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Abstract

In this article, we generalize the lower bound estimates for uniformly elliptic diffusion pro-
cesses obtained by Kusuoka and Stroock. We define the concept of uniform elliptic random
variable on Wiener space and show that with this definition one can prove a lower bound esti-
mate of Gaussian type for its density. We apply our results to the case of the stochastic heat
equation under the hypothesis of unifom ellipticity of the diffusion coefficient.

1 Introduction

Professors S. Kusuoka and D. Stroock developed in a series of three long articles the set up for a
variety of results about densities of diffusions that became one of the inspiring cornerstones on the
topic of applications of Malliavin Calculus for random variables on Wiener space and in particular
to solutions of various stochastic differential equations. Now we can use this technique not only
to investigate the existence and smoothness of densities but also its positivity, the support of its
law and large deviations principle between other properties. In Part III of their series of articles
(see [13]), Kusuoka and Stroock proved that the density of a uniformly hypoelliptic diffusion whose
drift is a smooth combination of its diffusion coefficients has a lower bound of Gaussian type. Their
results were the first known detailed global extensions of analytical results obtained in [18] and [4].
In particular, they found particularly refined expressions that related these lower bounds with the
large deviations principle for diffusions.

In this article, we intend to extend their results to various other uniformly elliptic situations that
can not be directly deduced from their article as they specifically use the structure of a diffusion
with a particular condition on the drift. This condition which is the result of the use of the Girsanov
theorem essentially means that the drift has to be a smooth multiple of the diffusion coefficient.
This restriction is not binding in one dimension, given that one is assuming the uniformly elliptic
condition, but it is highly restrictive in higher dimensions. On the other hand, we partially give
up on the idea of finding a very explicit expression for the exponent of the Gaussian density and
instead use an Euclidean norm which is equivalent to the distance appearing in the large deviation
principle under uniformly elliptic conditions.

The general idea of Kusuoka-Stroock’s result is to expand the diffusion using the Ito6-Taylor
expansion, then consider the main term in this expansion. Their results rely heavily on a Lie
algebra structure of multiple stochastic integrals generated by the Wiener process and therefore the
use of the Girsanov theorem becomes natural.
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In this article we will neither use the Girsanov theorem nor the Lie algebra structure of the
stochastic integrals involved. Thinking about several applications in stochastic processes at the
same time it becomes obvious that one can not expect such a nice structure of the multiple integrals
which will in general combine stochastic and Lebesgue integrals. On the other hand, one can expect
that such lower bounds for the density of a big class of elliptic stochastic equations should be satisfied.

Instead of dealing with the problem on a case by case basis we will provide a general theory and a
definition of uniformly elliptic random variable on Wiener space which most probably can be applied
to a wide variety of situations. This definition implies, in particular, that the random variable is
non-degenerate in the Malliavin Calculus sense. With this general definition in hand we will show
that such random variables have densities with Gaussian type lower bounds. As an example, we
apply this result to the stochastic heat equation. Various other cases possibly follow by applying
the general theorem given in this article (Theorem 5). Other possible applications of our results
are in the cases of the solutions of the stochastic Volterra equation, stochastic partial differential
equations, and the functional delay equation. We treat one of these examples and leave the rest for
future publications.

In our general theory, we admit that the variance of the random variable X; in question could be
of any order. In particular one could think of examples where the variance is of order t* for a > 0.
In the diffusion case a = 1. In a later section, we study the case of the stochastic heat equation
where a@ = 1/2. The reason for the decrease in the order is due to the degeneracy of the Green
kernel around time 0. One could also develop other examples with time dependent coefficients with
various values of a. For example, for the case of biparametric diffusions one has o = 2.

One can certainly create particular situations were « takes any other value but those cases
require to develop ad-hoc theorems of existence, uniqueness, smoothness, etc. For this reason we
have preferred to use the stochastic heat equation as an example as most of its smoothness properties
related to Malliavin Calculus are well known.

The main result of existence of lower bounds for densities of random variables in Wiener space will
depend on two conditions. The main one being that for all sequence of partitions of the time interval
of the subjacent Wiener process there exists a sequence of successive approximations to the random
variable indexed in the partition (this is condition (H1) in Theorem 5). Next we require that these
approximations have a series decompositions of the Ito-Taylor type. When this series expansion is
truncated at some order we require a series of conditions encapsulated in (H2a)-(H2d). These are
mostly regularity properties except for the property describing the heart of the concept of uniform
ellipticity, (H2c).

This property essentially requires that each difference of two adjacent random variables in the
approximation sequence can be decomposed as a non-trivial Gaussian term (this will be made explicit
in condition (H2c)) and another term which is of smaller order than the Gaussian term (condition
(H24d)).

The proof of the main theorem is based on ideas laid by Kusuoka and Stroock. Nevertheless
several new problems appear due to the generality of the statement. The first is related to the fact
that diffusions are Markov processes while in our general set-up such property can not be expected.
In fact, Kusuoka and Stroock’s approach is based on the Chapman-Kolmogorov formula. We deal
with this problem using conditional expectations for the approximation sequence and at first hope
that one can estimate these quantities uniformly for w € Q (see hypothesis 1 in Theorem 1 and
hypothesis A3 in Theorem 3). At first we assume that there is a lower bound estimate for these
conditional expectations in small time. Then in Theorem 5, we prove that our hypotheses (H1)-
(H2) imply the existence of this lower bound. Obtaining this lower bound is done through the
truncated approximation series expansion mentioned previously. Therefore the introduction of the
truncated series expansion becomes natural as we want to control (uniformly) the Gaussian behavior
of the approximation sequence.

Possible applications of these lower estimates for densities can be found in capacity theory ( see
[2]), statistical estimation theory ( see [5] and [6]) and quantile estimation (see [19]).

Section 2 is composed of some notions of Malliavin Calculus used throughout the text. Section
3 contains the main definition of uniformly elliptic random variable and the proof of the main
Theorem under the hypothesis of the local estimate for the conditional density in small time for



the approximation process. In Section 4 we treat the case of the stochastic heat equation. In the
Appendix we give some accessory results on the stability of the Malliavin covariance matrix of the
approximations as well as some needed estimates for the study of the bounds for the density of the
stochastic heat equation.

Cye (R9) denotes the space of real bounded functions on R? such that they are infinitely differ-
entiable with bounded derivatives. C;C(Rd) stands for a similar space but the functions and their
derivatives have polynomial growth instead. C, ¢, m and M denote constants in general that may
change from one line to another unless stated otherwise. || - || without any subindices denotes the
usual Euclidean norm in R!. The dimension [ should be clear from the context.

2 Preliminaries

Let W be a k-dimensional Wiener process indexed in [0,7] x A with A C R™. Our base space will
be a sample space (2, F, P) where the Wiener process will be defined (for details see [16], Section
1.1 and [17]). The associated filtration will be defined as {F;0 < t < T}, where F; is the o—field
generated by the random variables {W (s, z), (s,z) € [0,t] x A} with A C R™. On the sample space
(Q,F, P) one can define a derivative operator D, associated domains (D™, ||-||,, ) where n denotes
the order of differentiation and p denotes the LP(Q2) space where the derivatives lie. We say that F'
is smooth if F' € D*® = N,eN p>1D™P. For a g—dimensional random variable F' € D2, we denote
by ¢ r the Malliavin covariance matrix associated with F'. That is, w}j =< DF* DFJ >;» 0,T]x A-
One says that the random variable is non-degenerate if F' € D> and the matrix ¥ is invertible a.s.
and (detr)~! € Np>1LP(2). In such a case expressions of the type E(d,(F)), where &, denotes
the Dirac delta function, have a well defined meaning through the integration by parts formula.
Obviously in such cases one can also define E(d,(F)) as the limit of E(¢,(F — y)) as r — 0 with
() = (2mrd) ~1/2 exp(—L2l2y,

The integration by parts formula of Malliavin Calculus can be briefly described as follows. Sup-
pose that F' is a non-degenerate random variable and G € D*°. Then for any function g € C;°(R?)
and a finite sequence of multi-indexes 5 € U;>1{1, ..., q}!, we have that there exists a random variable
HP(F,G) so that

E(¢°(F)G) = E(g(F)H?(F,G)) with

| P (F, G)Hn,p < C(n,p,B) ||det(vop) " Z: IE NG 1G] g (1)

for some constants C(n,p, 3), a, b, d, p’, a’, ¥/, d’ and B € U>1{1,...,q}!. Here g” denotes the high
order derivative of order {(3) and whose partial derivatives are taken according the index vector g.
This inequality can be obtained following the calculations in Lemma 12 of [15]. In some cases we
will consider the above norms and definitions on a conditional form. That is, we will use partial
Malliavin Calculus. We will denote this by adding a further time sub-index in the norms. For
example, if one completes the space of smooth functionals with the norm

IFlly, = (EFI®/F))?

£

T
2, = ||F||§,S+E</ |DuF| du/F.),

S

we obtain the space D!2. To simplify the notation we will sometimes denote E,(-) = E(-/Fs) and P
the respective conditional probability. Analogously we will write H? and 1 (s) when considering
integration by parts formula and the Malliavin covariance matrix conditioned on F,;. That is,

W (s) =< DF',DF’ > q)xa. Also we say that F € ﬁiz when F € Dy? and [|[F||,,, €
Np>1LP(£2). Similarly, we say that F' is s—conditionally non-degenerate if F' € ﬁ:o = ﬂneN,p>1ﬁ:’p
and (det ¥ p(s)) ™ € Np=1LE(Q). In such a case, as before, expressions like E(d,(F)/F;) have a well
defined meaning through the partial integration by parts formula or via an approximation of the
delta function.



We will also have to deal with similar situations for sequences F; that are F;, —measurable
random variables, ¢« = 1,..., N for a partition 0 = #y < t; < ... < {y. In this case we say that
{Fi;i=1,..,N} C D uniformly if F; € ]D)toj_1 for all i =1, ..., N and for any [ > 1 one has for each

n,p €N l

n,p,ti—1 < 00.

sup sup FE | F
N i=1,.,N
In what follows we will sometimes expand our basic sample space to include further increments
of another independent Wiener process, W (usually these increments are denoted by Z; = W (i +
1) — W (i) ~ N(0,1)) independent of W in such a case we denote the expanded filtration by F; =
FiVo({W(s);s <i+1,t; <t}). We do this without further mentioning and suppose that all norms
and expectations are considered in the extended space. Sometimes we will write F' € F; which
stands for F' is a F; -measurable random variable.

3 General theory

We start first with a result that will be useful only for very particular cases of random variables that
are approximately Gaussian locally. Nevertheless this result shows clearly the natural idea that in
order to obtain lower bounds for densities one has to generalize local estimates to global ones. In
order to carry out this idea one usually uses some type of Markov property related to the random
variable in question. Here we do this but without requiring explicitly this Markov property. In
general all constants appearing in the rest of the article will be independent of T', w, the variables
Y1, YN, or the chosen partition (see the next main set-up) unless explicitly stated otherwise. As
the frame throughout the section is the same we will describe it here.
Main set-up: Let F € F;.

a. Suppose that there exists € > 0 such that for any sequence of partitions 7y = {0 =ty < t; <

. < ty = t} whose norm is smaller than e and |7y| = max{|t;1-1 — ];¢ = 0,...,N —1} — 0
as N — oo there exists a sequence F; € L?(Q;R%), i = 1,...,N such that Fy = F. F; is a
Fi;,-measurable random variable and is a ¢;_j-conditionally non-degenerate random variable. F;
1 = 0,..,N is an approximating sequence that will allow the application of the parallel of the
Chapman-Kolmogorov formula.
b. Suppose that there exists a function ¢ : [0,7] x A — Rs( and a positive constant C' such that
191l z2([0,77x 4y < C- This function will measure the local variance of the r.v. F.

c. Define A;_1(g) = f:_l S llg(t, 2)||? dzdt. This quantity measures the local variance as explained
in a. The general idea of the proof is to use a Chapman-Kolmogorov-like formula although the
sequence F;, ¢ = 0,..., N is not necessarily Markovian. Instead of transition probabilities we will
have conditional probabilities. Then we localize each conditional probability where we will obtain
a Gaussian type lower bound. The localization will be done in the set A; which is defined as
A; = {y € R%|ly — Fi_1|| < cA;_1(g9)"/?}. This finishes the main set up and we are now ready to
state the first theorem.

Theorem 1 Under the main setup:
1. Suppose that there exists positive constants M, ¢ and ny such that for 0 < A;—1(g) < 1o and
yi € 4 .

E(8y, (Fi)/Fi,_y) > MA, 1 (9)7?

foralli=1,....N and almost all w € €.

Under these restrictions we have that there exists a constant M' > 0 which depends on all other
constants (M, ¢, C, no, T, €) such that

o 2
exp —M'i”zy ol
Hg”Lz([O,t]XA)

2
M ||g]| %45

pr(y) >
[0,]x A)



Proof. First, we assume without loss of generality that ||9||2L2([0,T]xA) < M. Then for any N,
there exists a partition m = {t;; i = 0,..., N} with 0 = t; < ... < ty =t defined by the equalities

lgllz:
Aii(g) = —— (2)

Now we show that there exists eg such that for any e < ey and N the smallest integer such that

N
N> il =Fil

+1)
2
HQHLZ([o,t]xA)

we have that |my| < e. In fact, suppose by contradiction that for each ey there exists t; = t;(eo)
and t;4+1 = t;11(eg) such that t;11 — t; > € then choosing a converging subsequence we have that if
(tistit1) — (a,b) for b —a > e. This implies g(s,z) = 0 for all (s,z) € (a,b) x A which leads to a
contradiction. ,

Let n < 19 and assume that e < 75 A % A 5. Without loss of generality we suppose that M is
big enough so that e < {7 < ep. We also have that

2 9 -1

nmig — F

NPPLL IILEWM( Iy = Fol +1> cem.
||9||L2([o,t]xA)

Now choose N — 1 points z1, a,..., ty—1 with 2y = y and a9 = Fy so that ||z; — x| =
ly — Fol| /N, i =1,...,N. Now, suppose that y; € B(z;+1, 2cA;_1(g)'/?) for i = 1,..., N — 1, then

lyi1 —will < lNyicr — @l + |2 — zigal] + |1 — vl
1 ly— Foll 1
< ZeA; 1/2 g — 201 el 1/2
< gCAimi(g) T+ T+ cBina(9)
ol /2 l9l2qonxa)
2V N VN
< cAisi(9)?,

for i =2,..., N — 1. In the following calculation, we obtain the lower bound estimate for the density.
In the calculation to follow, we use expressions like E(d,(F)0yy_, (Fn=1)...04, (F1)) in the sense of
Watanabe (see Chapter V.9 in [7], for another way to carry out these calculations, see the proof of
Theorem 2). This and other terms of the same type have mathematical meaning through the partial
integration by parts formula. Throughout we let yy = y and yg = z¢. By Fubini’s theorem and the
positivity of E(8,(F)dyy_,(Fn—1)...6,, (F1)) for any (y,y1,....,yn—1) € R?Y we have that

B(5,(F)) = /R [ DB, (F)6 s (Fyv-) s ()i

Y

/ E(éy(F)ayN,l(FNfl>-~-6y1(Fl))dyln-dnyl-
BN By

Here B; = B(x;, 3¢A;(g)"/?). Next we use hypothesis 1 and the positivity of the Dirac delta function
to obtain that

1
> ... —_— —1).. 1.
BN = [ [ S % B (Fxn) ()

Then by induction it follows that iterating the above formula one has

N
1
pr(y) > // —  _dyidyn1.
By BQEMAi—l(Q)Q/Q ! '



Now we bound this term by below as follows

( )> 1 NNH1 |Bl+1|
PR = Ay 1(g)7/? Ni1(9)12

Next, we use that |B(x,r)] = C(¢)r? and (2). Then we have that the above lower bound can be
rewritten as

C(q)N—qu/2cq(N—1)

pr(y) —35 exp (=N log(M))
HQHqL2([o,t]><A) 4a(N=1)
Cy,N2 exp(—=NC*)
B ||g||%2([0,t]><A)
Here C; = &= and C* = log(M) —log(C(g)c?/49) > 0 (otherwise one may take a bigger constant

M in hypotheblb 1 and the previous sequence of inequalities follow as well). Finally we use that
2
e l<N< 6*1(‘”1’7&’“ + 1) + 1 to obtain that

191172 (0,41 4

qu—q/2 exp(—(1+e 1)C) exp(—e_lC'*M)

||gHL2([O,t]><A)

pr(y) = 7
91172 0,61 )

exp(—M’ szfFoH? )

”gHLz([O,t] x A)

9

M gl172 (0,67 )

for some M’ = M’'(q,c, M,e) > 1 where e = e(n, M,c,C,¢). m

A common misconception about this theorem is that one may take limits in the above proof
and therefore it becomes a consequence of a large deviation type result. This is not the case, as
N in the proof has to be precisely taken within certain bounds determined by g, e, x¢ and y.
Therefore the value of N is fixed in the above proof. Nevertheless, as we know exactly the value for
N needed one could assume that the hypotheses of the theorem are satisfied for a partition having
the properties as needed. Obviously then the partition will have to satisfy somewhat cumbersome
conditions depending on the constants of the problem.

The restriction |/g|| L2([0,T]x 4) < C actually says that the previous lower bound is only satisfied in
bounded intervals as far as constants are concerned. For ¢, T'— oo, one has to carry out a separate
study. Also it is clear from the proof that the constant M’ depends on all the other constants
appearing in hypothesis 1 such as ¢, 9 and M. Nevertheless g can still depend on other parameters
but as long as C' does not depend on them then M’ will also be independent of these parameters.
This will be the case in the next section when we treat the stochastic heat equation.

The above result can not easily be applied in most examples because the hypothesis 1 is as
difficult to obtain as the claimed result itself. In fact hypothesis 1 is a uniformly (in w € )
localized (in A;) lower bound of a conditional density of a random variable (F;) of the same nature
as the conclusion of the theorem.

Now we will try to establish an intermediary Theorem that can be applied in most examples.
Here hypothesis 1 is replaced with an approximate local estimate of the conditional density of F;
given Fy, ,

Theorem 2 Under the main set-up suppose that: -
I. There exist positive constants ¢, M, a > 1, ng and random variables C; € F;,, i =0,...N —1
satisfying that sup,_o  n E|Ci| < M and such that for 0 < A;_1(g) < no and y; € A;

1

E(0y,(F3)/Ft, 1) = A ()2

—Cic1(w)Ai—1(9)”



for almost allw e Q andi=1,...,N.
Then there exists a constant M’ > 0 that depends on all other constants such that

exp M’ lly—Foll®
Hg”iz([o,t]XA)
) > .

pF(y el /2
M’ ||9||%2([0,t]><,4)

Proof. As in the previous proof first we choose ey and let n < 179 A 1 and N be the smallest

integer such that
2
ly — Foll

2
HQHL2([o,t]xA)

N >e ! +1)

for e € (%, co) with cg = 5 A % A % A eg. As before we have that there exists a partition 7wy such
that
”gHiz([O,t]xA)
Azfl(g> - N S
In comparison with the previous proof, for reasons of clarity in the arguments, we prefer to
follow an approximative argument for delta functions. Then we have by Fatou’s lemma that for any
1y TN—1 > 0

v

E(0,(F)) lim inf /B ; E(¢r(F = y)bry_, (FN-1 = YN—1)---&r, (F1 — y1))dy1...dyn—1

r—0

/BN /B.2 [(MAN 11( ya/2 CN—lAN—l(Q)a> @y (F1 — y1)] dyi...dyn 1

1
o Bl (Fyt—yn_1)etr (Fi — 1) ) dyi..dyn—
/BN/B2 (MAN_1(9)4/2¢ (FN—1 = YN—1)--&r, (F1 yl)) Y1...dyn—1
—An-1(9)*E|Cn-1].

Y

Here we have used that
// E(|ICN-1l¢ry . (FN-1 = yn-1)--0p, (FL — 1)) dyr...dyn—1 < E|Cn_1],
By J B>

which follows from Fubini’s theorem. Next we take the limit when ry_1 — 0 and repeat the same
arguments. By induction and the arguments as in the proof of Theorem 1, we obtain that there
exists a positive constant M depending on all the constants such that

exp <_M| ly=rul? )
9IIL2(j0,41x A)
E Ai_1(9)*E|Ci— 1|/ / Vi dYN_1.
M ||g]| %45, oo I H WA, (g2

L2([0,t]x A) j=i+1

pr(y) >

Here we define the previous integral as 1 when i = N. We bound the last integral as follows

N

1 | B
——————dy;...dyn—1 < S N
/BN/IH MA,— (gyarz N = 1 MA;_1(g)/?

Jj= 7.+1 J=i+1

< ()"




From here one obtains that

exp<_M ly=Foll® ) N

19112 2 0.1 1) N Clg)et\ V"
pr(y) = e - ZAifl(g) E|C;-| 190 (3)
M ||g||L2([0,t]><A) i=1
_ 2
P <_M ClEE. )
> L2([0,t]x A) _ C(M)UO‘N

/2
M gl zz0,0x.4)

where C(M) is a positive constant and we have assumed without loss of generality that M > Clge”

449
N()W ‘ake 77 SuCh lhal
” ”2 1/(0‘ 1)
© p ( : 0 ) /\ ¢

1 ”gHi2([0 t]x A)
1 , 7/\7/\M€0/\770/\1
C" 2M |\9ll p2(0,4)x ) arz 2 !

n<

with ¢ = C(M) <2M(|yF°|Z +1)+ 1), then e > 51 = 9 and therefore

2
9172 (0,4 % 4) 2

oM — Fy?
7N < n® ((”%"'H)H) .
Mgl 720, 4

Putting these estimates in (3) we have the result with M’ =2M. =

In this theorem, one uses the full sequence of partitions. In fact, note that as y becomes bigger
1 becomes smaller and therefore one refines the partition as e becomes smaller and therefore N
becomes bigger. In the following theorem we establish that if a nice approximating sequence to F'
satisfying certain assumptions that ensure an efficient approximation with Malliavin Calculus then
the above hypothesis I is satisfied. Essentially we require that for each 4, there is a nicely behaved
approximation Fi to F;. This approximation sequence has to be as close as desired in the sense
of the conditional norms defined in the preliminaries. The degree of closeness is measured through
the parameter [. The higher the value of [, the better the approximation. 7 will be a parameter
that measures the quality of the approximation (for more on this, see Section 4). Usually this
approximation will be obtained trough a truncation of the It6-Taylor series expansion of F; — F;_1.

For this reason we refer to Fi as the truncated approximation sequence.

Also we require that the behaviour of the Malliavin covariance matrix has to be as the one of
the random variable being approximated. We also assume that the approximating sequence satisfies
hypothesis 1 in Theorem 1 (A3 below). Then we obtain that the hypothesis I in Theorem 2 is
satisfied.

Theorem 3 Under the main set-up suppose that for each | € N and for each partition mn, the
sequence {Fy;,i=1,..,N} C D™ uniformly and furthermore assume that there exists a sequence
of truncated approximations {F; = Fi; i=1,..,N} such that F; € F;,N ﬁ:il and the following
hypothesis are satisfied

Al HFZ — FiHn ot < C(n,p)Ai_1(9)HV7 for positive constants C(n,p) and 7.

A2. Define F;(p) = pF; + (1 — p)Fi, p € [0,1]. We assume that there ezists a constant C(p)
such that

sup Hdetwil ti_1
p€[0,1] Fi(p)( )

< C(p)Ai-1(g)™.
piti—1
A3. There exists positive constants M, ng, ¢ such that for y; € A; and A;_1(g) < no one has
that 1

E(6y,(Fi)/Fi,_) = MDA 1 (g)7?



for almost all w € Q. Then the hypothesis I of Theorem 2 is satisfied with o = (I + 1)y — ge1 where
c1 is a positive constant. Therefore one has there exists a constant M’ that depends on all other

constants such that
exp | =M’ H2y—F0H2
Hg”LQ([O,t]XA)

q/2

pr(y) >
M’ ||9||L2([0,t]><A)
Example 4 In this example we show that the condition A2 on the Malliavin covariance matriz of

F; is needed even if F; is close to F; accordmg to condztzon 1. Let mn be a uniform partition of
size h and let F,, = W (t,) and F,, = W (t,_1) + ft Uk (W(s))dW(s). K € R is a constant to be

fized later and 1 € C°(R¥,[0,1]) such that Y (x) = 1 if |z;) < K for alli=1,...k and ¥(z) =0
if lx;| > K+ 1 for some i = 1,....k. In order for condition Al to be satisfied one needs to choose
K = K(l,h) and Yk such that

IN

B[ (1= due(W(s))2ds cK/n P( max, [Wi(s)] > K)ds
tn—1 tn—1 ¢ a

o [ 2(-0 ()

< Clt, — tnfl)(l+1)/2-

IN

We claim that this condition is not enough to have that the Malliavin covariance matriz of F,, is
non-degenerate. In fact, on

{weQ; min max |W()|>K}

e[tn 17tn] i=1,...,

we have that the partial Malliavin covariance matriz of F,, conditioned on F, , is zero. It would

be interesting to prove that for any approzimation F,, there exists a sequence F, with the required
characteristics. We have not been able to prove this.

If one instead requires conditions that ensure A8 is satisfied then condition A2 can be simplified as
shown in Proposition 12 in the Appendix.

Proof. It is enough to prove hypothesis I in Theorem 2. Consider for y € A; and A;_1(g) < 1o

1

Bus0F)) 2 35— oo

+ By, (8y(Fy) — 6y (F)).

Therefore is enough to prove that for almost all w € Q, there exists F;, ,-measurable random
variables C;_1 with the required characteristics such that

|Er, , (8y(F) = 6,(F2))| < CiaAga(g)HH o,
Now we estimate the error terms

|Er,_, (8y,(F3) — 6y, (F3))|

< Z/ ‘Ef B) (aF; + (1 —a)Fy) (Ff—??))’da
< Z HVW) aF; + (1 —a)F;, FP — Fﬁ) da
0 ¢ 1,t;—1
p=1 .
B
= CA ﬂz—:l <‘ F- n3,p3,ti—1 HaF + 1 _a F an’pr"’tl 1

-1
det (woch;—i-(l—(x)f,- (tifl))

c1
da.
piti—1



Here v(8) = (1, ..., q, 8) and the constants above are independent of i. Using our hypothesis Al and
A2, we have

Bry (6,,(F) = 6, (F2)) | (w) < Cima(w)Aia(g)HH7oe,

ca

Here C;_y = ||aF; + (1 - O‘)FiH € Np>1LP(Q) uniformly in ¢ =1,..., N and N. In fact, as

n2,p2,ti—1

{Fi;,i=1,.,N} C D uniformly and under hypothesis A1, we have for any a > 1,

a

sw suwp PF[L,, < swp sup (BIF: = Fll 0, + BRI . )
< C(a,n,p).

Therefore taking [ big enough and by Theorem 2 we obtain the conclusion. m

In the previous theorem = is a constant that may change depending on the characteristics of how
the underlying noise appears in the structure of F' and the quality of the truncated approximation
sequence F;. In the following theorem we give conditions so that a sequence that approximates
F; as in the previous theorem can be constructed. In this setting we try to give conditions for
the sequence as close as possible to the general set-up of stochastic equations and requiring the
least amount of conditions so that the lower bound for the density of the approximative random
variable can be obtained. In particular, in this set-up the condition of uniform ellipticity becomes
clear. In the next theorem we use the notation I%(h) = ftiil [ h(s,z)dWI(s,z) for j = 1,...,k and

h:Q — L*([ti—1,t:] x A;R?) a F;, , —measurable smooth random processes. Also we remind the
reader that the random variables Z; are standard normal r.v.’s as defined in the Preliminaries and
that therefore all norms considered from now are in an extended sample space.

Theorem 5 Under the main set-up: Suppose that for each F; and each |l € N there exists a (trun-
—
cated) sequence F; = F,; such that

k
Fi=20ia(9) "2+ Fioy + ZI;(hj) + Gl
j=1
Here G are Fy, ﬂﬁtoil random variables and h; = h]-|m71 IR L2([ti_1,ti] x A;RY) is a

collection of Fi, , —measurable smooth random processes which satisfies for almost all w € €1 :
(H1) There ezists a constant C(n,p,T) such that

||FiHn,p + sgg th||L2([t7:_1,t7:]XA) (w) < C(n,p,T)

foranyj=1,...k,i=0,...N andn, p e N. -
Furthermore the following four conditions are satisfied for the approximation sequence F'; and any
i=1,....,N and almost all w € Q

(H2a) There exists a constant v > 0, such that for anyn, p,l € N, ||FZ — Fan < C(n,p, T)A;_1(g)+D.

Prtia
(H2b) There exists a constant C(p,T) > 0 such that for any p > 1
|| det ¢Ei1(ti71)Hp_’tj_l <C(p,T)Ai—1(g9)".
(H2c¢) Define
i t;
ft¢71 <h%(5)a hjl‘ (S)>L2(A) ds .. tia <h’]1 (8)’ h?(s»L?(A) ds

AZAi—l(Q)_IZ : : :
=\ S, (BB ()) oy s e S, (BI(8),H(S)) oy o s

We assume that there exists strictly positive constants C1(T') and Co(T), such that for all £ € R,

CL(T)E'E = §AE = Co(T)E'.

10



(H2d) There exist constants € > 0 and C(n,p,l,T) such that

G, s < CO0LpLTIA; 1 (g)2 e

Nl

Under the above conditions one has that there exists a constant M > 0 that depend on all other

constants such that
exp | —M lly—Foll®
”g”Lz([O t]x A)

M ||gll 2 (0,4 % 4y />

pr(y) >

Proof. The proof consists in showing that the conditions in Theorem 3 are satisfied. First,
{F;;,i= N} C D umformly, due to hypothesis (H1) and the fact that E|F;|"

C||F; ||n ok - Next F; e Fi,N ID) because of the definition of the truncated approximation sequence
and (Hl) (see Proposition 11 i in the Appendix). Note that here the Wiener space has been expanded
in order to include also the random variables Z;. Condition Al and (H2a) are the same. Verifying
condition A2 is quite technical and it is done in Proposition 12 in the Appendix. Here, we verify
condition A3.

First, we renormalize the expression for the density. That is, for F;_; = z

— 1 _
B @u(FD) = 3 B ffumnyan oA im0 722

<
n,p,ti—1 —

k
+ Z Aia(9) " 2L (hy) + Aia(9) 726!

Next we consider the Taylor expansion of the delta function around the non-degenerate random

variable A;_1(g)~/? Z] y I:(hj). To simplify the notation we will define

(X7Y) = (Xh}/l) = 1/2212 )(l+1)7 1/22 +Al 1( ) 1/2Gé

With this new notation we have by the mean value theorem

1

Eti—l(éy(Fi)) = m Ll[‘s(y z)/ D 1(9)1/2(X+Y)] (4)

1 Z 8)
= (g (e Pumarscre (K / Boca [0 oy X+ V)Y
i— B=1

Now we apply the integration by parts formula to each of the last ¢ terms in the sum above. As the
treatment is similar for every term we will consider one of these terms:

1 (8) 3
Ai_1(g)1/? Bty {%—z)/mfl(ng (X +pY)Y } (5)
1

= a gt [ (e = g g e ).

Here v(8) = (1, ..., 4, 8). Now we prove that all these terms in the sum above are bounded below by
an expression of the order A;_1(g)¢. That is, by (1), the expression (5) is bounded above by

|

where C is a universal constant which does not depend on p. VU is a random function defined for
two smooth non-degenerate random variables X, Y as

\Iji—l(Xa Y)

HOX +pv,Y9)| <Oy (X,Y)

tie1

||X +pY||d1 b1t Hdet ¢X+pY i— 1 1Hb2 ti_1 HYﬂHdg,,bg,ti,l
C(d1,b1)" C(b2)*C(d3, b3)Ai-1(9)",

IN
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where the last inequality is valid for [ big enough. In fact, the middle term measures the LP(Q)-
norms of determinants of the Malliavin covariance matrix. This term is bounded by Proposition 12
in the Appendix (Note that X + pY = G,(p)). The first term, || X + pY||d1 byt;_, » and the third,

HYﬁHd3 bt » are bounded due to (H1) and (H2d). Therefore we can conclude that

/ ZEtl 1 6(5 2)/0i_1(g)!/? (X +pY) Yﬁ] dp < CAi—1(g)"
0 541
Now we have that the first term of (4), A;_;1(g)~'/? Z] L Ii(hy) is Gaussian and due to (H2c), its
Fi,_,-conditional covariance matrix, A, is invertible. Therefore the exact conditional density in this
case is clearly

_ 1 (y—2)A"(y - 2)
B, (5(9_2)/Ai—1(9)1/2(X)) - (27T)q/2 det(A)1/2 exp(— 2A;-1(g) )-
Next, due to hypothesis (H2c) we have that
1 ly — =|”
Ey, (0 12 (X)) > — .
ti1 ( (y—2)/Ai-1(g) /2( )) - (27T)q/2 Ci]/2 eXp( CgAifl(g)

Therefore we have that

- 1 1 ly — 2| c
By, (0y(F)) = A1 (9)i <(2ﬂ_)q/2 i eXp(—m) —CAi_1(9) ) -

Next, we have that if ||y — z||* < ¢A;_1(g) for a constant ¢ > 0 then

_ 1 1
Et1—1(5U(F71)) 2 Aiq(g)q/z <(2ﬂ_)q/2 Cf/Q ex ( Cy C) CA;- 1( ) >

Finally we choose the constants M and 79 in hypothesis A3 as follows. Let M be a positive constant

so that
1 1

— — _1 J—
e P 7

next we define

1/e
1 . 1
No = ((27‘-)(1/26';1/26’ eXp(—C'Q C) - m) .

With these definitions one obtains that if A;_1(g) < no and |y — z||> < ¢A;_1(g) then

1

Bt (6,(F})) > WA, 1 (g)2

Therefore the estimate in A3 is proven. m

When the conditions of the previous theorem are met we will say that the random variable F' is
a uniformly elliptic random variable. Note that in this theorem, F; is measurable with respect
to the expanded filtration F;,as we are adding the variables Z; to its definition. Also we remark that
the random variables F;, considered in this Theorem will not necessarily be non-degenerate unless
one adds the independent random variable Ai_l(g)(H'l)'YZi. To see this is enough to consider the
case | = 2 with G! a double stochastic integral.

Example 6 For example, suppose that F; = F;_ 1+j;ti F(Wy,_,)dWy —l—ft ft g(Wy,_, )dW, dW
with h(s) = f(Wy,_,) and G; = ft i AW, dW. In this case one has that ¢z (ti-1) =

(ti —ti1) (fWey_y) + 9(Wy,_,) (Wti - Wtifl))z. Then if f(x) € [C1, Cs] for two positive constants
Cy and Cy then the random variable F; satisfies (H2¢c). Furthermore if g(x) # 0 and bounded then
one has that Ey, ¢, (ti—1)™P = +o0 for all p > 1. Obviously the same example can be used for F;.

12



Related with these comments we also emphasize that the above proof can not be used to obtain
a lower bound on the local density of F; conditioned on F;, ,. The main reason being that once the
main first order stochastic integrals are taken out of F; , we are not able to prove the stability of
the Malliavin covariance matrix of X + pY in the proof (with Z; = 0). Probably, as the previous
example shows, this stability is not satisfied in general.

Nevertheless, one can refine the above proof to obtain that for ||y — z||* < ¢A;_1(g) then

Mlly—z|?
exp (_ A|lzil(.‘]”) )

MA;_1(g)1/?

By, (0y(F3)) =

4 The stochastic heat equation

In most situations like the diffusion case one expects the function g to be constant and therefore the
variance to be of the order t* for o = 1. In the example to be treated in this section we consider
a case where @ = 1/2 and the local variance function ¢ is not constant. Other examples using
stochastic differential equations can be constructed if the coefficients were allowed to be degenerate
as functions of time. For example, o(t,z) = ¢t~ f(x) for a smooth function f and 0 < o < 1/2.
In cases of this type one will need to develop an ad-hoc succession of existence, uniqueness and
smoothness results as the coefficient degenerates at ¢ = 0.

Instead of taking this long and tedious road, we have chosen to show an example where most
of the needed properties are known but still the model is quite general. This is the case of the
stochastic heat equation. In fact, most of the smoothness and estimates for the Malliavin variance
will follow from results in [1]. Our main result in this section, Theorem 10, is the characterization of
a specific Gaussian type lower bound for the density of the solution of the stochastic heat equation.

We believe this is the first study of the kind. The Varadhan estimates for the stochastic heat
equation were obtained in [9] using a general theorem taken from [16]. It is clear that these two
results are deeply related. Nevertheless the arguments to obtain Varadhan’s estimate can not be
extended to obtain inequalities for any time ¢t > 0. In contrast, one can obtain estimates for small
time from our results here but the specification of the distance function is not as accurate as in
Varadhan’s estimate.

Without loss of generality we will assume throughout the text that ¢ < 1. The hypotheses stated
in this section are valid in all that follows.

Now we introduce the stochastic heat equation with Neumann conditions. Let us start by con-
sidering u(t, ) to be the weak solution of the stochastic parabolic equation with Neummann type
conditions of the form

ou 0%u 0?W
ra) = Th(t)+ blult. ) + ou(t2) T (2.1)
w(0,z) = wo(x), %(t,O) = %(t, 1)=0,te]0,1].

Here b,0 : R — R are bounded smooth functions with bounded derivatives with |o(x)| > ¢o > 0
for all z € R, ug : [0,1] — R with ug € C([0,1]). {W(t,2); (t,x) € [0,1]?} is a Wiener sheet. We
are interested in obtaining lower bounds for the density of F = u(t,x), therefore in reference to
the notation in the previous section we have m = ¢ = 1 and A = [0,1]. It is well known (see e.g.
Nualart (1998), Section 2.4) that the solution to the above equation exists, is unique, smooth and
non-degenerate (for details, see [1]). The solution can be expressed as

wwhmwmr//@swwwyms//@sw<<»mmm

The above stochastic integral is the one defined by Walsh (for details see e.g. Nualart’s sec-
tion 2.4). Gi(z,y) is the Green kernel associated to the heat equation with Neumann boundary
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conditions. That is,

Gilz,y) = \/iTrt io {eXp (_W>+exp (_W>}

n—=—oo

1
Gluo)(t,z) = / G, y)uo(y)dy.

Recall that as noted by [1], Remark 2.1 the above kernel satisfies the same properties as in the
Dirichlet boundary condition (A.1), (A.3) and (A.5) established in the Appendix of their paper. The
same results are valid for both cases. In particular we recall that there exists a positive universal
constant ¢; such that

Cl¢4(t—s) (x - y) Z Gt—s(xvy) Z ¢t—s(x - y) (6)

Here, as before, ¢,.(z) denotes the density of a normal random variable with variance r. Note that
Gi—s(x,y) is degenerate at t = s. Therefore the local variance g is not constant in this case. In
particular, consider the trivial case b = 0 and ¢ = 1. In this case u(t,x) is a Gaussian random
variable with mean G(uo)(t, x) and variance fot fol Gi—s(w,y)?dyds. The density can then be written
explicitly and the behavior of the local variance ¢ is clear: it is constant away from s = t but it
degenerates at a rate (t — s)~'/2. In fact, we set for the rest of the section g(s,y) = ¢s—s(z — y).

The goal of the next subsections is to prove that under strong ellipticity conditions one has a
Gaussian type lower bounds for the density of u(t,z). In this case the main technical problem lies
in the fact that there is not an Ito’s formula that adapts well to form an It6-Taylor expansion which
could lead to the definition of G!. This means that the verifications of some of the hypothesis (in
particular (H2a) and (H2d)) may become slightly more complicated.

Here, some of the calculations related to the behavior of the Malliavin variance are related to
existing ones in the literature. Still we have to do them as we have to keep exact track of all
the time dependent constants. These are long calculations which we briefly sketch for the sake of
completeness. In general we refer the reader to [1].

4.1 The lower bound

Now we start the description of all the ingredients towards proving that F' = u(t, x) is a uniformly
elliptic random variable. First for any partition 0 =ty < ... < ty = t, define

ti 1 ti ol
F; :G(uo)(t,x)+/0 /0 Gt_s(x,y)b(u(s,y))dyder/O /0 Gis(z,y)o(u(s,y))W(dy,ds).

It is clear from this definition that F; € F, = o{W(s,z), (s,z) € [0,t;] x [0,1]} for i = 0,...,N.
We will prove the needed properties in the main set up and in (H1)-(H2) through a sequence of
lemmas. In the proofs to follow, we frequently use the following estimates.

C’ltl/4 ||9||L2([o,t]x[0,1]) < 02t1/4 ™
Ci(VE—=s1 = VEi—52)"" < gl 12 (o1 01 [0.1])

N

19l 22 sy myxon)y S ColVE—s1— VE—s5)"/?
(s2 — 51)1/2 < Co(Vt—s1— Vit — 32)1/2,

for any s; < so < t, and some positive constants Cy, Cy independent of t. We will use them
without further mentioning. In many of the subsequent lemmas we will use the following notation
for high order stochastic derivatives. For a vector v = (y1, 81, ..., Un, sn) € [0,1]>", define D? =
D, y1)---Dis, yn), dv = dyndsy...dyidsy and v— = (Y1, 51, .0, Yn—1,5n—1)-
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Lemma 7 Suppose that o, b € C;°(R), |lo(x)|| > co > 0 for all x € R. Then F; € D™P and

|1 Eill,,p < Cri(n,p) for a positive constant Cr,(n, p) and any n € N and p > 1. Furthermore, there

exists a constant C(p) > 0 such that for anyp>1 andi=1,..,N
[or G-, , < C(p)Az-A(g)-l.

Proof. In [1], it is shown that u(t,z) € D**° and sup, , [[u(t, 2)l|,, , < Cu(n,p) (one can also use
Lemma 14 in the Appendix to reprove this result). We use Lemma 14 to prove that £, , < C(n,p).
In fact, applying Lemma 14 for F; and p > 6, we have (fora=0,b=1t;, X = F;, I, = 1, f(z) = b(z),
g(%) = O'(I), ul(say) = u(s,y), Xo = G(UO)(tvx)7cu(lvp(laj)aovS) = Cu(l7p(laj)))

(p—2)/(2p)
12l < 6a)(2)] + CnpCulnf) {1 (7270 = (0= e2r2o0) ™ pir

Now we prove the estimate on the Malliavin variance of F; conditioned to F;, ,. In order to
obtain this estimate one has to follow carefully the same steps as in [1]. Here we only sketch the
main points, referring the reader to [1] for details

12
F11>Co/ /Slltxdyds,
ti—1

where S;:jl(tl,xl) is defined for s, 1 € [t;_1,t], ¥1, y € [0,1]
S:é;/l(tl?xl) = Gis xla )+ (tl,l'l)

Qi) (tr,my) = / /Gt s (@1, y0)b (u(s1,91)) sy (51, 1) dyrds:

t1
+/ / Gis, (x1,91)0" (u(s1,91)) S5,y (51, y1)W (dy1, ds1)
s 0

D yu(s1,y
Sey(si,y1) = U(yu((sly))l)-

Then we will estimate the probability p;, , = P;,_, (ft fo Si Mt x)?dyds < § ([ti—e,ti]x[o,l]))

for 0 < e < t;—t;—1 and cis a positive constant such that ¢ Hg”LQ([ti—s,ti]x[0,1]) <2 fttlg fol Gyi_s(x,y)?dyds.
For this, note that

C
( / / Gi—s(w,y)*dyds — 2/ / J (ti, ) dyds < 3 |9||iz([t,i_a,t,i]x[0,1]))
C -p
E:,_, (/ / tz,x dyds) (* ”gHQL?([ti—s,ti]X[O,l])) :
ti—e 2

Now we only need to estimate the above conditional expectation. In order to shorten the length of
the equations we assume without loss of generality that o' = 0. The general case is similar. The
needed estimate is obtained using Burkholder’s inequality for martingales in Hilbert spaces (see [14],
E.2, p. 212) then one has that using (6) and Lemma 13

([ [ @)

IN

Pty

IN

P
< CE,_, [/ / G- s (1) / / Sey(81,91) dydsdyldsl]
ti—e t;—e
ti p/a et ) v
S C (/ / G?Esl (.’E, yl)dy1d81> / / Eti—l (/ / SS,y(slyyl)zdyd8> dy1d81
ti—E 0 trL—E 0 t,i—g 0
< C ((t — b+ )32 — (t - ti)3/2—q)p/q5(p+2)/2 exp (Cg(p—n/z) .
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1

Here p~! + ¢! =1 and C is a constant independent of t. Then we obtain, using (7) that for p > 3

C (0100)2

P, (¢Fi (ti—1) < 5

(Vit—ti+e—Vi— ti)> <pt_,

< fle) = CePtD/2 ((t —ty 4 e)3/F (- ti)?’/?*q)p_l (WVt—tite—vi—t) "

for two constants ¢ and C independent of t and ¢ < t; —t;_1 < 1.
2
Now we choose € = ¢(y) = (Ey%/k +Vt- ti) —(t—t;) with € = ¢ (coC3)* and y > 2% (cc3Ni—1(9))
Under these conditions we have that ¢ <t; —¢;_1 and

—k

/+<>o 1 +o0
Puy(rlti) € o)y < [ £E)dy.
Qk(cch,i,l(g))ik ! yl/k Qk(cchi,1(g))7k
Therefore
k oo 1
th‘,—l(wi ) - /0 Pti—l(wFi < W)dy
_k +o0
< ok (cc%Aifl(g)) +/ . f(e)dy.
Qk(cchi,l(g))

First, suppose that ¢; = t then we have
+oo 1

_ —k
B (p") < 28 (cghisa(g)) +C(P)/ « y-D/F

2k (cchi,l(g))
< Clpk) (Aica(9) "+ Aica(g)P 7).

dy

1

Therefore in this case we have that le;q: < C(p,k)Ai_1(g)~! for p > 1. In the case t; < t we

||1€,75i71

_ k

perform the change of variables w =y (Lt*t) , one has that the above is bounded by
Eti—l(w;ik) < CV(IC)AZ'*l(g)ilc

p—1

2
1 2 1 3—2q
1+w1/k *1 1+W *1 dw

We also have that for any positive constant C there exists a positive constant C'; such that for

anywzéo s
1 - C,
<1+w1/k) —lgwl/k.

Therefore taking Cy small enough so that C#*(t — t;)*/2A;_1(g)~* > Cy, we have that

(p+2)/2

+oo
Ot — ti)@—k—l)/z/ wP/k
C

3F(t—ti)k/20;_1(g) "

dw

+oo 1
E, (5" < CAia(g) " +0(t— ti)(pfkfl)/Q/

C2F(t—t;)*/20;_1(g)~* wp/ (2k)
= CAifl(g)fk + C(k,p)(t — ti)(p72)/4Ai71(g)g*k.

Therefore H’(/};il”k,ti,l < C(k,p)A;_1(g9) ' forp >2kV2. m

With this lemma we have proven that the hypotheses in the main set-up and (H2b) in Theorem
5 are satisfied. Now we proceed with the definition of F';. In order to do this one needs to obtain some
kind of F;, _,-conditional high order Ito6-Taylor formula for the difference F; — F;_; then consider the
truncated series approximation and prove all the properties established in Theorem 5. Note that

PPy = / / Gu (e w)bu(s, y))dyds + / / G ) (s, ) W (dy. )
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The next objective is to find a Taylor expansion for the terms on the right above. To do this one
uses a Taylor expansion of b and ¢ around another point u;_; to be defined as

ti—1
ui—1(s1,91) = G(Uo)(817y1)+/ /GslfsQ(ylay2)b(u(327y2))dy2d82
0 0

ti_1 1
JF/ / Gsy—s, (Y1, y2)0(u(s2,y2)) W (dy2, dss).
0 0

Note that u;—; € F¢,_, and is a smooth process. Our first result gives an estimate of the distance
between v and w;_1.

Lemma 8 Suppose that o, b € Cs°(R). Fors € [t;—1,t;], we have that ||u(s,y) — ui—1(s,y)|

n,p,ti—1 <
C(S — tifl)l/s.

Proof. In fact, we have that

s 1 s 1
(s, y)—tts1(5,y) = / / G, (s y)b(uls1, 1)) dyrdsi + / / G, (s y)o(usr, o)W (dys, dsy).
ti—1 /0 ti—1 J0

First we remark that applying Lemma 14 we obtain that sup, , [[u(t, )|, ,;, , < C(n,p). The
argument is done through induction on n. As this proof is similar to the one that follows we leave it
for the reader. In order to prove the estimate on [u(s,y) — ui—1(s,9)ll,, ,,,,_, apply Lemma 14 with
X = U‘(Say) _uifl(svy)ﬂ XO =0, Il(say) = ]-7 Y= 07 p* =D, f = ba g=0, u = U, @ =t;—1, b= S,
t = s which gives for n =0

(p—2)/(2p)
lu(s,y) — ui,l(s,y)prti_l < C(n,p) {(s —ti—1) + ((s — ti71)3/2—q) (s — til)l/p} .

The result follows as (3/2 —¢q)(p —2)/(2p) + 1/p=1/4—1/(2p) < 1/8 if p > 4. Next suppose that
[uls,y) —wima (s, 9l 0, < Cls — t;_1)/® for j < n — 1 then we have that A(u(s,y))npt, =
A(u(s,y) — wic1(8,Y))npt,, as ui—1(s,y) is a Fy, ,-measurable random variable (A is defined just
before Lemma 14 in the Appendix). Therefore using again Lemma 14, we have that for p > 6

Au(s,y) = wim1(8,Y))npit; 1 < C(nvp){(s —tioa) + (s —ti1)"/? +/SA(U(7”7 Y) = i1 (7 Y) ) np,ti A7

ti—1
R 1/p
I (S _ ti—1)1/4_3/(2p) (/ A(u(r, y) Ui 1(?” y))n it 1d’l”)
ti—1

The result follows from Gronwall’s lemma applied to A(u(s,y) —u;—1(s,9))h ,+,_, and the inductive
hypothesis. m

In order to proceed in the definition of the truncated approximations we will first study all the
terms that appear in the Taylor expansion of u(si,y1) — u;—1(s1,y1) in terms of stochastic and
Lebesgue integrals depending only on u;_1.

We say that a process Ji(s,t,y) for s <t <1,y € [0,1] is of order 1 (in the interval [t;,t;_1]) if
it can be written as

s 1
Ti(s.ty) = / / Grear (9, 91) (i1 (51, 90)) W (g, s ).
t;i—1 JO

In the particular case s =t we define I1(s,y) = J1(s, s,y) and we say that I; is a diagonal process
of order 1. We define by induction a process of high order as: A process Ji is a process of order k
if either:

!
L. Ji(s,t,y) / / Gies, (Y, y1)o W (w1 (s1,91) H m; (81, y1)W(dyr,ds1)  (8)
ti—1 7j=1
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where [ < k —1 and I,,, ..., I, are diagonal processes of order mj,...,m; respectively with m; +
wtmy=k-—1.

l

2. Ji(s,t,y) 2/ / Grsr (0, y0)b (Wi (s1,90)) T [ Iy (s1,90)dndst— (9)

ti—1 j=1

is a process of order k where | < k — 2 and I,,,, ..., I),, are processes of order my,...,m; respectively
with mq +...+my; = k—2. As before we define I (s,y) = Ji(s, s,y) and we say that I is a diagonal
process of order k.

We expand the above set of processes by assuming that the process

s 1
J2(57tay) = / / Gt—sl (y7y1)b(ui—1(317yl))dyldsl
ti—1 J0

is a process of order 2. Obviously the set of processes of order k is finite and we index them using a
finite set Aj. If oo € Ay, then J denotes the corresponding process of order k indexed by «.

Next we define the set of residue processes. We say that a process R; is a residue process of
order 1 if it is defined as either

1&@¢w>=LfPAVasx%yn(Aszmuﬁhmwﬂ)wwhw>—m1whw»wwwhmn

where u™ (), s1,y1) = Au(s1,y1) + (1 — Nui—1(s1,91) or

s 1
m@wb/ /QmmwwmeMw
ti—1 JO

Similarly, as before, we define the diagonal residue process of order 1 as Ry(s,y) = Ri(s, s,y).
The following process Ry is a residue process of order two

s 1 1
&@mb/ /&ﬁmm(/wwma@wgmm@%mmmMMMn
ti—1 JO 0

By induction one says that a stochastic process is a residue process of order k if it can be expressed
as either

eonto) = [ [ G (=00 0 ) () s o1 W i)
ti—1 (10)

or
l

s 1
Rk(S,t7y):/ / Gt—sl(y7y1)g (ui-1(s1,91) H ; (51, y1)W(dyr, ds1),
ti—1 JO

where ij is either a diagonal residue process of order m; or a diagonal process of order m; and at
least one of the EmA, j=1,...,1is aresidue process. As before | < k—1withmy+...4+m; =k—1.

2.Ry (s, 1, _ 2;/ /Gt s (Y5 1 (/(1 /\)k%(k1)(Um(>\751,yl))d>\> (u(s1,y1)—ui—1(s1,91))" " dyrds:

or
l

Ry (s,t,y) :/ / Gis, (510" (i1 (51, 1)) H ;(81,y1)dyrdsy,

ti_

where Emj is either a diagonal residue process of order m; or a dlagonal process of order m; and at

least one of the Emj ,j =1,...,lis a diagonal residue process. Here |l < k—2 with mq+...4+m; = k—2.
We denote the index set for the residues of order k as Bj. The next lemma gives the Taylor

expansion for F; conditioned on ¥, , and studies the order of each term in the D;"” —norms
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Lemma 9 Suppose that o, b € C°(R). For r > 1, one has the following expansion of the approzi-
mation sequence {Fj;i=1,...,N}

r+1
F,— F;_ _Zchaka tit,a)+ Y > Calo k)RR (ti,t,2),
k=1a€cAy; k=r a€B}

for some appropriate constants Cj(a, k) for j =1,2. Furthermore the following estimates are satis-

fied for any (s,y) € [ti—1,t;] x [0, 1]

TR (it e, + 1Rt 8, 9) | < C(n,p, k)t —tiy)*/10. (11)

n,p,ti—1

The above norm estimate is obviously non-optimal but we prefer to do this as the proof becomes
easier to follow.

Proof. The proof is done by induction. As the proof is long and tedious we only give the main
steps here. For k = 1 is not difficult to see that by the mean value theorem we have

ti 1 ti 1
Fi—F_, = / / G (. y)o (i (5, 9)) W (dy, ds) + / / Gz, y)b(u(s, y))dyds +
ti—1 JO t;i—1J0

/:1 /01 Gi—s(z,y) (/01 a’(um(/\,sl,yl))d/\) (u(s,y) — uwi-1(s,y)) W(dy, ds).

The first term is the only process of order 1 and the next two terms are residues of order 1. The
above formula can be extended with the same steps for k = 2. In doing so one also checks that the
residue of order 1 can be written as the sum of processes of order 2 and residues of order 2 and 3.
By inductive hypothesis suppose that the above formula is true for r and that any residue of order
k < r can be expressed as sums of processes of order k + 1 and residue processes of order k + 1
and k + 2. Then we consider every residue term of order r and develop it as follows: If the residue
process of order r is of the type (10) then one rewrites it as

*/ / Giosy (y,y1)0" (i1 (s1,51)) (u(s1,y1) — wi1(s1,91)) W (ds1, dy1) +
0

([ et [ 0006010000 atr0) o1 )

0 0
The last term is a residue process of order r 4+ 1. The first term is decomposed, using the first order
decomposition

u(s1,y1) — wi—1(s1,91) = Ii(s1, 1) Z Ry (s1,91)
a€EBy

so that the first term is decomposed in sums of terms of order r + 1 and further residue processes of
order r + 1 as follows

/ / Gy (s y1)0 ™ (w1 (51, y1) T (51,52 ) W (st dy) +

ti—1

r—j
,Z 3 / / G (y,3)0™ (i1 (1, 90) 11 (51, 90)7 [] B (1, 91)W (dsy, ).
7=0 oy €B1 =1

Next suppose that one has a residue process of the type

l

s 1
t,y):/ / Gt—sl(y7y1)a (wi-1(s1,y1) H ; (51, y1)W (ds1, dyn ).
ti—1 JO

Here, by the induction hypotheses, for each residue process Emj one has that it can be rewritten as
sums of terms of order m; plus residues of order m; + 1 and m; + 2 therefore generating processes
of order r + 1 and residues of order r + 1 or r + 2.
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Similar operations have to be done when the drift coefficients b appears instead of ¢ and the
Lebesgue integral replaces the stochastic one.

Now we prove the norm estimates by double induction on n and k. For n = 0 and £k = 1 or
k = 2 the estimates can be obtained from straightforward estimates of the integrals. Suppose that
the estimates are true for k — 1, n = 0 and that Jj, is of type (8) then we have using Lemma 14 with
Xo =0, f(x) =0, g(x) = e (u;_1(s1,91)), a = t;_1, b= s, aj=mj,a=k—1,1=1,~v=1/16,
u' =1 that

(p—2)/(2p)
159 -, < COI{ (hima =)Dk (¢ = 1-0)/270 = (2 = 5)%/271)

(s—tuma) 0w,
for s € [ti—1,t;]. As ((t—t;_1)%/277 — (t - 3)3/2*‘1)@_2)/(2})) < C(s —t;_1)Y/4=3/(P) the estimate

follows for p > 8. Similarly one proceeds in the case that Ji is of the type (9). Next we consider

the estimates for the D}”” -norms. This estimate is also obtained by induction on the order of
differentiation and on the order of the process being considered. For this, suppose that we have that

the estimate (11) is satisfied for j < n and k < r — 1 we will prove that the same estimate is satisfied

for k = r. Suppose then that we have a process of order r, J,., of the type (8) then one estimates
A(Jr(s,t,Y))np,t:_,, using Lemma 14 with the same choices as before we then obtain that

A(JT(Sv t, y))n,p,ti—l < C(TLJD)(S - tifl)r/w'

For the residues of order k the proof is also similar. In fact, suppose we have a residue Ry of the
type (10) then one has as before with Xy = 0, f(z) = 0, g(x) = c®™® (A + u;_1(s,9)), a = t;_1,
b=s, L(s,y) = (u—ui—1)(s,9),a; =1, a=k,ip =k, v=1/8, v = u—wu;_q that for s € [t;_1,1]

||Rk(87t7y)||n,p,ti,1 < C(n,p){(s _ ti71)(k+8)/8+ ((t . ti71)3/2_q —(t— 8)3/2—(1)(1)72)/(21»)

< O(n,p)(tia — s)FTD/0,

(s _tiil)k/8+1/p}

A

Here we have used Lemma 8 and Lemma 14. m -
With this result one defines the approximation of order r, F' : as

—_T T+

Fi = ‘FZ = Aifl(g) 8

: Zi+F;_ 1+ Z Z 01(04, k)J;j(ti,t,l‘).

k=1acAy

Theorem 10 Assume that the coefficients b and o € Cp°(R). Furthermore suppose that ||o(z)|| >
co > 0 for all x € R. Then u(t,z) has a smooth density for 0 < t < 1 and z € [0,1] denoted by
p(t,x,-) furthermore it satisfies
exp(_M\lG(uo)t(lt/;)*yH )

Mtl/4

pt,z,y) =
for a constant M € [1,+00).

Proof. We have already defined F;, G! and g. Define h(s,y) = G;—_s(z,y)o(u;—1(s,y)). With
these definitions and Lemma 7 we have that condition (H1) is satisfied. Next, one has that

Fi — F: = Fi — Fi—l — Ai—l(g) T-gl Zi — Z Z Cl(a,k)J,f“(ti,t,x)

k=1acA
- r+1
= —Aia(9)F Zi=) Y Cala k)Rt t, @)
k=r a€By

Therefore using Lemma 9 one obtains that

T

F,—F;

K2

< C(k,p)As_1(g) /8

k.p,ti—1
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so that property (H2a) is satisfied with v = 1/8. (H2b) follows from Lemma 7. Now to obtain
(H2c) is just a matter of computing

t; 1
Ai—l(g)fl/ / G}, (x,y1)0” (uim1(s1,91))dyrdsy
ti—1 J0O

this is bounded above and below due to the estimate (A.1) in [1] (or (6)). In order to verify (H2d),
one has that the result in Lemma 9 is insufficient and therefore we compute an exact estimate using
the same induction method of Lemma 9 to estimate :

||R1(ti7t’y)‘|n,p,ti,1 S (12)

n,p,ti—1

/t:/oth_s(x,y) (/01 o (u™(\, 31,y1))d)\> (u(s,y) — ui_1(s,y))W (dy, ds)

i /t: /01 Gi—s(2,y)b(u(s, y))dyds

n,p,ti—1

First we have that

The last inequality follows because ||b(u(s,y))||
and there exists p’ > 0 such that

IN

ti 1
[ Acmummm@wmmH@@

< Ot —tis).

[ [ ot i

n,p,ti—1

< O(nap)' In faCt’ A(b(u(sa y))07p7ti—1 < C(p)

n,p,ti—1

Ab(u(s,9))naptiy = Cln,p) D A(u—uim1) (5,9))n gty -

Jj=1

For the first term in (12) we have as before that applying Lemma 14 with X, = 0, f(z) =
g(x) = o' A\ + ui—1(s,y)), a = tim1, b=t;, Li(s,y) = (u—ui—1) (s,y), oy =1, « = 1, §p = 1,
vy=1/8, ' =u—u;—y

|
o

/:1 /01 Gi—s(z,y) (/01 J’(um()\,sl,yl))d)\> (u(s,y) — ui—1(s,y)) W(dy, ds)

n,p,ti—1

< Cmp)(th — ti)¥5 V) < O, p) Ay (g)¥/ 417

for s € [t;—1,t;]. Therefore e =1/4 —1/p > 0 if p > 4. Then the result follows from Theorem 5. In
particular note that although g depends on (¢,2) as [|g| 12 (jo,gx[0,1) < € where C'is independent of
(t,2) then the constant M appearing in the conclusion of the Theorem 5 is independent of (t,z). m

A Appendix

In this section we give some accessory results used in Sections 3 and 4.1. In the first part we study of
the behavior of Malliavin covariance matrix for truncated approximation sequences used in Section
3, Theorem 5. In the second part we give some estimates on norms of various random variables
associated with the solution of the stochastic heat equation. These estimates were used throughout
Section 4.1.

We start proving some differentiability properties of the approximating and truncated sequences.
In the next two propositions we use the notation introduced in the proof of Theorem 5 X; =
Aia(g)™V2 Y05 Ti(hy) and Y; = Ay (g)FDTV2Z, 4+ Ay (g) 712G

Jj=17J
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Proposition 11 Let F be a uniformly elliptic random variable with truncated approzimating se-
quence F;, then F;, F; 6 ]D)toi1 uniformly. Furthermore, assume that (I 4+ 1)y —1/2 > e > 0 then
Gli(p) = X; +pY; € ]D)
that

uniformly for p € [0,1]. Also there exist a positive constant C'(«) such

1)

E (|det g (p) — detox, |* /F, ) < Cla)p™Di—1(g)™™

Proof. £ (HF Hn ot 1) +FE (”Fi”fhpyti—l) is uniformly bounded due to the condition (H1) and

(H2d). Also, due to (H1), (H2c) and (H2d), we have that

||X7;||n7p7t1371 S C(n7p)
Aica(g)™ 2 |Gl

tln,p,ti—1

IN
2
E

=

for a constant C'(n,p). Furthermore ’|Ai_1(g)(l+1)7_1/2ZiHnp +,_, < C for a constant C'. Therefore
one obtains that

1G (Pl pt,—, < Cnp).

where C'(n,p) is a positive constant that does not depend on p. For the last inequality one has to
use the definition of the determinant and estimate each difference. That is,

q

q
det vey () —detvx, = > | [T (Werin) = I Wxdsorn

oceS, \j=1 7j=1

where S, denotes the set of all permutations of order g. The difference within the sum can be

rewritten as
q

.
ZH Ve (0)) s ])((1/’0 ) pop) WXt)po(p)) IT Wx0j0)-

Jj=p+1

Each term (v (,)) (Vx:) jos) € D, , uniformly and the middle term can be bounded as follows

jo(3)’
| e oy = @], <G = Kill e, (IGHp, + 1Kl ) -

Therefore the result follows from the previous estimates on the norms of X; and G!. m

Now we show the stability of the Malliavin covariance matrices associated with any point in
between the approximating sequence and the truncated approximating sequence as a consequence
of the definition of uniformly elliptic random variables.

Proposition 12 Assume that F' is a uniformly elliptic random variable with approzimation sequence
F; . Then we have that for any l such that (I+ 1)y —1/2 > € > 0, there exists a positive constant
C(p) such that

Hdetw;(ti_l)’ < Op)Ai_i(g) 20+
g pyti—1
sup ||det =t | (ti ’ < C
pe[0p1 H VG i) piti1 (®)

< ; —q,
sup Hdeth i’ )( i-1) P C(p)Ai-1(9)

p€(0,1]

Proof. The first statement follows because one considers the Malliavin covariance matrix of F;
in the extended space. In fact, if one denotes by D, the stochastic derivative with respect to the
Wiener process that generates the increments Z; one has that

q . .
det 9, (ti—1) > Ai—1(g) 2D det | Y / D)ZD) Z7ds | = qAiia(g) 20T

axq
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From here the first estimate follows. For the rest of the proof in order to simplify the notation we
will write ¢, = ¢p, (t;—1) assuming that the time interval is understood. Define the set

b

Note that ¢x, = A defined in hypothesis (H2c). Therefore there exists a deterministic constant
C(p) independent of t and p such that

1
B = {w €Q; |dettpgr(p) —det by, | < 1 |det ¥,

IN

(5) # (e /7)
C(p).

On the other hand, repeating the same argument as for the estimate of ¥z, (t;—1) we have that

Var(p) 2> Cp?A;_1(g)*(HD)7=1/2)  Therefore using the definition of uniformly elliptic r.v., we have
for p € (0,1] and o > 0

E ((det wgg(p))p 13/}‘“_1)

IN

E((clemzr1 )pl—/f ) < B[ inf v v 7qp1—/f
G:(p) B ti—1 - HU”:1 Gz(p) B tiz1
< C'Ai—l(g)72((H1)771/2)@072‘“”13(?/7@,1)
< CAiil(g)—2((l+1)7—1/2)qp4ap—2pq
% ([det gy () — detpg, | [det v |~ /i, )
< C(a)Ai(g) 2HDI1/2ange =200 A, (g)oe,

In the last inequality we have used the Proposition 11. Taking « big enough the result follows.
The third estimate follows with a similar argument replacing X; by F;. m

We now start the second part of this section. We start proving an LP upper estimate on the
derivative of the solution of the stochastic heat equation.

Lemma 13 Define Ss(s1,y1) = %, for s < s1 <1, y,y1 € [0,1]. Then there ezists a

positive constant C(p) such that for p > 1 and o < s1 one has

B[] st y1>2dydsr < C(p) (51 — )" 2exp (C(p) (51 — @)™V,

Proof. We assume for simplicity that &' = 0. Note that Ss ,(s1,31) is a solution of the equation

S1 1
Ss,y(slvyl) = Gslfs(yla y) + / / Gslfsz (91, y2)0,(u(527yQ))Ss,y(52vy2)W(dy27 dsZ)'
s 0

s p
Then we have that Ey, | [fal fol Ss7y(51,y1)2dyds} , for a < 51 can be bounded by

C(p) << / / 1 G;s(yl,y)dyds)p
/:1 /01 (/:1 /01 Gsl82(y17yQ)U/(U(827y?))ss,y(‘gQayQ)W(dyg,d82)>2dyds‘| P) .

Applying the Burkholder’s inequality for martingales in Hilbert spaces and Cauchy-Schwartz in-

+Eti71
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equality we have for g~ 4+ p~! = 1 that the above is bounded by

S1 1 p
Eti71 |:/ / Ss,y(slayl)Qdyd3:|
a 0

1
Cp) (51— )" + C(p) U /Gsl (s 92)? / /ss,y<s2,yz>2dydsdy2ds2}
« 0

) (s1 — )p/ +C(p) (s1 )(3/2 D(p=1) o

/ / E, | (/ / Ssy(52,92) dyds) dyadss.

P
Then using Gronwall’s inequality on sup,c(o1) £t , {fjl fol Ss.y(s1, y1)2dyds} we have the result.
|

p

IN

IA

Now we give a result on norm estimates used in Section 4.1. This result applied to various
situations that appear in that Section and uses ideas of the previous proof. This leads to an inequality
that allows to estimate various D;”” -norms of random variables associated with the stochastic heat
equation.

Define fora < b <t

X = Xo(t,a,b) //Gtsmy '(s,9) Hlsydyds—i—//Gtsxy '(s,v) Hlsy (dy,ds).

Here X(t,a,b) is a F, measurable random variable and define for a smooth random variable X and
a smooth process u/(s,y), s,y € [0,1]?,

AW )jpa © = _Ea (/ab/ol',./ab/; (Dgu’(s,y))zdvdsdy>
AX)jpa + = _Ea </ab/01.../ab/ol (DiX)de>p/2 "

Lemma 14 Suppose that f, g € C;°(R), v’ and I are smooth processes and that there exists con-
stants ¢y (j,p, a, 8) > 1 which are increasing in p and C(n,p) such that

/2 1/p

A(U/(s7y))j7p7a < cw (jvpva; S)
A(Ii(svy))j7p7a C(n,p)(s - a)“{&i’

foranyp>0,a<s<t yel0,1],j=0,..,n and some~y >0, a; > 0,...,a;, > 0. Then X € D>
and we have that, for p > 6, ¢ = pr and ay + ... + a;, = «, there exists p’ and p* with p* = p if I;

is a constant for all i and the following inequality is satisfied for alln >0 and p > 6

IN

A(X)n.p.a

b
< A(Xo(t,a,b))npa+ Cn,p) {/ (ct/(n—1,p",a,8)" + cw(n,p*,a,8)) x (s —a)"ds
a

1/p
. . (r-2)/2p)( [P
+ ((t — Q)S/Qiq - (t - b)s/Qiq) ' ’ (/(CZ’ (TL - 17pl7 a, S)p’ﬂ + Cu/(n7p*7 a, S)p) X (S - a)“/apd3>

We define c,(—1,p,a,8) = 0 and ¢y (0,p,a,s) as the constant such that A(f(u')(s,y))g . +
A(g(u)(5:9)0 pa < cuw(0,p,a,8) and ¢y (n —1,p', a,s) = max;j<,—1 cw (4,0, a, s).
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Note that if we have I; =constant we can take v = 0. Another particular case occurs if we
suppose that all the constants ¢,/ (j,p’,a,s) < 1 for j =1,..,n. In such a case one has

A(X)”,Paa

b
< A(Xo(t,a,b))npa+Cn,p) {/ (ct(n—1,p",a,8) + cu(n,p*,a,s)) x (s —a)"ds

a

1/p
(¢t(n—1,p',a,8)P +cu(n,p*,a,s)F) (s — a)“/apds>

+ ((t N iy b)3/2q)(p—2)/(2p)</b

Proof. One does the estimation in various steps. First we have for n > 1

b 1 i0
AX)a < [ / Gr ot ) AT (e (5,9)) T] T5(5,9) ) padlyds (13)

i=1

(//Gtsxy '(s,9)) HIsy dy,ds)) .
n,p,a

To estimate the first term we first have that
n k;

Dy f Z FE W (s,y)) H H DY k) ki (5, 9)-

keO©(n) I=1j=1
ocESy,

Here the summation is done for
kecOn)={(ko,....kn) € N"Th k) 4+ 2ky + ... + nkyp =0, k1 + .. + by = Ko}
Sy, denotes the set of permutations of the index set {1,...,n}. We have used the following notation

o(i1,12) = (Yo(ir4+1)s So(ir+1)s -+ Yo(in)s Soliz))
K(l,7) ki + oo+ (1= Dhkg—1 + (5 — D)L

Also one has that

Dn HImJ S, y Z H a(wa 1,w;) m] (8 y)

j=1 wel(n) j=1
og€eSy

where ‘
I'(n) = {(w1, ..y wiy) € {0,..;n}% w1 + ... +wyy =n}.
Finally one has that

Dy (f(u’(s,y))HIAs,y)) = Z Z Dy o,mf (W' YD (HI § y)

i=1 r=00€S,

Then using the Cauchy Schwartz inequality we have that for n > 1 (in the case that r =0, k; =0
or iy = 0 we set the product equal to 1)

A

i0 p n r Kk
A(f<u'<s,y>>nms,y>) < comS| S T A0 G070,
=1 D r=0 ke@(r) 1=1j5=1

n,p,a

oeS,

X Z HA(Ii(Say))Zi,q(wi),a

wel(n—r)i=1
oESH_r

IN

C(nap) (C:}(n - lap/a a, s)n + Cw (nvp*7 a, S))p X (S - a)'yap.
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Here p' = maxj=1,...» p(l,j) where p(l,j) > 1, g(w;) > 1 are a set of positive real numbers such that
Jj=1,.. ,l

>y 22:1 p(l, )"t + ZJ 1q(wj)~t =p~ for each set of indices. p(n,1) = p if I; is a constant for

all 7 and therefore p* = p if I; is a constant, otherwise p* = p’. Here we have used the assumption

that ¢,, > 1. If one assumes that ¢, (j,p’,a,s) < 1 then note that the above bound becomes

C(n,p) (¢t (n—1,p',a,s) + cu (n,p*,a,s))’ x (s —a)7*P. The case n =0 follows directly as

A (f(u/(87 y)) H IZ(S7 y)) < cw (Ovplv a, S)p(s - a)'yap'

0,p,a

The second term in (13) is a bit more involved but uses similar techniques. First note that for
81, .-y Sn € [a,b] we have

<//Gt s(@,y)g(u'(s,y) HI s,y )W dy,d8)>Gt_sn(x,yn)ZDﬁ(J)l< (U’(sj,yj))ﬁfi(sj,yj)>

j=1 i=1

+ / /0 Gy_s(r,y) D" <g<u/(s,y)>f[lzi<s,y>> W (dy. ds).

Here v(j) denotes the set v without the variables (s;,y;). Therefore we have

(/ / Gis(,y)g(u'(5,y) HI s, y)W dy7d8)>p (14)

< C(n,p) A(Gt_ HI) +

n—1,p,a
2 P/2

E, /ab /01 /: /01 ( /’;vv /0 1Gt,s@c,y)DZ} (g(u/(s,y))li__ollli(&y)) W<dy,d8)> do

To estimate the first term we integrate with respect to the variables (s,,y,) last and apply Cauchy
Schwartz inequality to obtain that

A (Gt H I; )
n—1,p,a

bl P
< (/ / Gt-sn(af,yn)quyndsn) // ( (Sn,Yn) HI Snvyn)> dyndsn.
a JO
n—1,p,a

=1

Here ¢ = ]%, p > 6. Now we estimate the first integral on the right using (6) and the second using
the same steps as in the first term of (13) to obtain that for n > 1

A(Gt_ HI)
n—1,p,a

(r-2)/2 [P
< C(n-1,p) ((t —a)3/?71 — (¢ — b)3/27‘1) 8 / c(n—1,p a,s) " YP(s — a)1*Pds.

To estimate the second term in (14) one uses the Burkholder inequality for martingales in Hilbert
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spaces and Fubini’s theorem which gives that

IN

IA

IN

<

2 p/2

// // </avS1v VSH/Gt s(, y)D"<( (s, ))f[fi(s,y)>W(dy,ds)> dv
/ab/ol(;ts(x,y)Q/a“‘/Ol.,./:/ol (DL’ (g(ul(s,y))f[lfi(s,y)>>2dvdyds
C(p) <//Gts$y2qdyds>p/q// < (s,v) H13y> dyds

n,p,a

p/2

(p—2)/2

C(n,p) ((t - a)3/2—q —(t— b)3/2_q>

S| S A || S TTAGG0E 0. |

r=0 \ k€O(r)l=1j=1 wel(n—r)i=1
UGS o€ESy_r

(p—2)/2 (b
C(n,p) <(t - a)S/qu - (t - b)3/2*Q) ’ / (CZ’ (nvpla a, 5)(n71)p+6u’ (nap*a a, 5)p)(5 - a)'yapdS.

As before the case n = 0 is treated separately using the same proof line as in Lemma 13 obtaining
a similar bound. Putting all the above estimates together we have the result. m
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