) = Elexp(j0 - V)] + E[In(t,0) + Ry (t,0)] (12)
where
N
In(t,0) = exp(j0 - Vi) Y In( (13)
/ / / Sn dWSn b( 81) : dW51
Ry(t,0) = gt(o,x)/o /081 /OSN Pon i1 b(Xsnir) AWy ,y-b(Xs,) - AW,
Furthermore
ey (@ el ) T
E[|Rn(t,0)]] < exp (2 ¢ Hb||oo) = (14)

Here C(d) is a universal constant that only depends on the dimension d.

Proof: First we just need to apply the Ito6 -Taylor expansion of p as follows

N B t S1 SN _ B
= ZIn(t)—i—/ / / Pin i Xsn 1) - dWiy oy (X)) - dW,.
el 0o Jo 0

In order to obtain the estimate on Ry (t,6) we just perform an L?({2) estimate as follows

2‘| 1/2

E[|Ry(t,0)| < E cAWip iy b( X)) - dW,

p5N+ll_)(XSN+1)

£ [ll,)

< exp (2724 p2) {21

(N+1)

11



Note that here we have used that

B [p?]

_E [exp (2 /0 BXL) - W, — 2 /O t bTb(Xs)ds> exp ( /0 t bTb(Xs)ds)]

<exp (¢]]p]2,) -

Considering the result in Lemma 8, we have to find upper bounds for each of the terms in (12). We will
start with each of the terms in the sum (13). The important idea is to separate the domain of integration in
each integral I,, in a clever way so that we can apply the integration by parts formula. In order to do this,

we define for each n € N, i = 1, ..., n the following points: a; = % and b; = Q?fl. and the following sets

A" = {(81, s 8n) € [0,t]"; 80 < ... < 81 < t}
A;ﬂ = {(81, ,Sn) S [O,t]";sl > A1, 8i—1 > Qj—1, 54 S ai} nA"

Al =A{(s1,..,8n) €[0,8]";51 > a1, .., Sp—1 > An_1,Sn > an} N A™.

7

What will be important in what follows is that on A?, we have that as s; < a; and s;_1 > a;_1 then

Si—1 — 8; > aj—1 — a;. Then we also define the sets for n € N

AP =" AD), i=2,....,n

e

AP = 7L AT =1, . n.

Then we have the following important decompositions. The proof is straightforward

Lemma 9. Forne N andi=1,...,n we have
n
A = AT+ A (15)
i=1
Furthermore AY = A} and forn € N and i = 2,....,n we have
Al = AT x AP (16)

From this lemma one obtains the following decomposition for the integrals in (13).

12



Lemma 10. Forn € N, we have
L(t) = U +) OpUr+ Uit (17)
i=2

where U and Ul € F,, are given by

ur :/ Lan (8" (X, ) - AW, b(Xs,) - dW,, i =2,...n (18)
[0,4)i—

Uy = /[0 s M B ) Wi B AW =, (19)

i

_ —i41
The following L*(Q) estimates are also satisfied: |Ul||o < ||b]|7% 1 o and | U

(n—i+1)! a;—1,t,0,2 < ||le 1(

a;_1)"7 L
Proof. The proof starts from the previous lemma as
Ln(t) = [ig.qn Lanb(Xs,) - AWy, . b(Xs,) - AW,
Therefore by (15), we first decompose the above stochastic integral in n + 1 stochastic integrals. The first
and the last are already the integrals announced in (17). The last term in (17) follows because A?T] = A%,
For the other stochastic integrals one uses (16) and finally note that U € F,, and therefore the first
inner n — i + 1 stochastic integrals can be taken outside of the external i — 1 integrals as their region of

integration is always taken for values of time strictly greater than a;. The L?(f2) estimates for U and U}

follows straightforwardly from the Ito-isometry. O

Proof of Theorem 7. Our goal is to prove that ||0||* |E[ei9‘Y‘H < CY, for ||0]] big enough. Throughout
the proof various constants may depend on k£ but this is not important as k is fixed for the rest of the proof
(although we may try to be explicit at some points).

First, we note that due to (12) we will only consider its middle term (the other terms which are simpler

will be analyzed at the end of the proof):

N
E[In(t,0)] Z [exp 30 - YL (t )] : (20)
Furthermore considering (13) and (17) our goal can be decomposed as follows: Prove that for any k € N,

any 6 € R% with ||| big enough, there exists a constant Cy, x so that for i =1,...,n
10" |E [exp(j0 - Y)TUT]| < Co (21)
101" |E [exp(j0 - Y)UFUP]| < Cogy 0= 2,01 (22)

1611* | E [exp(j6 - Yo) U] |

n

N
2
T
—~

[\)

w
~

13



The proof of the first and third statement follow by a simplification of the argument for the second

inequality, so we just prove the second. In fact, using the flow property (see Remark 5.1 (9)), we have

)
3l

a;—1,X

E [exp(j6 - Y2)UPUT] E [exp(je Y, )U'E [exp(]9 Y, “Hpn

E |exp(j6 - Yo, )UL'E [exp(j6 - Ya " )F'(Xa, )

K2

Here we have obviously defined

a;—1,X

Fr(z) = FP(236) == [exp(Je Y, “Hpn

Xo, | = x] . (24)
The important issue in the above decomposition and the calculations to follow is that as b is not smooth
then U and U}* are not smooth random variables in the Malliavin sense and therefore a direct application of
the integration by parts formula in (22) or (24) using Proposition 4 would not work. Instead, we will use the
partition of time intervals given in Lemma 9 so as to allow for the application of partial Malliavin Calculus
or conditional integration by parts in the appropriately selected time interval [a;, b;].
Now, let ¢I'(z) = ¢?(z,0) = exp(j0 - y)F'(x) where z = (z,y). Therefore using the definition of the

semigroup P and the flow property as explained in Remark 5.1, we have that
E [exp(jﬂYQUfUﬂ = [exp(y@ Yy U Pa. b, (X )] (25)
. T . a;,Xaq, n
= B |exp(j0 - Yo, )U'E [exp(j6 - Yy ™) Pay_, 0,0} (Xbi,O)‘ Fa]

Now, we perform integration by parts in the inner conditional expectation with respect to the multi-index

B € {dy +1,...,ds}P on the interval [a;,b;] and the function gI*(z) = exp(j6 - y)Pa,_, b, ¢} (x,0). This gives

(here we abuse the notation, letting Za“ Y= Z;:’(X“"’O))

B [exp(je Y ) P07 (X, 0)| B

)

aI,X
b;

= (0B | 95912,

Fo]

= GOy B [grzy Tl (23 )| F

(1) PE [exp(i0 - Yy ) Py 0,67 (X O S (2375 1) | R ] (26)

where 8 = (81 — di, ..., Bjg| — d1).

We will now bound each of the terms in (26). Note that from Remark 5.2, (24) and Lemma 10, we have

HPaifl*bi(b?(Xbiﬂ 0)

ait02 < Clloflle < CIF oo < CIU

a;—1,t,1

IN

ClBlIE (t — ai—1)' ™" (27)

14



Furthermore, using Theorem 6 (in particular (11)), the following estimate is valid for some non-random

constants p;, i = 1,...,4, C' and pu

e (71

< C(bi—ai)™" (1+ ]| X, ]D)" (28)

ai,bi,0,2
Putting (27) and (28) together in (26) and (25) successively with the obvious equality | exp(j6 - y)| = 1,

we obtain the following upper bound
|E [exp(j0 - Y) U U7'] |
< C (b — as) Bt — 0 1)H1GO)PIE 1071 (1 + 1 X )]
Using Lemma 10 (bound of the L?(€2)-norm of U*)and Theorem 6 (bound for the L?(Q)-norm of || X,,||), we

obtain that there exists constants C' (depending on z and |8]) and p (depending on |§|) such that

n7i+1(t — ;)i

0.y \UrUr | < ) e b &
B fexp(8- YOU U] | < C (b = a) 6177 [ 2 Lty (29)
This finishes the proof of (22). Similarly, one also obtains the proof of (21) and (23). That is,
|E [exp(j6 - Y2)UT]|
= |B [exp(i0 - Ya) P E [ (50) 7 exp(io - v/ oy z e 1) Fay |
< CloIP Bl 2 (t = a) (30)
|E [exp(j6 - YU, |
_ . n+1 7,5 L|mn n_—u
= |E [exp(0 - Yo, ) (Xa )] | < ClOIPIBIZ (¢ — an)"az”. (31)

Summarizing, we have that the first term in (12) satisfies by direction application of Theorem 6 that
[Blexp(jo - )| < Ot 16,

Similarly, the second term which has been decomposed as in (20), had been studied in three separate terms

(29), (30) and (31). Adding all of them, one obtains a bound of the type
B [In(2.0)] | < Clo| " MY,

for some positive constants C' and M. And finally the third term in (12), had been bounded in (14). Therefore

putting all these terms together we obtain the following estimate for some positive constant M,
|h(0)] < |6 P MY + MNTV/2 (N 4 1)171/2,
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As limy oo % = oo for any constant ¢ > 0, we have that there exists Ny such that for any N > Ny
M(N+1)/2 (N < 1)!—1/2 S M_2N.

Finally one takes N = logM(|0|B)1/2 with 0 satisfying logM(\tﬁ)|B)1/2 > Ny. From here we obtain our final
result:

()] < C(10]7)/2,

for |9|,é > 1. Therefore the statement of Theorem 7 follows from the inequality ||0]] < max{|6;]; i = 1,..,ds}

O

5 Proof of Theorem 1

Here we assume that o is smooth and uniformly elliptic and therefore of full rank. Then given a bounded
measurable b : R* — R% there exists b : R — R™ measurable and bounded such that b = ob. We apply the

setting in section 3 as follows : b =0, ¢ = 0 and let X be the unique pathwise solution of the equation
t
Xi==x +/ o(Xs) o dWs.
0
In this setting we apply the results of the previous section. Then if we define the change of measure

t t
= exp (—/ b(Xs) - dWy + 1/ bTb(Xs)ds) .
Fi 0 2 0

Then we have that under @, B, = Wy + f(f B(Xs)ds is a F-Brownian motion. Therefore the result in

dP

dQ

Theorem 7 implies that the characteristic function of

t
Y, = /O B(X,)ds

decreases rapidly to zero as ||6]| — oo where X is given by
t t
Xi=x+ / b(Xs)ds + / o(Xs) o dBs. (32)
0 0

Therefore by weak uniqueness of solutions, the law of X in (32) and the law of the solution of (1) are the
same. From here we obtain the result. (]
Final Remarks: We have presented a general and simple method to prove the smoothness of densities

of random vectors generated by additive functionals of stochastic systems with measurable bounded drift.
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From the arguments is clear that one may further weaken some of the conditions on b as long as the Girsanov
change of measure can be performed. In that sense, b may depend on time, be somewhat random or have
linear growth.

Also one can use the same method of proof to deal with the case

v = [ wxan)
where p has an accumulation point in its support. That is, there exists zy such that for any € > 0, we have
wl(xo — €, 20 +€) — {zo}] > 0.
Other possibilities include the possibility that this method can be used to obtain upper bound for the
densities. Lower bounds can also be possibly be obtained but refined techniques are needed (see e.g. [1] or

[9]). Many other extensions can be considered, such as the case of stochastic partial differential equations.
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