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MOTIONS
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ABSTRACT. In this paper we obtain Gaussian type lower bounds for the density of solutions
to stochastic differential equations (sde’s) driven by a fractional Brownian motion with Hurst
parameter H. In the one dimensional case with additive noise, our study encompasses all
parameters H € (0, 1), while the multidimensional case is restricted to the case H > 1/2. We
rely on a mix of pathwise methods for stochastic differential equations and stochastic analysis

tools.
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1. INTRODUCTION

Let B = (B',..., B be a d dimensional fractional Brownian motion (fBm in the sequel)
defined on a complete probability space (€2, F,P), with Hurst parameter H € (0,1). Recall
that this means that B is a centered Gaussian process indexed in [0, 1], whose coordinate
processes are independent and their covariance structure is defined by

S 1
R(t,s)=E[B!B]]| = 5 (s + 27T — |t —s]P), fors,te[0,]and j=1,....d. (1)
This implies that the variance of an increment is given by
E [(Bg —Bg)Q] = |t— s, for stel0,1]. 2)

In particular, this process is v-Holder continuous a.s. for any v < H and is an H-self similar
process. This converts fBm into a natural generalization of Brownian motion and explains
the fact that it is used in applications [I7, 27, 29].

We are concerned here with the following class of stochastic differential equations (sde’s)
in R™ driven by B on the time interval [0, 1]:

t d_ -t
X = a+/ Vo(X,)ds + Z/ Vi(X,)dB, (3)
0 i=1 70

where a € R™ is a generic initial condition and {V;; 0 < i < d} is a collection of smooth
and bounded vector fields of R™. Though equation can be solved thanks to rough paths
methods in the general case H € (1/4,1), d > 1, we shall consider in the sequel three situations
which can be handled without recurring to this kind of technique:

(1) The one-dimensional case with additive noise and H € (0,1), which can be treated
via simple ODE techniques.

(2) The one-dimensional situation, namely m = d = 1 with H € (1/2,1), where the
equation can be solved thanks to a Doss-Sussman type methodology as mentioned
in [19].

(3) The case of a Hurst exponent H € (1/2,1), for which Young integration methods are
available (see e.g [14] 24| 31]).

Hence, we always understand the solution to equation according to the three settings
mentioned above. We shall see however that rough path type arguments shall be involved in
some of our proofs.

The process defined as the solution of is obviously worth studying, and a natural step
in this direction is to analyze the density of the random variable X; for a fixed £ > 0. To this
respect, the following results are available in our cases of interest:

(1) For m = d = 1, the existence of density for £(X;) has been examined in [19].
(2) Whenever H > 1/2 and in a multidimensional setting, the existence of density is
established in [25], while smoothness under elliptic assumptions is handled in [15].

Let us also mention that for the multidimensional equation and H € (1/4,1/2), rough
paths techniques also enable the study of densities of the solution. We refer to [6, [7] for
existence and [5] for smoothness results for £(X;). However, the only Gaussian type estimate
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for the density we are aware of, is the one contained in [3|, which relies heavily on a skew-
symmetric assumption for the vector fields Vi, ..., Vj.

The current article is thus dedicated to give Gaussian type lower bounds for the density
of X;. More specifically, we work under the following assumptions on the coefficients of
equation (3):

Hypothesis 1.1. The coefficients Vi, ..., Vy of equation satisfy the following conditions:

(1) If m=d =1, then Vo, V; € C} and we also assume X < |V1| < A.

(2) In the multidimensional case, the vector fields Vi, ..., Vy belong to the space C° of
smooth functions bounded together with all their higher order derivatives. Furthermore,
if V(z) denotes the matriz (Vi(x),...,Va(z)) € R™*? for all x € R™, then we assume
the following uniform elliptic condition:

M, <V(z)V*(z) < AId,, foral ze&R™, (4)

where the inequalities are understood in the matrixz sense and where X and A are two
given strictly positive constants which are independent of x.

With these hypotheses in hand, our main goal is to prove the following result:

Theorem 1.2. Consider equation (3)), under the following three specific situations:
L. m=d=1, He€ (0,1), Vy € C} and the noise is additive (i.e., V} is a non vanishing
real constant).
I. m=d=1, H € (1/2,1) and Hypothesis[1.1(1) is satisfied for Vy, V4.
IT1. Arbitrary m, d € N, H € (1/2,1) and Vy ... Vy satisfying Hypothesis (2).
Then, the solution X; of equation possesses a density p;(x) such that for every x € R™
and t € (0,1] we have:

2
¢ ca |r — al
pi(x) > i <P <—752—H> ) (5)
for some constants c1, co only depending on d,m and Vy, ..., V.

As mentioned above, this is (to the best of our knowledge) the first Gaussian type lower
bounds obtained for the density of the solution of the sde driven by fBm in a general setting.
It should also be mentioned that the lower bound can be complemented by a similar upper
bound contained in [4].

Let us say a few words about the methodology we rely on in order to obtain our lower
bound . Generally speaking it is based on Malliavin calculus tools, but the three results
mentioned in Theorem [[.2] are proved in different ways:

(1) In the one dimensional additive case, we invoke a recent formula for densities introduced
in |20] which yields an easy way to estimate p; in the case of additive stochastic equations.
We thus include this study for didactical purposes, and also because we obtain (slightly non
optimal) Gaussian upper and lower bounds with elegant methods. Observe that this technique
proves to be useful (generally speaking) for equations with additive noise, as assessed in a
SPDE context by [23].

(2) The one dimensional case with multiplicative noise is based on the Doss-Sussmann’s
transform and Girsanov type arguments. It is rather easy to implement and yields results
when the criterion of [20] can not be applied.
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(3) As far as the general case is concerned, it will be basically handled thanks to the decom-
position of random variables using increments of independent of Gaussian increments strategy
introduced in [2] [16], which has also been invoked successfully e.g in [9]. However, let us point
out two important differences between the fBm and the diffusion case:
(i) In the case of the sde without drift coefficient Vj, the first step of the method imple-
mented (for a fixed ¢ € (0, 1]) in |2], [16] amounts to introduce a partition {¢;; 0 < 7 < n} such
that to = 0 and ¢,, = ¢, with n large enough, and then split X; into small contributions of the
form
d . ) d ti+1 )
th+1 - th - Z‘/Z(Xt]) |:sz+1 - szi| + Z/t [V:L(X5> - ‘/Z(Xt])] dB; (6)
i=1 7/t

i=1

Then a main conditionally Gaussian contribution V;(Xy,)[B; , — By | is identified in the right
hand side of equation @, while the other terms are a small remainder in the Malliavin
calculus sense in comparison with the first. Roughly speaking, the Gaussian lower bound
is then obtained by adding those main contributions and proving that the remainder does not
significantly modify the estimate. However, let us highlight the fact that this general scheme
does not fit to the fractional Brownian motion setting.

Indeed, due to the fBm dependence structure, the main contributions to the variance of X,
in the current situation come from the cross terms E[(B; , — B} )(Bj,,, — By,)] for j # k.
We have thus decided to express equation as an anticipative Stratonovich type equation
with respect to the Wiener process induced by B. This is known to be an inefficient way to
solve the original equation, but turns out to be very useful in order to analyze the law of X,.
We shall detail this strategy at Section [5.1}

(1) In the case of an equation driven by usual Brownian motion, the Malliavin-Sobolev norms
involved in the computations give deterministic contributions after conditioning, due to the
independence of increments of the Wiener process. This is not true anymore in the fBm case,
and we thus need to add a proper localization to the arguments of [2] [16].

The adaptation of the Brownian methodology to our fBm context is thus nontrivial. Note
that we could also have tried to resort to the powerful global bounds given in [I8] in order to
get our Gaussian lower bounds. Unfortunately, the exponential moments conditions imposed

in the latter reference are too restrictive to be applied to Malliavin derivatives of sde’s driven
by fBm.

Our article is structured as follows: Section [2is devoted to recall some useful facts on frac-
tional Brownian motion and stochastic differential equations. We handle the one dimensional
case with additive noise at Section [3|and the one dimensional case with multiplicative noise in
Section [4| with different methodologies. Finally, the bulk of our article focuses on the general
multidimensional case contained in Section 5] Some auxiliary results used in Section [5|dealing
with stochastic derivatives are given in an Appendix.

Notations: Throughout this paper, unless otherwise specified we use | -| for Euclidean norms
and || - ||» for the LP(§2) norm with respect to the underlying probability measure P. For a
random variable X, £(X) denotes its law and for a o-field F, X € F denotes the fact that
X is F-measurable.

Consider a finite-dimensional vector space V and a subset U C R?. The space of V-valued
Holder continuous functions defined on U, with k-derivatives which are - Hoélder continuous
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with v € (0,1), will be denoted by C**(U; V), or just C*¥* when U = [0, 1]. For a function
geC’(V)and 0 < s <t <1, weshall consider the semi-norms

Y

19lls4 e
The semi-norm ||g||o.1., will simply be denoted by ||g||,. Similarly, for an open set U, C}(U; V)
denotes the space of bounded continuously differentiable functions with bounded first deriva-
tive. For z,y € R™, we set 1yy>.1 = [ [} 1qy>zy - Vectors z € R™ denote column vectors,
their j-th component is denoted by 27/ and the transpose of x is denoted by x*. The identity
matrix of order m x m is denoted by Id,,.

Finally, let us mention that generic constants will be denoted by ¢, cy, cy, ete. indepen-
dently of their actual value which may change from one line to the next. This rule will also
apply for the constants M and M’ which will appear as localization parameters, with the
following additional convention: each time a localization constant appears, it increases its
value by the addition of a fixed universal constant from the previous value. For a detailed

explanation, see .

2. STOCHASTIC CALCULUS FOR FRACTIONAL BROWNIAN MOTION

This section is devoted to give some of the basic elements of stochastic calculus with respect
to B. For some fixed H € (0,1), we consider (2, F,P) the canonical probability space
associated with the fractional Brownian motion (in short fBm) with Hurst parameter H. That
is, Q0 = Cy([0, 1]; R?) is the Banach space of continuous functions vanishing at 0 equipped with
the supremum norm, F is the Borel sigma-algebra and P is the unique probability measure
on € such that the canonical process B = {B; = (B},...,B%), t € [0,1]} is a fBm with
Hurst parameter H. In this context, let us recall that B is a d-dimensional centered Gaussian
process, whose covariance structure is induced by equation (2)).

2.1. Malliavin calculus tools. Gaussian techniques are obviously essential in the analysis
of fBm driven differential equations like (3)), and we proceed here to introduce some of them
(see Chapter 5 in [21] for further details).

2.1.1. Wiener space associated to fBm. Let £ be the space of R%valued step functions on
[0, 1], and H the closure of £ under the distance defined by the scalar product:

d
(Lot 5 Lpoit))s (Lpossa)s > Ljosg) ) = ZR(tiaSi)-

i=1
The space H is isometric to the reproducing kernel Hilbert space associated to B.

Furthermore, if (ey, . .., e4) designates the canonical basis of RY, one constructs an isometry
K*: " — L*([0,1]; R?) such that K*(1j4¢€;) = 10 Knu(t,-)e;, where the kernel K = Ky is
given by

t
K(t,s) = cHsé_H/(u—s)H_Z‘u > du, H>§, (8)

s\ 1/2=H H u [ H-1 H-3
K(t,s) = cua (—) (t —s)T7Y2 4 ey s/ /(u—s) T2yt T2du, H < -
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for 0 < s < t and some explicit universal constants cy, cm1,cm2. With a slight abuse of

notation we will denote the associated integral operator by K f(z) = [ f(s)K(x,s)ds. Note
that we have that R(s,t) = OSM K(t,r)K(s,r)dr. Moreover, let us observe that K* can be
represented in the following form: for H € (1/2,1) we have

1
(K], = / o 0K (1) dr
t

while for H € (0,1/2) it holds that

[K*(P]t = K(lvt) Pt +/; (901” - Spt) arK(r> t) dr.

When H € (1/2,1) it can be shown that L'/#([0,1],R?) C H, and when H € (0,1/2) one has
C’ C H C L*([0,1]) for all v >  — H. We shall also use the following representations of the
inner product in H:

(i) For H € (1/2,1) and ¢,v¢ € H we have
1 1
(K", K" 2o = (6 ¥ = cn / / 5 — 22 (6, Vgt disdt (9)
0 0

(i) For H € (0,1/2), consider any family of partitions 7 = (¢;) of [0,1], and set Qj =
>, E[AI(B)AL(B)] with Ai(B) = Bj. — B} . Then, for ¢,1) € H we have

<¢7 w>7—[ = |71F1|I—r>10 <¢tj717 wtk,1>Rd Q]k’ (10)

Jk

Let us also recall that there exists a d-dimensional Wiener process W defined on (2, F, P)
such that B can be expressed as

B, = /tK(t,r) AW, teo1]. (11)

This formula will be referred to as Volterra’s representation of fBm. Formula has various
important implications. For example, it is readily checked that F, = o{B;; 0 < s < t} =
o{Wj; 0 < s < t}. This filtration will appear in the sequel.

2.1.2. Malliavin calculus for B. Isometry arguments allow to define the Wiener integral
B(h) = fol(hs,st) for any element h € H, such that it satisfies E[B(h1) B(hg)] = (h1, ho)n
for any hq, ho € H. A F-measurable real valued random variable F' is then said to be cylin-
drical if it can be written, for a given n > 1, as

F = f(B(hY),...,B(h")) :f(/01<h§,st>,...,/01<hg,dBS>) ,

where h' € H and f: R" — R is a C* bounded function with bounded derivatives. The set
of cylindrical random variables is denoted by S.
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The Malliavin derivative with respect to B is defined as follows: for F' € S, the derivative
of F is the R? valued stochastic process (D;F)o<;<1 given by

D,F = Zhl af )., B(h™)).

More generally, we can introduce iterated derivatives. We will use the following two notations
depending on the situation. For F' € S, we set for i = (iy,...,9) and t = (t1,...,t)

D{ =D} ,F=D,...D,ForDiF =D *F=D;j..D}F.

For any p > 1, it can be checked that the operator D* is closable from S into LP(£2; H®F).
We denote by DFP the closure of the class of cylindrical random variables with respect to the
norm

191, = (17 3 0] 1)
7=1
for k > 0 and p > 1. In particular, |Fllo, = || Fll, = (E[F?])}/P. As it is usually the case in
Malliavin Calculus with respect to W, the spaces D*?(H) are also defined. The dual operator
of D is denoted by 48, which corresponds to the Skorohod integral with respect to the fBm
B on the interval [0,1]. The space of smooth processes L*P(#) is induced by the following
norm:

k
lallfsn gy = Ellulls] + > E (1D ull o] -
=1
Finally, the set of smooth integrands is defined as D*®°(H) = Ny p>1D*P(H), and the Malliavin
covariance matrix of F' is denoted by I'g.

As mentioned in the introduction, our lower bound will be obtained by considering
equation as an equation driven by the underlying Wiener process W defined in (11,
meaning that we shall also use stochastic analysis estimates with respect to W. We refer to
Chapter 1 in [2I] for this classical setting, and just mention here a few notations: we denote
by D the differentiation operator with respect to W and by ¢ the corresponding dual operator
(Skorohod integral). The respective norms in the Sobolev spaces D*?P(L?([0,1])) are denoted
by || - ||z and the space of smooth integrands by L¥P. The following simple relation between
D and D is then shown in [2I], Proposition 5.2.1:

Proposition 2.1. Let D' is the Malliavin-Sobolev space corresponding to the Wiener process
W. Then D'? = (K*)"'D%? and for any F € D" we have DF = K*DF whenever both
members of the relation are well defined.

In fact the above proposition says that the derivatives D and D are somewhat interchange-
able. Indeed, using formula (5.14) in [2I] which gives an explicit formula for (K*)~! one
obtains such a property. In particular, we will use that for F' € F, with ' € D*? and for
u=(up,...,u) €0,1% and r = (ry, ...,7,,) we have

IDLF| < ess sup,, <. izt x DeFIK (¢, ur).. K (t, ug). (12)
For the proof of and other useful properties see Appendix [6]
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Some of our computations in Section [5| will rely on some conditional Malliavin calculus
arguments, for which some definitions need to be recalled. First, for a given ¢ € [0,1] and
F € L*(Q), we shorten notations and write

E,[F] := E[F| 7],

and also set P, for the respective conditional probability and Cov;(G) for the conditional
covariance matrix of a Gaussian vector G. We shall only use conditional Malliavin calculus
with respect to the underlying Wiener process W, for which we recall the following definitions:
For a random variable F' and t € [0,1], let ||F||x,+ and I'p; be the quantities defined (for
k>0, p>0) by:

ank,p,t:<Et 7]+ ZEt[lDﬂFH@z D and U = ((F F)iz) ey (13)

where we have set L? = LQ([t 1]).
With this notation in hand, we give a conditional version of the integration by parts formula
with respect to the Wiener process W borrowed from |21, Proposition 2.1.4].

Proposition 2.2. Fixn > 1. Let F, Z,, G € (D>®)? be three random vectors where Z is F,-
measurable and (detr,,, )~' has finite moments of all orders. Let g € C;O(Rd). Then, for any
multi-index o = (aq, ..., a,) € {1, ..., d}", there exists a r.v. H(F,G) € My>1 Nm>o D™P
such that

E[(0ag)(F + Z,) G| F] = E[g(F + Z,) Hy(F, G)| F.], (14)
where H (F, G) is recursively defined by

Zd ( DFJ) H3(F,G) = H},,\(F, H; (F,G)).

aq, ---70477.—1)

Here o, denotes the Skorohod integral with respect to the Wiener process W on the interval
[s,1]. Furthermore, the following norm estimates with l = L + i + i hold true:

(dn+1)
”FHn—FZQ"qQ SHG”n g3,S*

We will also resort to a localized version of the above bounds. Namely, we introduce a
family of functions ®;;. : Ry — R, indexed by M,e > 0, which are regularizations of
1(z<nmy- Specifically, we define a function ¢. = e '¢: R — R with

1
¢(x) = cy exp (— 11— 2) Ljej<1ys

HH(F, G)llp.s < cll det(Trs) |30

q1,S

X

where ¢ is a normalization constant chosen in order to have [, ¢(x)dz = 1. Then, we define

Qpre(z) :=1— /_Z ¢ (x — M) dx. (15)

It is then readily checked that ®p.(2) = 0 for 2 > M + ¢, ®pr(z) = 1 on [0, M — €] and
Dy € Cp°. We will use the above localization function in two situations: one for M >> 1,
e = 1 and in that case we simplify the notation using ®,; = ®ps1. In a second case M will
not be a large quantity and therefore we will have to choose € accordingly.
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Consider now Z € D*. Under the same conditions as for Proposition we get a con-
ditional integration by parts formula of the form localized by Z, with the following
modification on the estimation of the norms of H; :

| H(F, G @ar(2))lps < ell det(Trs) ™' @arr(2) |52 | @ar (25 4y NG P (2) ks s (16)
for some appropriate positive integers kq, p1, k2, po, k3, p3, k4, and where we recall our conven-
tion on increasing constants M’ > M. In fact, to obtain the above inequality is enough to
notice that there exist constants M’ and C' which may depend on M and k € N such that
Py (Z) < COpp(2)F and 05Dy (Z)| < CPpp(Z). Notice that is valid for localizations
of the form @, .(Z) as well.

2.2. Differential equations driven by fBm. Recall that X is the solution of , and
that our working assumptions are summarized in Hypothesis [I.I, We have distinguished 3
situations:
(1) The one dimensional additive case, for which equation can be reduced to an ordi-
nary differential equation by considering the process Z7 = X — B.
(2) The one dimensional multiplicative case, handled thanks to the Doss-Sussman trans-
form (see e.g [19]).
(3) The multidimensional case with H € (1/2, 1), solved in a pathwise way by interpreting
stochastic integrals as generalized Riemann-Stieljes type integrals.
In this section we give a brief account on the known results in the last situation.

In the case H € (1/2,1), is solved thanks to a fixed point argument, after interpreting
the stochastic integral in the (pathwise) Young sense (see e.g. [14]). Let us recall that Young’s
integral can be defined in the following way:

Proposition 2.3. Let f € C7, g€ C* withy+ kx> 1, and 0 < s <t < 1. Then the integral

fst ge dfe is well-defined as a Riemann-Stieltjes integral. Moreover, the following estimation is
fulfilled:

t
[ dfs‘ < Il lgllt = sl

where the constant C' only depends on v and k.

With this definition in mind and under Hypothesis [1.1} we can solve uniquely in the
Young sense. Specifically, it is proven in [24] that equation (3 driven by B admits a unique ~-
Holder continuous solution X, for any % <~ < H. Moreover, the following moments bounds
are shown in [15]:

Proposition 2.4. Let H € (1/2,1) and assume that Vy, ..., Vy satisfy Hypothesis[1.1, Then
fort €0,1] and 1 <~ < H, we have

1
1X o0 < lal + evl| Blly (17)
where we have set | X|o+00 == sup{|Xs|; 0 < s <t} and where we recall that || B|o.: is defined
by (7). Moreover X, € D*® and forn > 1,i= (i1,...,i,) € {l,...,d}" and 0 < s <t <1
the following bound holds true:

sup  [DLX,| < Cyp exp (cv,nHBHW) . (18)

s,t,y
s<u,r1...rn <t ”
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We remark that D-» X, is a continuous function except if r; = u for some i, where it is
cadlag and therefore the above supremum is well defined.
Furthermore, a bound for y-Holder norms with 3 < v < H is provided by [II, Eq.(10.15)]

for X together with its Malliavin derivatives:

Proposition 2.5. Under the same assumptions as for Proposition we have

1 . 1
1X e < e (HBHW v ||B||;,m) D X lar < o exp (cs,v,nan;,t,Q .

Remark 2.6. Assume H > 1/2 and the other hypothesis of Proposition again. As men-
tioned e.g in [8, Section 7], the Young type integrals fot Vi(X,)dB! in ([3)) coincide with Russo-
Vallois’ definition of integral and also with the Stratonovich integral of Malliavin calculus.
We shall use those identifications later on, and they will be detailed in Section For the
time being, let us just stress the following fact: in order to harmonize notations, we shall
often write [, Vi(X,)odB! for the Young integral (instead of [, Vi(X,)dB!), in order to recall
that it can also be interpreted in the Stratonovich sense.

3. ONE DIMENSIONAL ADDITIVE CASE

This section is devoted to prove our main Theorem in the particular case m =d =1
with additive noise. In this context, one can take advantage of the results obtained by Nourdin
and Viens in [20] in order to derive Gaussian type upper and lower bounds for p,. Let us then
first recall what those results are.

3.1. General bounds on densities of one-dimensional random variables. Recall that
we denote the Malliavin-Sobolev spaces with respect to the fBm B by D*?, and consider a
real-valued centered random variable F' € D%2. We define a function g on R by:

g(z) == E[(DF, —DL*1F>H |F = 2z],

where the operator L is the Ornstein-Uhlenbeck operator associated to the fBm B (see [21]
for further details), which can be defined using the chaos expansion by the formula L =
— > o ond,. Based on the function g, the following simple criterion for Gaussian type bounds
has been obtained in [20]:

Proposition 3.1. Let F' € D"? with E[F] = 0. If there exist ¢1, ¢ > 0 such that
&1 S g(F) S Co, P - a.s, (19)
then the law of F' has a density p satisfying, for almost all z € R,

202 1 1 262

Interestingly enough, [20, Proposition 3.7] also gives an alternative formula for g(F") which
is suitable for computational purposes. Indeed, if we write DF = ®(B) in the above
Proposition, where ®p : R — 7 is a measurable mapping, then the following relation

holds true:
g(F) = /0 TR [<<I>F(B), Or(e B+ /1 6—293’)>H ] F} do, (20)
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where B’ stands for an independent copy of B, and is such that B and B’ are defined on the
product probability space (2 x Q') F @ F',P x P’). Here we abuse the notation by letting
E be the mathematical expectation with respect to P x P’, while E’ is the mathematical
expectation with respect to P’ only. One can thus recast relation as

g(F) = /OOO E |[E'[(DF.DF), ]| F| @, (21)

where, for any random variable X defined in (2, F,P), X? denotes the following shifted
random variable in € x €)':

X(w,) =X (e_ew +4/1 - 6—2%/) , weN e

3.2. Main result in the additive one-dimensional case. Before stating our result let us
point out that we assume through this subsection V; = ¢. That is, X is the solution of

t
Xi=zx +/ Vo(Xs)ds + o By, te€0,1] (22)
0

where o > 0 is a strictly positive constant, Vj satisfies ||V{||,, < M for some constant A/ > 0
and B is a fBm with H € (0,1). Under this setting, we are able to get the following bounds:

Theorem 3.2. Assume that V; satisfies that ||Vj||., < M, for some constant M >0, o > 0
and H € (0,1). Then, for allt € (0,1], X; possesses a density p; and there exist some strictly
positive constants c; < c3 and co < ¢4 depending only on M and H such that for all z € R

;_1H6Xp (_(z_—m)Z> <pi(2) < ;—3[{ exp (—(2_—m)2> : (23)

CQJQtZH 0402t2H

Remark 3.3. The advantage of the Nourdin-Viens method of estimating densities is that
upper and lower bounds are obtained with similar proofs. The drawback is the restriction
to one dimensional additive situations. Also notice that the exponents in equation are
optimal, meaning that our density bounds mimic the fBm case. See also Theorem for the
non-constant diffusion case.

Strategy of the proof. We first notice that we can reduce our problem to prove that:

BlX —m|l o (_(z__m)Q> <pi(z) < BX o ml] (—M) - (24

0102t2H CQJQtZH - 6202t2H 6102t2H

Indeed, one can check in our context that E[|X; — m|] < ot. This easy step is left to the
reader for the sake of conciseness, and it naturally allows to go from to . Now in order
to prove (24)), we obviously rely heavily on Proposition [3.1 We thus define F = X, — E[X,],
where X; is the solution of . We get a centered random variable, and we shall prove that
there exists two constants 0 < K; < K3 such that

K0*t* < g(F) < Kyo®t*H. (25)

Notice first that in the present case, it is easily seen that for any ¢t > 0 we have X, € D?
(this is a particular case of [25]). Furthermore, the Malliavin derivative of X, satisfies the
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following equation for r < ¢
t
D, X, = / Vi (Xs)D, X ds + o.

This equation can be solved explicitly, and we obtain
D, X, = gelr V6(Xe)ds, (26)
In particular, the bound
ce™ <D, X, <cge™M (27)
holds true almost surely for M = [|Vj]| ..
Observe that we shall bound g(F) thanks to relation . More specifically, we will show
that for each § € R, we have (almost surely):

cst* 0 < (DF,DF’), < ¢ t*7 07, (28)

for two strictly positive constants c3 < ¢4. This deterministic bound easily yields and
thus (24). We now separate the cases H € (1/2,1) and H € (0,1/2) in order to get rela-
tion (28). Notice that the Brownian case, i.e. H = 1/2, is well known and it is thus omitted
here for the sake of conciseness. 0

3.3. Case H > % Recall that we wish to prove thanks to relation . Furthermore,
owing to expression (9) for the inner product in H we can write (DF, DF%)4 as:

t t
(DF,DF’), = cx / / DX, D, X?|u — v[*2dudv (29)
0 0

t t
tyrr tyrr 0 —
= cHUQ/ / equO(Xs)dsevaO(Xs)ds]u—v\2H 2dudv.
o Jo

Therefore the lower and upper bounds in follow from plugging inequality into rela-
tion ((29).

3.4. Case 0 < H < 1. As in the case H > 1, our aim is to prove (27). We thus go back to
equation and we observe that we can reduce the problem to the existence of two constants
0 < ¢; < ¢y such that

at? < (DX, DX}), < ct*. (30)
The proof of these inequalities will rely on the following quadratic programming lemma, which

is a slight variation of [5, Lemma 6.2]:

Lemma 3.4. Let Q € R*"QR" be a strictly positive symmetric matriz such that Z?:l Qi; >0
for alli = 1,...,n. For two positive constants a and b, consider the sets A = [a,00)" and

B = [b,co)". Then

inf{z*Q7; 2 € A, v € B} =ab Z Qij-

i,j=1
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Proof. Set a=a1l € R" and b =01 € R". The Lagrangian of our quadratic programming
problem is a function L : R" x R" x R} x R} — R defined as

L(z, 2, A\, Ny) =2"Q% — N[ (x —b) — A\ (T — a).
It is readily checked that V,L(z,Z, A1, \a) = QT — A\ and V;L(x, T, A\, A\y) = Qx — A9, which
vanishes for x = Q7 ')\s and 7 = Q'\,. Therefore,
inf {L(z,Z,\1,N0); z, T €R"} = L (Q’l)\g, Q A\, A\, )\2)
= “ANQ "N+ XNb+Na=: G\, \).
We have thus obtained a dual problem of the form
maX{G A1, A2); A, Ag € RY } (31)

Let us now solve Problem (| . We first maximize G without positivity constraints on
A1 and Ap: we get V), G(A, o) = —Q 7'\ + b and V\,G(A1, \2) = —\;Q ! + a, which
vanishes for \] = Qa and A5 = @b . Observe now that our assumption Z?:l Qi; > 0 for all
1 =1,...,n implies AJ, A\ > 0, so that A] and A\j are feasible for the dual problem. Hence

max {G(A\1, Ao); A1, Ao € R} = G()], A3) —abZQU,

2,7=1
which finishes the proof. U

Importantly enough, Lemma can be applied in order to get a lower bound on H norms:

Proposition 3.5. Let B be a 1-dimensional fBm on [0,7], let H = H, be the associated
reproducing kernel Hilbert space and f, f € H such that f, > b and f, > a for any u € 0, 7].
Then {f, f ) > ab7?H.

Proof. Recall that, owing to relation (10)), we have (f, f)y = limyx -0 I (f, f), where 7 stands
for a generic partition {0 =1t, < --- <t, =7} and

L(f, f) = Z fr Qij fry_ with Qi = E[A(B)A;(B)],

ij=1
where we recall that A;(B) = By, — By,_,. We assume for the moment that @) satisfies the
hypothesis of Lemma and we get

L(f.f)=ab Y Qi =ab Y E[A(B)A;(B)] = abE [B?] = abr?",

3,j=1 1,j=1
which is our claim.

Let us now prove that () satisfies the hypothesis of Lemma, First, the strict positivity
of @ stems from the local non determinism of B (see e.g [30]). Indeed, for u € R™ we have

n—1 n
u*Qu = Var (Z U Aj(B)) > ¢y Zu? t; —t*,

j=0 j=1
where the lower bound is the definition of local nondeterminism. Thus v*Qu > 0 as long as

u # 0.
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Let us now check that for a fixed 7 we have Z?Zl Qi; > 0. To this aim, write
n tit1
> Qi =E[A(B)B;] = / duR(7,u) du.
i=1 i

Going back to expression , it is now easily seen that for u < 7 we have
OuR(t,u) = H (W' '+ (1 —u)*1) >0,
which completes the proof. O

We can now go back to the proof of relation (30), which is divided again in two steps:
Step 1: Lower bound. Thanks to relation (27), we have that ce < D, X,. Thus we just
have to apply Proposition to the Malliavin derivative in order to obtain

(DX;,DX}), > o*t*e M, (32)

which is our desired lower bound.

Step 2: Upper bound. In order to obtain an upper bound for g(F') we will use the representation
of H through fractional derivatives. Indeed, apply first Cauchy-Schwarz inequality in order
to get

(DX, DXY),, < [DX¢]ly, DX 3. (33)
We then invoke Lemma [6.1] to bound |[DX/?||#. This boils down to estimate

D, X! - D,X?
a= sup |D,Xf|, and b= sup L 2
ref0,4] rocloy] (U —T)7

with 1/2 — H <y < 1/2 and any 6 > 0.
Now starting from expression and owing to the fact that V is uniformly bounded by
M, we trivially get a < o eM. As far as b is concerned, we write

D, X} - D, X/| < o el VeXds || _ oTVEXDds| < 5 pp o2M (v—r).

We thus end up with the inequalities
a<oceM, and b<oMeM,
We now apply Lemma [6.1| with constants a and b and we obtain
IDX|l# < cn (o et + 0 M eMt) < 2y 0 M M7,
and hence
(DX;,DX}),, <dcyo® M? M 2,

Finally, putting together the last bound and (32)), we get in the case H € (0,1/2), which
finishes the proof of Theorem 3.2
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4. ONE DIMENSIONAL NON-VANISHING DIFFUSION COEFFICIENT CASE

We turn now to the case m =d =1, H € (%, 1) for a non constant elliptic coefficient o.
Observe that this special case is treated in a separate section because: (i) The Gaussian bound
is obtained with weaker conditions on the coefficients than in the multidimensional case. (ii)
The proof is shorter due to specific one-dimensional techniques based on Doss-Sussman’s
transform and Girsanov’s theorem. This is detailed below.

Remark 4.1. The Doss-Sussman transform can be justified for any H € (0, 1) in our context.
However, the computations related to Girsanov’s transform become much more involved when
H < 1/2, and this is why we restrict our analysis to H > 1/2 in the sequel.

4.1. Doss-Sussmann transformation. The idea of the method is to first consider a one
dimensional equation of Stratonovich type without drift and then apply Girsanov’s theorem
for fBm in order to obtain a characterization of the density.

In order to carry out this strategy, we start by using an independent copy of (€2, F, P) called
(Y, F',P’) supporting a fBm denoted by B’. On (2, ', P’), let Y be the unique solution to:

¢
Yt:a—i-/ V1(Ys) o dBL, (34)
0

where the integral is interpreted either in the Young or Stratonovich sense (as recalled in
Remark [2.6), and where Vi € C'(R;R), Vi # 0 and H € (4, 1). We also call W’ the underlying
Wiener process appearing in the Volterra type representation for B’. We now recall here
some details from Doss and Sussmann’s classical computations adapted to our fBm context.

Indeed, as in [19], let us recall that the solution of equation can be expressed as
Y, = F(B}, a), t > 0, where F : R? — R is the flow associated to V;:

g—i(x,y) =Vi(F(z,y), F(0,y)=y. (35)

We remark that if V; is bounded then F' satisfies |F(z,y)| < ¢(1 + |z| + |y|).

Next we relate the solution X of equation (3)) to the process Y defined by (34). This step
is partially borrowed from [22], and we refer to that paper for further details. Indeed, thanks
to a Girsanov type transform, the following characterization of the law of the solution to (3]
is shown for m = d = 1: For any bounded measurable function U : R — R, one has

Ep [U(Xy)] = Ep [U (F(By, a)) €, (36)

where £ = & = 9€ is the random variable defined by

P’
¢
£ =exp (/ {MS dw! — %M? ds}) ; (37)
0

where we have set M = K~!( [; VoV (V) du).
Notice that in definition (37), the operator K has been alluded to at Section It should
be observed that K, K~' can also be defined respectively, for H > 1 and an appropriate

2
function h, by (see details in |21, Chapter 5]):

H-1

K(R)(s) = I (s" 3 (10 2 (5 h))(s), and K (h)(s) = s™5(DpL 3 (s577h)(s).
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We also recall that in the last equation, I§} and Dg, denote the fractional integral and
fractional derivative, whose expressions are:

15 f() = %&) / " — )™ F(y)dy,

1=y (1 0o [ A500)

It is easily seen from the expressions of K y and Do 2 that K 1h is an adapted trans-
formation (see also expression . below). Hence the term ¢ in corresponds to the
usual Girsanov correction term. Furthermore, notice that in order for to be satisfied

it is required that [; VoV (Y )du € IILHQ(L2 [0,1]). This condition is satisfied due to the
~v-Hoélderianity of Y for any v < H.

Actually one should prove that Novikov’s type conditions are satisfied for £ in order to
apply Girsanov’s transform and get relation . This is achieved in the following lemma:

Lemma 4.2. Let & be the random variable defined by , and assume that Hypothesis —(1)
15 satisfied. Then

and

M, < ey B with o= s 4 [Bly (38)

for any arbitrarily small € > 0. Furthermore Ep/[§] = 1, which justifies the Girsanov iden-
tity (36). That is, under P, B = B' + IN VoV 1 (Y,)du is a H-fBm.

Proof. According to the expression of K; we have:

_ 1 1 1 2
Ms_—F(H—%)<MS+(H )j\/l) (39)
where we have set

M WVTY) e s / sa TV (Ye) — ur TV (V)
0

s -1 ) (S . U)H+%

S 2

The term M. is easily bounded: we invoke the uniform ellipticity of V; and the regularity of
Vy and V4, which yields M} < ¢s~#~2), We now bound M?2: let us decompose this term as
M2 = M2 + M*| with

51— H-1 s -1 Y. — -1 Y.
M?:/ Lo/ ey du, and M?:/ VoV (%) = Vola” (W) 5,
0 (s—u)ffts 0 (s —u)ff*s

Then, resorting again to the fact that V5V, ! is bounded and with the obvious change of
variable r = u/s we get:

du.

21
|Ms | S SH_1/2 r <

cy ! rH-12 _ 1 Cv,H
o rHIR(1 = p)HARY = gEe

In order to handle the term M?2 we start by writing'

A < /|F F(By.a)l

H+2
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and thanks to the Lipschitz properties of F' plus elementary integral computations we obtain:
M < evll Bl g_sse.

Therefore, summarizing our estimates on M! M?! and M??, the proof of our claim ([38) is
now completed.

Now let us have a closer look at the process §: it is readily checked that ||B’||, admits
quadratic exponential moments for any v < H (see Theorem 3 in [22]). In particular, one
can choose v = H — 1/2 + ¢ for £ small enough, and hence there exists A > 0 such that

the expected value E[exp() [ %(s)ds)] is a finite quantity. Owing to a version of Novikov’s
condition stated in |12, Theorem 1.1] we deduce that E[¢] = 1. This concludes the proof. [

4.2. Main result in the Doss-Sussman framework. As in the additive case of Section
we are able to get both upper and lower Gaussian bounds in a one dimensional context:

Theorem 4.3. Assume that H € (1/2,1) and Vi, Vi satisfy the assumptions of Hypothe-
sis[1.1-(1). Then, there exist constants Cy and Cy such that for all t € (0,1], the solution X,
to equation possesses a density p; satisfying for all v € R:

1 (x —a)? 1 (x — a)?
_ ~ 7 < [ — — — ] .
C o exp < (& 7l ) < pix) < oo exp ( Cy Yol (40)

Proof. In this proof one should separate 4 cases: (a) A < Vi(z) < A with subcases = > a and
x < a. (b) =A < Vj(2) < —\ with subcases © < —a and x > —a. These situations are treated
thanks to the same kind of arguments, and we will thus assume in the proof that x > a and
A < Vi(z) < A for all z € R. We now divide our proof in two steps.

Step 1: Upper bound. We start from an equivalent of for densities, which is justified
by [15, Theorem 7] and a duality argument:

pi(x) = Ep [0, (F(By, a)) €], (41)
where ¢ is the random variable defined in . We now integrate by parts in order to get
pt(x) = EP’ |:1{F(B£,CL)ZI} H(F(Bév a)>€)] s

, EDF(B., a)
H(F(B), a),&) =46 7 N
(F(By, a),€) <]|DF(B£, G)Hi%[o,t])) -

with

where D, 0 respectively stand (with a slight abuse of notation) for the Malliavin derivative
and divergence operator for the Brownian motion W’ under P’. Let us further simplify
the expression for the random variable H(F'(Bj, a),§): setting K;(u) = K(t,u)1y(u), it is
readily checked that we have

DLF(B), a) = 0,F(B), ) Ku(u) and  [DE(B a)]2aqou = 10F (Bl a)f £
Plugging this information into (42)), and defining Z := £ (9, F (B, a))~*, we end up with

H(F(B) a).6) = 2E8) _ g,

t2H
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where

7 B, (DZ, K4) 121049

K= R and K= ey

We have thus obtained
pe(7) = Ep [Lip(s,aze) K1) = Bpr [1{p(51.0)20) K] = py (2) - pi (2), (43)

and we shall upper bound these two terms separately.

The term p; (z) can be bounded as follows: for qi, ¢z, g3 > 1 large enough and a parameter
1 < g4 =1+ ¢ with an arbitrary small € > 0 we have

1/(11 B/ q1
pt1<x) S %Pd/qz (F(Bllf, a) Z :E) l/qs “a F(Bg, )|—q3} Ei)/,q4 [§Q4] (44)

We now bound the right hand side of this inequality:

‘ . ELM[|By|91] H ;
(i) We obviously have —®—z"— < ct™, since B’ is a P’-fBm.

(i1) Let us prove that there exists two positive constants ¢; and ¢ such that, for all x > 0:

co(z — a)?
PV (F(B], a) > ) < ¢ exp (—QtQ—H) : (45)

Indeed, for a fixed a € Rset Q = P'(F (B}, a) > ), and decompose this term as Q = Q1+ Q-
with:
Ql ( (Bza )2377 Bzzo)a and Q2:P/(F<Bz{,7 CL)ZZ‘, B£<O>

Since we have assumed x > a and V; > A > 0, it is readily checked that () = 0. In the sequel
we thus bound the term ;. Towards this aim, appealing to relation (35]), we write:

By
Q=P (/ Vi (F(z,a))dz >z — a, BgZO).
0

Next recall that we have assumed A < Vj(z) < Aforall z € R. Hence we have fOC Vi (F(z,a))dz
< A( for all ¢ > 0, and thus:

(z —a)
Q<P (AB>2—a. B >0) =P (AB > a) < exp (—W ,
which is consistent with relation . The proof is now completed by a similar analysis of
the term Q).
(i1i) Equation and the non-degeneracy assumptions on V; show that 0,F is bounded
from below by a constant, so that we get the trivial bound:

EJ® [|0,F (B, a)]®] <c.

(iv) Set S = [} MydW! and D = [ M2 ds, where M = K;'(J; VoV, ™' (Y,)du) as above, and
where we recall that g4 = 1 4+ ¢ with an arbitrarily small € > 0. It is readily checked that

Q4 g q
EM = exp <q4S — §D> = exp (q4S — §4D> exp (§D) ,
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2
where ¢. = ¢f —qu = (1 +¢). Now observe that the term exp(q,S — %4 D) is a Girsanov
change of measure which corresponds to a shift on B’ of the form

~

B=B - q4/ VoVi ' (Yo)du = B — (qs — 1)/ VoV ' (Vo) du.
0 0
Calling P’ the probability under which Bis a fBm, we get
Ep [¢"] = Bp, |exp (£D)]. (46)
Now plug the estimate into ([46]). This yields:
D < e (141815 )
< o (1B [ v ona )
0 2

< e (1 1BIE L)

Going back to relation and taking into account the fact that ¢. can be chosen arbitrarily
small, we get Ep/[{%] < o0.

Gathering all the above estimates into (44]), we have thus obtained that

1 co(z — a)?
pi(x) < o OXP (_ﬁ—H) .

The upper bound for p?(x) (defined in (43))) is obtained along the same lines, and we spare the
details to the reader. Let us just mention that more Malliavin derivatives of £ and F(B’,a)
are involved in the computations, and this is where we use both the non-degeneracy and
smoothness assumptions on V. Then taking into account the estimates on p}(z) and p?(x)
in (43), we end up with our global upper bound in ([0).

Step 2: Lower bound. Our strategy to obtain the lower bound in is based on the following
decomposition:

pi(z) = Bpr [0(F(B], @))(& = o) + Bpr [0:(F(By, a))éere] =2 o1 + 97, (47)

where ¢ is a constant to be determined later. Observe that the main term will be p?, which
means that we consider a two point partition of the interval [0, ¢] and we perform a one-step
decomposition of X; (or Y;) on [0, cit] and [c1t,¢], as opposed to the general time interval
partition in Section

First, we start studying the main term p?: Note that due to , we can apply Girsanov’s
Theorem in order to get:

P? = Ep/ [EP’ [51<F(B£a &)>‘Fclt:| fclt]

(F\(w,0) = [ K(t,)dW)?) 0,8\ (x,a)
EP/ exXp | — 7
2 [, K3(t,s)ds
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where we have set
- (_<F—1<x,a> R (L)W, + 2 vov;1<Xs>ds>2) 0.F\(x.a)
Cc1, .
2fc1t K2(t, s)ds \/27'(' fctltKQ(t, s)ds

In order to determine a lower bound for the above expression, we use the following informa-
tion:

(i) We have 0, F ' (x,a)> [Vi(F(x,a))]' > A~

(if) We apply the inequality (m + a)? > tm? — 2a* to m = F~(z,a) — fclt K(t,s)dWy and a
defined by a* = (; VX)) ds)? < eyt

(iii) Gaussian convolutlon identities can be invoked in order to compose the quadratic ex-
ponential term defining L., ; with the expected value with respect to the Gaussian random

variable [ K (t, s)dW,.
(iv) The follovving trivial bound holds true: fctlt K?(t,s)ds < f(f K2(t,s)ds = t?H,
These ingredients easily entail that
oy C F~Yz,a)?
exp | —————
pt - \/m P 2A2 )
for 62 = 2f K2(t,s)ds + [ K?(t,s)ds, and we observe that 02 < 62 < 202
Now we estimate the first term p; in (47) and prove that it is upper bounded by a quantity
which is smaller than half of the lower bound we have just obtained. For this term we need

to use again the integration by parts estimates carried out in . In order not to repeat
arguments we just mention the main steps: we start by writing

pi = Ep [0,(F(By, @))(& — &) = Epr [Lirsy, )<y H (F(By, ), & — &er)]
and we decompose this expression into p' — p? like in (43), except for the fact that this time
Z 18 replaced by Zt = ((é.t - §c1t) azF(Bév a))il'
We wish to take advantage of the fact that & — &.,; is a small quantity whenever ¢; is close
to 1. For this, define the process M., as Me,s = Kp' ([, VoVi ' (Ya)du), consider 6 € [0, 1]

and define .
&(0) == Eepexp (9/ Meyts dAW! — / ./\/lCItS ) .
cit

Then by the mean value theorem, we have

ft—fcf/ 40 &,(0 (/ M,V — /M%zs)

Applying Fubini’s theorem, one sees that the same estimates as in , appear again with the

exception that (i) The last term in the decomposition becomes EP/,q4 [(ft(b’))q‘*} which is handled
in the same fashion as before. (ii) There is another term appearing in the decomposition,

namely .
”qu/ M dW! — /Mzds) }

Using (38]) and the same estimates for stochastic integrals as in Step 1, one obtains that the
latter term is upper bounded by ¢(1 — ¢22#)t?=2H | Therefore taking c; sufficiently close to 1
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one obtains that this upper bound is smaller than 1/2 of the lower bound previously obtained.
The proof is now complete. [l

5. GENERAL LOWER BOUND

We now wish to obtain Gaussian type lower bounds for the multi-dimensional case of
equation . However, the computations in this section will be performed on the following
simplified version for notational sake (adaptation of our calculations to the drift case are
straightforward):

d t
X, :a—i-Z/ Vi(X,) 0 dB, (48)
i=1 70

where a € R™ is a generic initial condition, V; : R™ — R™¢ =1, ..., dis a collection of smooth
and bounded vectors fields and B!, ..., B? are d independent fBm’s with H € (1/2,1). Recall
that our goal is then to prove relation in this context. To this aim, we shall assume that
Hypothesis (especially relation (4])) is satisfied for the remainder of the article. Observe
that, as in Section , equation is written in the Stratonovich sense. Relations between
Stratonovich and Young’s integrals will be investigated at Section [5.2]

5.1. Preliminary considerations. Let us recall briefly the strategy used in [2][16] in order to
obtain Gaussian lower bounds for solutions of stochastic differential equations. The argument
starts with some additional notation: Recall that the natural filtration of B, which is also the
natural filtration of the underlying Wiener process W defined by , is denoted by F;. As
we have introduced in section we write E; for the conditional expectation with respect
to F;. Under our working Hypothesis let us also mention that the following result is
available (see [4] [15] for further details):

Proposition 5.1. Under Hypothesis there exists a unique solution to . Then for
any t € (0,1], the random variable X, is non degenerate in the sense of Definition 2.1.1 in
[21], namely: (i) Xy € D> (ii) The Malliavin matriz T'x, is almost surely invertible and
satisfies F)}i € Np>1LP(Q). In particular, the density of X, admits the representation p,(x) =
E[0.(X})], where 6, stands for the Dirac measure at point x.

With this preliminary result in hand, the quantity E[0,(X};)] will be analyzed by means of
the succesive evaluation of conditional densities of an approximation sequence {F}; 0 < j < n}
such that X; = F,,. We thus consider p;(z) = E[0,(F,)]. The discretization procedure is based
on a corresponding partition of the time interval as 7 : 0 =ty < --- < t,, = t, and the sequence
of random variables F; which satisfy the relation F; € Fy,.

Let us give some hints about the general strategy for the discretization: it is designed to
take advantage of conditional Malliavin calculus, which allows to capture the convolution
property of Gaussian distributions. We shall thus assume for the moment a structure of the
form

Fj:F?j—l"‘[j—FRj, (49)
where we recall that F;_, € F;,_ . In formula , the term [; will stand for a Gaussian
random variable (conditionally to F;, ) and R; refers to a small remainder term, whose
contribution to the density of F; can be neglected with respect to the one induced by I; just
like in the argument in (7). The local Gaussian bound (f]) will be obtained from the density
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of the sum Z?Zl I;. The argument will finish by an application of the Chapman-Kolmogorov
formula.

As suggested by equation (6) and setting A%,,(B) := B, — Bj, a natural candidate
consists in taking F; = X, , which yields

d d t; .
I;=>> Vi(Xy) Al (B), and R;=)_ /t [Vi(X,) — Vi(Xy,)] dB-. (50)
=1 i=1 Y li—-1

However, this simple and natural guess is not suitable for the fBm case. Indeed, the analysis
of the variances of /; induced from the decomposition (50) reveals that a significant amount
is generated by the covariances between the increments A(B). Now, if we write

n 2 n
2 —E [(BZ)Q} —E (Z A;.(B)) = Y E[A(B)AL(B)]. (51)
j=1 k=1
we realize that the diagonal terms in the right hand side expression only accounts for a term
of the form Y7 [t; — t;1[*"', which vanishes as the mesh of the partition goes to 0 when
H € (1/2,1). This means that our decomposition (50)) will not be able to capture the correct
amount of variance contained in X}, and has to be modified.

There are at least two natural generalizations of the Euler type scheme method described
above:

(1) Take into account the off-diagonal terms in , and perform a block type analysis.
(2) Express the equation as an equation driven by the Wiener process W defined by
relation and take advantage of the independence of the increments of W.

We haven’t been able to implement the strategy (1) above without cumbersome calculations,
and we have thus chosen to follow the second approach. Towards this aim, we first recall how
to define equation as a Stratonovich equation with respect to W.

5.2. Fractional equations as Stratonovich type equations. In order to handle equa-
tion as an equation with respect to W, let us first introduce the following functional
space:

Definition 5.2. Let |H| be the space of measurable functions ¢ : [0,1] — R? such that

1 1
||¢5|||2H| = OéH/ (/ ||| Pl |7 — u|2H_2dr> du < 4o00.
0 0

Note that |H| endowed with the norm || - ||| is a Banach space of functions, which is also a
subspace of H.

In the sequel we also consider random elements with values in |#|. In particular, the norm
of ¢ in DV2(|H|) is given by

1llp22(20) = B [[I01l7] +E [IDl 10 ] -

As mentioned before, the Young type integrals we have handled so far can be identified
with Stratonovich type integrals with respect to B, and finally as anticipative Stratonovich
type integrals with respect to W. In order to state these results more formally, let us recall
what we mean by Stratonovich integrals with respect to B:
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Definition 5.3. Let u = {u, t € [0,1]} be a R¥*-valued process defined on (Q, F,P), whose
paths are supposed to be integrable. The Stratonovich (or symmetric, or Russo-Vallois) integral

of u with respect to B is denoted by ZZZI fol uk o dB* and is defined as:

Z/ ul odBk—lg%Q—gZ/ BE,. —BF ) ds,

whenever the limit exists. In the same way, the indefinite Stratonovich integral is defined as:

Z/ u¥ o dBY = Z/ ul 1y(s)) odBE,  for te€]0,1]. (52)

The following result is borrowed from [I, Proposition 3| and [I0, Proposition 4.2 and p.
193] (we also refer to [IL Section 5| for considerations on the indefinite Stratonovich integral).
It gives the link between Stratonovich and Young integrals with respect to B.

Proposition 5.4. Let u = {u, t € [0,1]} € DY*(|H]), such that

//\Dsuth oPH2dsdt < oo. (53)

Then
(i) The Stratonovich integral 3¢, fol uk o dB¥ in the sense of Definition exists and we

also have:
d 1 d 1 1
Z/ u¥ o dB¥ = §(u) + ay Z/ / D |t — s[> 2dsdt. (54)
k=1"0 k=170 JO

(ii) Whenever u € CY a.s. with v > 1/2 and H € (1/2,1), the Stratonovich integral
Zzzl fol uk o dB* coincides with the Young integral Zizl fol uk dB¥.

Remark 5.5. In the Brownian case (which corresponds to the limiting case H \, 1/2), one
may wonder about the relation between our pathwise type Stratonovich integral and the
Stratonovich integral of a square integrable adapted process u € L2. The easiest way to carry
out this comparison might be starting from relation . Indeed, in the right hand side of
this identity, the Skorohod integral §(u) coincides with 1t0’s integral as long as u € L2. As far
as the terms ay fol fol D, |t — s|?72dsdt is concerned, let us first mention that the measure
20|t — s|?H~2dsdt converges to the Lebesgue measure on the diagonal {(s,t) € [0,1]%; s =t}
as H ~\, 1/2. We thus end up morally with a sum of terms of the form ;fol DFu, dt. The
identification of this term with the bracket (u W), is then standard, and detailed in |21,
Remark 2 p. 175].

The next Proposition allows us to interpret the stochastic integral appearing in as a
Stratonovich type integral.

Proposition 5.6. Let X = {X,, ¢t € [0, 1]} be the solution to [{48), and assume Hypothesis[1.1]
holds true. Then X € DV(|H|) and satisfies the equation:

Xt—a—l—Z/Vk ) o dBF,
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where the indefinite Stratonovich integral is defined by , and can be decomposed as a
Skorohod integral plus a trace term as in (54).

Proof. According to Propositions [2.4| and we just have to prove that X € D%?(|H|) and
satisfies relation (B3)). We first focus on proving the relation

E [[|X][%y] + E [IDX}yep] < oo
In order to see the first part of this inequality, invoke relation and write

1 1
E[|X|2] = an / / E 1| X.[] | — 5”2 drds
0 0

11
< c¢E[|X]3Z] / / Ir — s[* 2 drds < c;.
o Jo

Along the same lines and owing to ([L8)), it is also readily checked that E[IDX|[# o] < 0
and that relation holds true, which ends the proof. Note that due to Proposition [5.4] (ii)
and Proposition [2.5] we obtain the other assertions. O

Finally, the following corollary is the key to the effective decomposition we shall use in
order to get our Gaussian lower bound on p;:

Corollary 5.7. Let the same assumptions as for Proposition[5.6 hold true. For 0 < s <t <1
and ¢ € |H| we define:

t
K/ (p)s ::/ or 0. K (1, s)dr.

Then the process K} (Vi(X)). € Dom(0) and satisfies the equation

X, =a+ i /Ot [K;(Vi(X)], 0 dWF = a + Zi: /Ot (/t 0. K (u, 8)Vi(X,) du) odWPF, (55)

where the anticipative Stratonovich integrals with respect to W can be decomposed as a Sko-
rohod integral plus a trace term as follows:

Z/O (K (Ve(X)], 0 dW =5(KZ‘(V(X)))+Z/O DS K7 (Vi(X))], ds. (56)

Proof. For notational sake, we give some details of the proof for n = d = 1, the easy adaptation
to the multidimensional case being omitted. We also set V' = V;. According to Proposition
and relation (54), we have X; = a + S; + ¢y Ty, with

11
Si=86(V(X)1lpy), and T, = / / D, (V(X)1py),|r— s|*" 2 drds.
o Jo
Then owing to [2I, Proposition 5.2.2|, we have Sy = 6(K*(V(X)1py)). In addition, a direct
and easy computation shows that K*(V(X)1jy) = K} (Vi(X))1py, so that we have obtained:
S =0 (K (Ve(X)))
that is the first term in (56)).



GAUSSIAN TYPE LOWER BOUNDS FOR DENSITY OF FRACTIONAL SDES 25

Next, for a function ¢ : [0, 1] — R set:
1,1
[K*’®2gp]mr2 :/ / Os, K (51,71)05, K (89,72)Ps, s, dS1dS5.
1 T2
Thanks to a slight extension of @D, we get:

T, — /0 [K*’®2 (DV<X)1[0¢])L,S ds :/0 D, [K*(V(X)l[o,t])}s ds = /0 D, [K7 (V(X))], ds,

where the second relation is due to Proposition and the third one stems from the fact that
K*(V(X)14) = K (Vi(X))1ljy. Gathering the expressions we have obtained for the two

terms S; and T}, the proof of our claim (56| is now finished. 0
5.3. Discretization procedure. We now proceed to the decomposition of F,, := X, as

announced in , starting from the expression of F; for j = 0,...,n. Indeed, according to
expression (55)), a natural approximation sequence for X; based on a partition 0 =ty < ... <
t, =t of [0,t] is the following:

F,=F_ 1+ 1+ R, (57)

where, introducing the additional notations
t
ni(u) == inf(u,t;), and g}, :—/ OuK (u, 5) Vi (Xyp, (uy) du (58)

we set (note that g |, € F,_,)

d ti—1
o k k
Fiy = E / 9i1s odWy,
k=170

d ti d t;
o= S [ s =3V [ Keoawk  (59)
k=1 “ti-1 k=1 -1

i

where the last integral above is simply a Wiener integral with respect to . We also introduce
a family of random variables R; defined by:

d t
Ri=>)_ /t Q" o dWF, (60)
k=1 Y1ti-1

where () is the process defined by

Q= / DK (1, ) [Vi(X ) — Va(Xe,_, )] (61)

Observe that if V' is elliptic and bounded, it is clear from expression that >, Covy, (I;) <
t211d,, up to a constant, independently of the particular values of the t;’s. We shall see
however how to choose those values at Condition 510

Finally we introduce some random variables ®,,(N? (B)) for i =1, ..., n which allow us
to control the supremum norm of the solution of the equation and of their stochastic
derivatives. This argument needs to be added in the methodology of [2] [16] and therefore we
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have to tailor the arguments therein to our situation. The localization random variables are
based on the family of functionals N ,(B) defined by

B, — B,
/ / o= e,

which can be compared to Hoélder type norms and have the advantage that they can be
differentiated with respect to B. In fact, we can see the aim of introducing this functional in
the following proposition which is direct consequence of Garsia-Rodemich-Rumsey’s Lemma
(see e.g [13]).

<

ti—1,tiyy =

Proposition 5.8. Let H > % and p such that 0 < v < H — szr then we have || B
ol (BYV.

The next step is to study the conditional densities of the approximation sequence F;. To this
aim, one has to control various terms for which the localization technique of Malliavin Calculus
turns out to be useful. Specifically, recall that we have introduced families of functions
Dy, Pose given by expression . In the sequel we localize our expectations using functionals

of the type ®/(N! (B)) and D, (S0 f:_l |DJ R;|?dr) for some constants ¢;, € of the form:

7=1

2

Furthermore, in order to ease notations, notice that we will simply write:

d t; A
By = Oy (N (B)), and B, =, (Z / |D;Ri|2dr>. (63)
j=1 ti—1

A [t ;
= Z/ K*(t,s)ds >0, and ¢ := Sso. (62)
ti—1

With this additional notation in hand, we can proceed to the first step of our approximation
scheme: since F; is F;, , conditionally non-degenerate and the localizations ®,; and ®., ., €
D>, we can write

Eti71 [590(17%)] = Etifl [5$(E) CDJW CDC/L'M] + Etifl [5$(F) (1 - (I)M (I)Cz,e )]
and due to the non-negativity of the second term, we have
Et¢71 [5I(E)] > Etiﬂ [5€B(Fl) q)M(I)Ciyfi]'
Recalling that F; = F;,_| + I; + R;, we then obtain the following decomposition:

i—1

Etifl [535(}7;)(1)]\/[‘1)0“62] = Jl,i + J27i + Jgﬂ‘, (64)
where
Jl,i = Eti,l [5I(F;_1 + IZ)], J27Z' = Eti,1 [532(Fz—1 + [Z)(éMq)cz,q — 1)]7 (65)
and
ZEtzl|:®M®clel/ Oy 5 Fiy+1; —i—pR)Rjdp (66)
7j=1

Our aim is now to prove that in this decomposition J;; should yield the main contribution,
while Jy; is small because of the quantity (®®., ., — 1) whenever M and n are large enough
and J3; is small due to the presence of the difference between X;, — X, | in R;. We shall
implement this strategy in the next subsections.
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5.4. Upper and lower bounds on J;;. The main information which will be used about

Ji; is the following:

Proposition 5.9. Let J;; be defined by . Then under Hypothesis we have

exp (—3(r — Fio1)* 7 (v — Fiy))
(2m)™2 |4 V2

where ¥;_1 is a deterministic (conditionally to Fi, | ) matriz such that

ti t;
A (/ K2(t,u) du) Id, <%, <A (/ K2(t,u) du) Id,,,
ti_1 ti—1

and where the two strictly positive constants A\, A satisfy .

Jl,i = Eti,l[éa:(ﬂ—l + Iz)] - ) (67)

Proof. The fact that I;_; is conditionally Gaussian is clear from expression , and this
immediately yields our claim . Furthermore,

Ei—l = COth 1(]) :Et [Iz Iﬂ

(ZVkXt”/ Ktude> (2; Xt“/i Ktudwl>]

d
Z XtHVkthl/ K2(t, u) du,
k=

which finishes the proof of our second claim thanks to Hypothesis OJ

= Etl 1

The previous proposition induces a natural choice for the partition (¢;) in terms of the
kernel K:

Condition 5.10. We choose the partition 0 =ty < ... < t, =t of [0,t] such that we have
[ K2(tu)du = % =102 foralli=1,...,n

ti—1

With this choice in hand, let us note the following properties for further use:

Lemma 5.11. Let to, ..., t, be the partition of [0,t] defined by Condition[5.1(4 Then
(i) The partition is constructed in a unique way.

(ii) We have 0 <t; —t;_y < cgn YA foralli=1,... n.

(iii) The parameters ¢; defined at are all equal to 2—

Proof. Our first claim stems from the fact that [ K2(t,u)du = t* and v [T K?(t,u) du
is a strictly decreasing function for all 0 <ov <7 <.

In order to prove our item (ii) recall expression , from which we easily deduce the bound

K(t,s) > cy(t —s)H42, (68)

H

Consider now a fixed point 7 € (0, and 0 < v = v, < 7 < t such that [T K?(t,u)du = £".
Thanks to the bound (68) we have v, > w, where w, = w is defined by

t2H

T t2H
CH/ (t —u)*"tdu = = [(t—w)* — (t—7)*"] = —
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In addition, since 2H > 1 we have (t — w)* — (t — 7)?H > (7 — w)?# for w < 7 < t, which
means that w, > x, where z, is defined by the equation (7 — z)? = # The latter

equation can be solved explicitly as z, = 7 — nf/+2tH), and summarizing our last considerations
we end up with the relation

CHt
T —Vr S nl/(?H)’
which easily yields our assertion (ii). The proof of (iii) is straightforward. O

Now we state the following Corollary to Proposition whose immediate proof is left to
the reader:

Corollary 5.12. Let Jy; be defined by (63). Then under Hypothesis[1.1] and Condition
ﬂ

2 _
we have for o, = ~—

1 |z — Fi—l‘Q
Jl,'i 2 (27_(_)7”/2(/\0_721)”1/2 exXp (_ 2)\ O_TQL ) (69)

Summarizing the considerations of this section, we have obtained that the main contribution
to Ey, ,[0.(F})], J1,, is of the order given by (69). Most of our work is now devoted to prove
that the contributions of .J;; and J3 ; are smaller than a fraction of if M, n are conveniently
chosen.

5.5. Upper bounds for J;;. We start the control of Jy; by stating a bound in terms of the
localization we have chosen:

Proposition 5.13. Let Jy; be the quantity defined by . Then there exists positive con-
stants cy a, ki, ke and p; independent of n such that:

‘JZ,i’ < A (‘72)_162 Lg:f(khpl)? where L?Lif(klvpl) = Hl — Py,

ki,p1tio1s
with 02 = %, and where we recall that the norms ||-||gp+ have been introduced at equation (13)
and the random variables @y, o, ., at equation .

Proof. Our strategy hinges on the conditional integration by parts formula we have introduced
in Proposition , which gives for some constants k;,p;, 1 = 1,...,4,

|J2,i| = ‘Eti—l [1{F¢71+11>I}H8:,1,,m)(]iv - ¢M¢Civ€i):| ‘
< CLQH det(rfmti—l)_lnks HIZ||k4 ”1 - CI)M(I)Ci,Ginl,thi—r (70)

P3,ti—1 k2,p2,ti—1
Here, we have used that 1¢p_ 47,52 < 1.
In order to bound the right hand side of we start by computing the Malliavin derivatives
of I;. Recall that due to , we have for =1, ..., d,a>1and r,r,...,74 > t;_1 that

Dill = V}(th'—1)K(t7 T) l[ti—17ti](r)v and D I; = 0.

1.7~
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As far as I';, 4, , is concerned, it is a conditionally deterministic quantity such that for ¢, j =

i—1

1, ..., d, we can write
d
FIi,tz‘fl et Z <D][’i7 D][:>L2([tz‘717ti])
j=1
d

ti
= 3 VX V() / K2(t,8)ds = o2 V(Xo, )V*(Xo,).
j=1 tiz1

i

Using the ellipticity condition of Hypothesis [I.1(2) for V, we thus obtain that

<C ((7721/X)%4 and

ka
ko,p2,ti—1 —

Therefore || ]|

mks
1
—111k
[ det(Tr e, y) ™ Mlpse,_, < (ATg) .

Substituting these inequalities in ([70)), our proof is now finished. O

From the above Proposition [5.13 we see that in order to get a convenient bound for J;
we need to study the random variable ||[1 — @y P, . |lky pr.ts o A suitable information for us
will be the following bound:

Proposition 5.14. Assume Condition and consider any v € (%,H) and ky,py > 1. Let
LY (k1,p1) = [T —=@ar®e, ¢ ||ky py 1iy be the random variable defined at Proposition|5.15. Then
Jor any p > % v >0 (recall that &y = (N} (B))) such that 2p(H — ) — 2 > ki H the
following holds true: For any n > 0 there exists cp i, p,~ H My > 0 such that

E[L)7 (K1, p1)] < Cpypy it it ™" (71)

Proof. Let us first highlight what the parameters involved in the proof are: recall that c;
and ¢; were defined in . And although not explicitly written, ®;; depends on v and p.
From now on, and through the proof we fix the values of v, H, ky, p1, n and p satisfying the
inequalities in the statement of the Proposition.

As a preliminary step, we also observe that, due to the Hoélder inequality, it is enough to
find a proper bound for |1 — @ps|lky prt;y and || Par(l — Do, ) |[ky prts, Separately. We first
handle the term ||1 — ®as |k, p1ts o -

Now we will obtain a general estimate to be used in the proof. By Chebyshev’s inequality,
forankaZland%<7<H:

E [N, (B)[*]

E[l1-oy[’] <P(N,(B) > M -1) < (M — 1)k

(72)
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We now find an upper bound for E[|N! (B)[*]. A simple application of Jensen’s inequality

yields:
ko
| By — Bu|*
(/ / y |v — u|2m+2dudv

! |U —_ u’ 2p7+2 — kZ,P,’Y,H 7 —1 .

E [N, (B)["] =

ti—

We remark that all above integrals and expectations are finite due to the condition 2p(H —
v) —2 > ki H. Furthermore, the quantity |t; — t;_;|****//=7) can be made as small as we wish
by taking ks, p and n large enough. We will play on these parameters later on.

Let us start the estimation for the high order derivatives of 1 — ®,,. For this, we first notice
that, for any r of length greater or equal to 1 and any i, we have Di(1 — ®);) = —Di®,,,
so that we shall bound Di®,, in the sequel. Next we need to define the set of multi-indices
A, = A{(ly,...,0,);l; € {0,...,n},l; + ...+ 1, = n}. In fact, one can easily check that there
exists (explicit) random variables pl,  ,(r), defined for I < n < ky, r = (ry,...,r,) with
r < ... <ry,andi= (i,..,4,) € {1,...,d}", such that the following inequality holds for a
positive constant Cp, ;. g (i, 1):

[Di@ar < Y 0@ (NG (Bt ()], (74)

=1

and where the random variables i, (r) satisfy:

‘Zp—l

|Be —
|:up,l,7, ( )’ < CYp, Ly,H H Mp,l; v, H, with Hop 1y, H / / Wdf dn.

leA;;j=1

Note that all the integrals above are well defined due to the restrictions 2p > ki and 2p(H —

Next, we estimate the moments of i, ;(r) as follows. For any s € N, we have

; (ke |Bs — B,|2r=0r]
EHMP,L%H| } < Cp,lmH(ti —li- 1 Y / / 27p+2) d€dn
z 1 'L 1

< Cp,l,n S ’t . tZ, |2pI€H v) lnH (75)

H—~)—lH

Therefore ||ppiq.mlls < Cpinqym |ti — tiq |2 Note again that here, we have used the

hypothesis 2p(H —v) —2 > k1 H.
Let us now turn to the estimation of D}®,,. Starting from relation , we get for n > 1:

n l m
D@ u ey < D TT 11 et msllitpm ol

Iym=11€A;;5=11€A,;k=1

x |0L D (N (B))||07 s (N |/ H]n—s 2=V dr;ds;.
[tt 17t]



GAUSSIAN TYPE LOWER BOUNDS FOR DENSITY OF FRACTIONAL SDES 31

Finally, plugging our previous inequalities and and resorting to Holder’s inequality
with q = (q1, .., Qemi1) Where ¢; ' + ... + Qpmsi1 = 1, we have for &y > 1:

B {HD’“@Mn’ZE | < enpomot 1@ PY (N (B) > M —1)

zlt])

p1
X Z H H Hlupa J:'Y:HHqJ+1H/’Lp:mk:'}/:Hqu+1+k </ H ‘Tl - Sl‘2 (H-1) d?ald51>
ti— 1t

I;m=11€A;;5=11€Apn;k=1

-1
< Cp oy priam i | @[ [t — tioq |2t FAPPL=Y),

where we have set ||Par|lnoco = D10 |0.®asr]lco. Therefore the result follows from and
the above inequality by noting that [t; — t;_1| < cgn~/?H) and taking ky big enough. We
remark that this result also gives that ||®a/||x, < Cpker 1. H-

P ti—1 =
The calculation for || (1 — D, ) ||k p1.ts, 1S similar, recalling that the norm of the Malli-
avin derivatives of ®); are bounded, and noting that instead of applying the operator D*! it
is better to use directly the derivative operator D¥ with Lemma . We skip details for sake
of conciseness. Observe however that in this case, the derivatives of 1 — ®., ., blow up as ¢;, ¢;
get small. Still, one remarks that the final proof is based on the fact that for any kg > 0,
Chebyshev’s inequality and Lemma [6.4]s proof (postponed to the Appendix) imply that:

d t: t:
i . A i

P (Z/t DI R;|2dr > g/t K2(t, s)ds)
j=1 i—1 i—1

3

A t; —ke¢ d t ke
< (g/ K2(t,5)ds) E (Z/ \Dg;Ri,zdr>
ti—1 j=1 ti—1

S C ()\0'721) —ke (th - tifl)(27+l)k6 S C?”Li%kﬁ_
Here we have used the result in Lemma (ii) and Condition [5.10] -

5.6. Upper bounds for J3;. We now turn to the main technical issue in our computations,
namely the bound on Js;. Our aim is thus to prove the following proposition:

Proposition 5.15. Let Js; be the quantity defined by . Then there exist c > 0 and k > 0
such that for any H — 5 <~ < H.

CM Vm(tz - tz 1)7 CM,V,m

Proof. We start from expression and normalize I; + pR; in the following way: we just set
I + pR; = 0, U;, where U; := o, (I; + pR;). We thus have

J3'L - ZEti—l |:(I)M®c¢,6i / a (5 ( i—1 —|—O’nZ/{Z) Rg dp:| i

=1
Along the same lines as in ((70)), the integration by parts formula now yields

J3 _O_—(m+1 Z/ Etz 1 1{] +pR;>x—F;_ 1}‘[{(]1”.7 (Z/{’L,qu)M(I)C“Ez)} dp
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Hence the following bound holds true (see |21, p. 102]):

1
| J34] < c1 g0, ™Y Al/ As(p) As(p) dp,
0

where the quantities A1, As(p), As(p) are respectively defined by

p3,ti—1

Ay = jgé.%.xm HRg @y ||k17p1,ti—17 AQ(IO) = H det(rai{ti_l)(I)M'q)cmei Hkg

and
As(p) = |Us Par I} s

and where we also recall that Rf is defined by . Then the first inequality in follows
from Lemmas [6.4] and [6.6] which have been postponed to the Appendix, and by choosing
~ such that H — % < 7. In order to go from the first inequality in to the second one, we
simply apply Lemma [.11] O

5.7. Lower bound. Let us first summarize the considerations of the previous section: start-
ing from decomposition and applying Corollary [5.12] Propositions [5.13} [5.14] and [5.15]
and the forthcoming relation (86]), we have obtained the following facts: The inequality
E._,[0.(F})] > Ji; + Jo; + J5; holds true, and thus

1 |ZL’ — E_1|2
E. [0.(F)] > = Al
tz—1[ ( )] = (2W)m/2(AU%)m/2 exp( 2\ 0'1%
—ka c m
—ena (00) L k) — e (77)

n/2H (g2)m/2’

with the additional information E[L,7 (k1,p1)] < Cy,n™" for an arbitrarily large exponent
7.
We are now ready to prove the main theorem of this article:

Proof of Theorem[1.2, With equation in hand, we shall follow the strategy designed
in |2, 16]: Fix x—a throughout the proof and define the balls B; = B(y;, cio,,) fori =1, ..., n
where y; = a+ £ (z — a). We also define below an additional sequence {z;; i = 1...,n}, such
that x; € B; and z,, = x. The constant ¢; will be fixed later on.

We shall now proceed in a backward recursive way on the index 7. For instance in order to
go from n to n — 1, we resort to (77)) in order to write:

Cv,m |ZE - Fn—1’2 —k
E [5x<Fn)] = E[Etn—l [5I<Fn)“ > WE [GXP <_W —CM,Vm T )

for a certain strictly positive constant x. Hence

CVm x—F, 47 e
E[6,(F,)] > -2 / E Kexp (——‘ v 1 )—cM,v,mn )5%1(1?“)] A,
R n

m
O-’I'L

- Tn' /Bn—l " |:<exp (_W —OMym T 5377171 (Fn—l) dr,_1.
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ey
Yo Y1 Yn—1 Yn
a x
FIGURE 1. Space partition for the lower bound, with sequence y1,...,y, and x;.

We now observe the following: if we wish the term §,, ,(F,_1) to give a non null contribution,
the relations
tH

ni/2’

r—a
Tp-1 € B(yn—17clan)7 X' —Yn-1 = n ; Op =

‘Fn—l - xn—l' S C10p

must be satisfied. Moreover, from these conditions, it is easily seen that |x — F,,_1| < 4c10,

12
whenever n > ‘fl tﬂ{ . We thus define a constant cy > t such that

2
e |z — al
Then if we take c; such that exp <—¥) > 1 and n such that cyry,, n™" < 1/4, we obtain

E[0:(F)] > 22 [ B8, (Fasy)] dogos.

m
4ol Jp, |

These arguments can now be iterated backward from : = n—1 to 1, and the reader can easily
check that the only additional required condition is the compatibility relation y;, 1 —y; < ci10,
(this will be verified below). Denoting by «,, the volume of a unit ball in R™ (namely
= 72T (2 + 1)), we end up with

n n 1/2 nm H m(n—l)
CV,m n-1_ (CVm n it n—1
BB (22) Boan = (42) () (%) at @)

m
4on

n 1/2\ ™ 1 m
Cv,m m n—1 T _ CvmCy Om m

Once here, we are reduced to tune our parameters according to the following constraints:

(i) Recalling ([78)), we have that if ¢; is taken small enough so that p = — In(cy,m ¢ /4) > 0
and (as alluded to above) such that exp(—8c?/A) > 1 and nln(p) + mIn(n) > 0 for all n € N,
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1 cvmclom \\ pes ||z — al)?

We remark here that the values of ¢i, ¢ and ¢y v, are fixed independently of n. It is now
easily seen that our bound is of the form ().

(11) We now choose the constant ¢, in so that the compatibility relation y;11 —y; < c10,
is satisfied. Towards this aim, recall that

we get

|z —a] fzx—a| 1
Y1 — yil = N ni/2 pi2
and since n = ¢y ‘“”t;g‘2, we get
‘ Lz —al i o

It is thus sufficient to take ¢, /% < ¢ A (201/2), which also satisfies that n > Z:l_t(;ﬁ This

completes our proof. O
6. APPENDIX: SOME PROPERTIES OF STOCHASTIC DERIVATIVES
We start this technical section with a general bound on the space H related to fBm.

Lemma 6.1. Let H € (0,1/2), t € (0,1] and consider the space H defined on [0,t] as in
Section [2.1 Let f be an element of C([0,t]) for 1/2 — H < v < 1/2, with |||l < a and
| flloty < b. Then

1flln < cu (at™ +b7HT).

Proof. For a function ¢ defined on [0, ¢], recall that its fractional derivative is given by

t
1/2—-H Gu Ju — Go
D, g, = —(t ) + /u —(v — dv. (80)

Consider now f € C?([0,1]) satisfying the conditions above, and set g, = u=/27H) f . Ac-
cording to [21], formula 5.31], we have

t
£ <eu [ |,
0

2

ds. (81)

We now proceed to estimate the right hand side of relation (81)).
Indeed, plugging definition into (81), it is readily checked that

t t t
2 2 2 : fS fs_wva
HfIIHScH(/0 Asd8+/OBsd8)v with - A, = G — 7 BsZ/S o — sy

where we have set ¢, = (s/v)"/>~7. It is then easily seen that [ A2ds < cya?*". In order
to bound B, notice that the function ¢ is well defined on [s, ] and satisfies s = 1, 1, < 1
and || < o7l

o= oo £l 1o = Fol b + LI =0l S b0 =) +all =] < (b4 &) (0= 9"
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3/2—H

Dividing this inequality by (v — s) , recalling that v < 1/2 and integrating over [s, t], we

get
|Bs| < ¢y (b + %) (t — )~ (W/2=H),
which entails that
/t BS2 ds < cy (a2 21 4 p? t2(7+H)) )
0

Gathering our bounds on fot A%ds and f(f B? ds, our proof is now finished.

Let us now state a bound on Malliavin derivatives.

Proof of relation ([12)). We focus on the first derivative case, the other ones being handled in
a similar fashion. We will thus prove that

|DuF’ S €ss SupugrlDrF’K(t7 U)
Indeed, according to Proposition 2.1 we have that for F' € F;

t
|D,.F| = |[K;DF|,| = ]/ D, FO,K(r,u)dr| < ess sup,<,«;|D.F|K(t,u),

which is exactly our claim. 0

We now turn to the bounds on the process () featuring in the definition of our remainders
R; (see decomposition of X;):

Lemma 6.2. Let X be the solution to (48), let n; be the function defined by and Q) the

process given by . Ifry,s € (ti_1,t;) then the following bounds hold true:
|Qk‘ S CvK(t7 S)|tZ — ti_1|’YZé (82)
‘D ‘ S CVK(t7 S)K<t7T1)Z{7 (83)

for Fi-measurable random variables Z§, Z} defined by Zi = || Bll¢,_, 14 V | Bll7._, +, and

Zy = sup{|DL (X, — Xi, )|, tic1 <71 <o <t} (84)
admitting moments of all orders. In general, we can extend these results to Malliavin deriva-
ties of arbitrary order ¢ > 1 in the following way: for r1,s € (ti_1,t;) and re, ..., 1o < t; we
have

D@t < ev K(t,s) Zi [T K (¢, 7). (8)
j=1
for Zj = sup {|DI-3¢(X, — Xy, )], tic1 <7y <o <t i=1,..., n}, whichis a Fy-measurable

random variable with moments of all orders.

Proof. The bound is an easy consequence of (61), Proposition and the fact that
Oy K (u,s) > 0. Moreover, observe that whenever r; > ¢;_; we have D,, Vi.(X;,_,) = 0. Hence,
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using Proposition 2.1] we get:
t

9uK (u, ) DL Vi( Xy, ) du
sVry
t

t

|DZT1Q];‘ = DK (u, 5)[K:D%Vk<Xm(U))]r1du

sVry

t
O0uK (u, 3) </ DiZVk(Xni(u))arzK(rg,Tl)dr2> du
sVry 1

It is thus readily checked that

¢
Ou K (u, s)K (t,r1)du

sVry

DL QY < evZ] < ey ZIK(t,s)K(t,ry).

The general result is now obtained by means of an induction argument and resorting to
the same techniques as in the case of the first order derivative (namely ¢ = 1). O

Remark 6.3. Note that due to the definition of Z} and Proposition which controls
the derivatives of X using the Holder norms of B, the random variables Z verify:

1
5
ti—1,tiyy | 0

for any v € (%, H). Hence, applying Proposition we obtain

2] < Cy exp (CVHB

73] < Cvexp (Cuy (N,(B))77)

for any p such that 0 < v < H — 2ip. This relation yields in particular that Z; € Ng>1L9().
Furthermore, once we localize by the random variables ®,; or ®,,/, we end up with:

o<ick UMY = EMVmy MV = CVm Vim .

In the next proposition, we give norm estimates for the remainder terms R; needed in the
upper bound for Js ;.

Lemma 6.4. In the setting of Proposition and Corollary with the definition and
, the following estimate is valid:
1R Pasrllks iy < cvnr (i = tia)7 o (87)

i—1 —

Proof. This result obviously involves the control of many derivative terms. For the sake of
conciseness, we only sketch the bound for DR;. Now recall that

d t;
k=1 ti—1

We now apply a small variant of |21, Proposition 1.3.8] to Stratonovich integrals, which states
that for r € [t;_1,t;] we have

d t; A
DIk =Qi+Y / DIQF o dWF, (88)
kel Y li-1
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Let us now evaluate the L2[t;_1,t;] norm of D/ R;. The main contribution for this norm comes
from the term @ in the right hand side of (88), for which we obtain, according to (82),

ti "
/ (Qﬁ)z dr < eyt —tia? (28)2/ K2(t,r)dr
ti ti—1

i\ 2
= Cy (ZO) |tz _ti71|2’}’ 0'72”
and thus
Upl [”Q’ L2([ti—1,t:]) q)M’} <y [t = tia| on Etlzil [(Z(i))pl ‘I)M’} < v |ti = tia|" o,

which is consistent with our claim (87)).

Let us give another example of term which has to be analyzed in order to bound the norm

of DJR;: the term A defined as
71
(/ d?“/ ds DJ ) (I)M/ .

Along the same lines as above, using (82)), we find

A=E™

ti t;
A< CM,v/ dsK*(t, S)/ drK*(t,r) = cprvon,
ti1 ti—1

which is a remainder term with respect to (87). Notice that many other higher order terms
have to be evaluated in order to complete the proof. We omit these cumbersome but routine
developments for sake of conciseness. O

We now turn to the bound on As(p):

Lemma 6.5. Recall that As(p) is defined as As(p) = || det(Ty s, ) ' ParPe, o,
this quantity is uniformly bounded in n, p and w € Q2.

Then

Pst -1

Proof. Recall that U; = o, *(I; + pR;) and remark that using Proposition 4 in [2], we have
that

det(Tyy 1, ) Doy, < ( / K2(t, 5)ds — Z / iR dr) D
Moreover, we have localized ijl J;t,l IDiR;[2dr by ®,,., with ¢; = 2% Thus we end up

3
with
-1

det(Ty, s, ) '@, < (/ K3(t,s)d ) ,

from which the result follows. O
The estimates for As(p) are obtained in a similar fashion. In fact, we have:

Lemma 6.6. The same conclusion as i Lemma holds true for the quantity As(p) =
ki
Hu@ (I)M'Hk;m,tifl
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Proof. With respect to Lemma [6.4] we only need to consider additionally the bound for

||IicI)M’||k2,p27ti—1 < C||]i||k2,p37ti—1 ||(I)M’||/€27p47ti—1'

The above follows from Hoélder’s inequality. Therefore the result follows from straightforward
calculations for I; as in the proof of Proposition [5.13] O
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