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§1. Introduction

(N(= T ∗M), ω): a symplectic manifold.

ω: a symplectic structrue, {−,−}P.B.: a Poisson bracket

Schouten-Nijenhuis brackets and Poisson bivector fields

∧•TN : the exterior algebra.

An odd Poisson bracket (the Schouten-Nijenhuis bracket) [−,−]S is defined on
∧•TN as an extension of a Lie bracket for vector fields.

Assume that there exists P ∈ ∧2TN such that

[P, P ]S = 0.
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Then [[−, P ]S,−]S define a Poisson bracket {−,−}P.B. on N . P is called a
Poisson bivector field.

Theorem 1. N を多様体とする。このとき、３つ組 (∧•TN, [−,−]S, P ) が
[P, P ]S = 0を満たすとき、N 上のPoisson構造が{−,−}P.B. = [[−, P ]S,−]S
と構成される。
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Our Purposes

前記は物理的には「力学」の場合に対応する。我々はこれを「場の理論」のセッ
ティングに拡張することを考える。

1, ２つの多様体Σ, Xの写像空間 Map(Σ, X)上のシンプレクティック (または
Poisson)構造への拡張。

2, 1が可能なX上に要求される代数、幾何構造の解析。

3, カレント代数の理論への応用とカレント代数の拡張。
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§2. QP Manifolds

Definition 1. A graded manifold M over a base manifold M is a sheaf
of Z-graded commutative algebras C ·(M) over a smooth manifold M locally
isomorphic to an algebra of the form C∞(U)× S·(V ) where U ⊂ M is an open
set, V is a graded vector space, and S·(V ) is the free graded-commutative algebra
on V .

Grading is called degree. If degree is nonnegative, a graded manifold is called a
N-manifold.

Example 1. T ∗[1]N . xĨ is a local coordinate on N and ξĨ is a local coordinate
of degree 1 of the fiber of a graded manifold T ∗[1]N .

∧•TN ∼= C∞(T ∗[1]N) by idintfying ∂

∂xĨ
∼= ξĨ.
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Definition 2. A N-manifold equipped with a graded symplectic structure Ω
of degree n is called a graded symplectic manifold or P-manifold of degree
n, (M,Ω). Ω is also called a P-structure. The graded Poisson bracket on
C∞(M) is defined from Ω as {f, g} = (−1)|f |+1iXf

iXgΩ, where a Hamiltonian
vector field Xf is defined by the equation {f, g} = Xfg, for f, g ∈ C∞(M).

Example 2. A graded manifold T ∗[1]N has a graded symplectic structure

Ω = δxĨ ∧ δξĨ,

of degree 1. (T ∗[1]N,Ω) is a P-manifold of degree 1.

Definition 3. Let Q be a differential of degree +1 with Q2 = 0 on M. Q is
called a Q-structure. A triple (M,Ω, Q) is called a QP-manifold of degree
n and its structure is called a QP structure, if Ω and Q are compatible, that
is, LQΩ = 0. A. Schwarz ’93
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A Hamiltonian of Q, Θ ∈ C∞(M) of degree n+ 1, satisfies Q = {Θ,−} and

Q2 = 0⇐⇒ {Θ,Θ} = 0.

Example 3. (T ∗[1]N,Ω): A P-manifold of degree 1.

Let us require a degree 2 function Θ ∈ C∞(T ∗[1]N) such that {Θ,Θ} = 0. A
general solution of Θ is

Θ =
1

2
f ĨJ̃(x)ξĨξJ̃ ,

where f ĨJ̃(x) is skewsymmetric and ∂f ĨJ̃(x)

∂xL̃
f L̃K̃(x) + (Ĩ J̃K̃ cyclic) = 0. This is

equivalent to a Poisson bivector field under ∧•TN ∼= C∞(T ∗[1]N).

Theorem 2. A Poisson manifold (N, {−,−}P.B.) is a QP manifold of degree 1,
(M = T ∗[1]N,Ω, Q).
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Example 4. Set N = T ∗M andM = T ∗[1](T ∗M).

• local coordinate expression

xĨ = (xI, pI) has degree 0 and ξĨ = (ξI, η
I) has degree 1.

Ω = δxĨ ∧ δξĨ = δxI ∧ δξI + δpI ∧ δηI.

Θ = ηIξI.

The Poisson brackets on the canonical conjugates are derived as

{{xI,Θ}, xJ} = 0, {{xI,Θ, }, pJ} = δIJ , {{pI,Θ, }, pJ} = 0.

{{−,Θ},−} with {Θ,Θ} = 0 is a called a derived bracket. Kosmann-Schwarzbach

’03
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• Connection and Curvature

Introducing a connection (gauge potential) AI(x) onM , the canonical momentum
pI is shifted as pI → pI + AI. The Poisson brackets of canonical conjugates are
twisted by a closed 2-form (curvature) HIJ = ∂IAJ − ∂JAI on the phase space
as follows:

{xI, xJ}P.B. = {{xI,Θ}, xJ} = 0, {xI, pJ}P.B. = {{xI,Θ, }, pJ} = δIJ ,

{pI, pJ}P.B. = {{pI,Θ, }, pJ} = −HIJ .

where a Q-structure is

Θ = ηIξI +
1

2
HIJ(x)η

IηJ .
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§3. Generalizations to Field Theories

Symplectic Structure on Loop Spaces

S1 with a local coordinate σ. M : a manifold.

Map(S1, T ∗M) ∼= T ∗LM

A symplectic structure

ω =

∫
S1

dσ ev∗ω

where ω is a symplectic structure on T ∗M . ev : S1 × (T ∗M)S
1 −→ T ∗M is an

evaluation map ev : (σ,Φ) 7−→ Φ(σ), where σ ∈ S1 and Φ ∈ (T ∗M)S
1
.

xI(σ) : S1 −→ M , pI(σ) ∈ Γ(S1 ⊗ x∗(T ∗M)): canonical conjugates with a
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symplectic structure

ω =

∫
S1

dσ δxI ∧ δpI.

Poisson bracket

{xI, xJ}P.B. = 0, {xI, pJ}P.B. = δIJδ(σ − σ′), {pI, pJ}P.B. = 0.

The symplectic structrue can be twisted by a closed 3-form H as

ω =

∫
S1

dσ δxI ∧ δpI +
1

2

∫
S1

dσ HIJK∂σx
IδxJ ∧ δxK.

{xI, xJ}P.B. = 0, {xI, pJ}P.B. = δIJδ(σ − σ′),

{pI, pJ}P.B. = −HIJK(x)∂σx
Kδ(σ − σ′).
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§4. A QP Manifold of Degree 2 and Loop Spaces

T ∗[2](T ∗[1]M): a QP manifold of degree 2.

A graded symplectic form of degree 2:

Ω = δxI ∧ δξI + δpI ∧ δηI

(xI, pI): local coordinates on T ∗[1]M
(ξI, η

I): local coordinates on the fiber of T ∗[2](T ∗[1]M)

Θ ∈ C∞(T ∗[2](T ∗[1]M)) of degree 3 is defined by {Θ,Θ} = 0. Solution

Θ = ηIξI +
1

3!
HIJK(x)ηIηJηK,

where H is a closed 3-form.
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Theorem 3. A QP structure on T ∗[2](T ∗[1]M) of degree 2 defines the
Courant algebroid on TM ⊕ T ∗M . Roytenberg ’99

• Couran-Dorfman bracket

(u, α) ∈ Γ(TM ⊕ T ∗M)

[(u, α), (u′, α′)]CD = ([u, u′], Luα
′ − Lu′α + d(iu′α) + H(u, u′, · )) : Courant-

Dorfman bracket on TM ⊕ T ∗M .

⟨(u, α), (u′, α′)⟩ = iu′α+ iuα
′ : symmetric scalar product on TM ⊕ T ∗M ,
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j : TM ⊕ T ∗M −→ T ∗[2](T ∗[1]M) is a natural embedding map.

j : (xI, ∂
∂xI , dx

I, 0) 7−→ (xI, pI, η
I, ξI).

A Courant-Dorfman bracket on TM⊕T ∗M is constructed by the derived bracket:

[(u, α), (u′, α′)]CD = j−1{{j(u, α),Θ}, j(u′, α′)}

A symmetric scalar product on TM ⊕ T ∗M is constructed by

⟨(u, α), (u′, α′)⟩ = j−1{j(u, α), j(u′, α′)}.
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• Symplectic Structure on Loop Space from QP Structure

Theorem 4. M = Map(T [1]S1, T ∗[2]T ∗[1]M) has a QP structure of degree 1.
This induces a symplectic structure on Map(S1, T ∗M).

Proof. Let µ = dσdθ be a Berezin measure on T [1]S1. Then

Ω =

∫
T [1]S1

µ ev∗Ω, Θ =

∫
T [1]S1

µ ev∗Θ,

consist of a QP structure of degree 1, where ev : T [1]S1 ×
(T ∗[2]T ∗[1]M)T [1]S1 −→ T ∗[2]T ∗[1]M .

The natural projection Map(T [1]S1, T ∗[2]T ∗[1]M) −→ Map(S1, T ∗M) induces
a symplectic structure. 2
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• local coordinate expressions on Map(T [1]S1, T ∗[2]T ∗[1]M)

Let (σ, θ) be a local coordinate on T [1]S1.

xI(σ, θ) = xI + θx(1)I: a smooth map from T [1]S1 to M .

pI(σ, θ) = p
(0)
I + θpI ∈ Γ(T ∗[1]S1 ⊗ x∗(T ∗[1]M)) of degree 1

’canonical conjugates’

ξI(σ, θ) = ξ
(0)
I + θξ

(1)
I ∈ Γ(T ∗[1]S1 ⊗ x∗(T ∗[2]M)) of degree 2

ηI(σ, θ) = η(0)I + θη(1)I ∈ Γ(T ∗[1]S1 ⊗ x∗(T [1]M)) of degree 1

The graded symplectic structure Ω of degree 1 on M is induced from Ω on
T ∗[2]T ∗[1]M :

Ω =

∫
T [1]S1

dσdθ ev∗Ω =

∫
T [1]S1

dσdθ (δxI ∧ δξI + δpI ∧ δηI),
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A Q-structure super functional Θ of degree 2 on M is constructed from Θ on
T ∗[2]T ∗[1]M :

Θ =

∫
T [1]S1

dσdθ ev∗Θ =

∫
T [1]S1

dσdθ

(
ηIξI +

1

3!
HIJK(x)ηIηJηK

)
.

The original Poisson brackets on the canonical conjugates are

{xI, xJ}P.B. = j∗{{xI(σ, θ),Θ},xJ(σ′, θ′)} = 0,

{xI, pJ}P.B. = j∗{{xI(σ, θ),Θ},pJ(σ
′, θ′)} = δIJδ(σ − σ′),

{pI, pJ}P.B. = j∗{{pI(σ, θ),Θ},pJ(σ
′, θ′)} = −HIJK∂σx

Kδ(σ − σ′)
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§5. Generalizations of Current Algebras in two dimensions
Alekseev, Strobl ’04

A Current Algebra is an algebraic structure on ΓMap(Σ, X) constructed
from a Poisson bracket.

Example 5. (Affine Lie (Kac-Moody) algebra in the WZW model) on
Map(S1, Ĝ): loop group

{JA(σ), JB(σ′)}P.B. = fAB
CJ

C(σ)δ(σ − σ′) +
k

2π
δAB∂σδ(σ − σ′).

JA(σ)TA = JL
A(σ)TA =

k

4π
g−1∂σg

=
k

4π

((
eAJ(x)− eAI(x)BIJ(x)

)
∂σx

J + eAI(x)pI
)
TA,
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where g ∈ Map(S1, G), TA ∈ g. eA
I(x) is defined as TAeA

I(x) = g−1 ∂g
∂xI ,

satisfying eAI(x)eA
J(x) = δIJ . BIJ(x) ∈ Γ(x∗ ∧2 T ∗g) s.t. ∂IBJK +

(IJK cyclic) = −tr
(
g−1 ∂g

∂xI

[
g−1 ∂g

∂xI , g
−1 ∂g

∂xI

])
.

• Ĝ を TM ⊕ T ∗M に拡張することを考える。

A generalization of current algebras containing a large class of current algebras.

• affine Lie (Kac-Moody ) algebra

• String theory with a 3-form flux H

• topological field theory (the Poisson sigma model)
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(Map(S1, T ∗M), ω): loop space with a symplectic structure

canonical conjugates: xI(σ) : S1 −→M , pI(σ) ∈ Γ(T ∗S1 ⊗ x∗(T ∗M))

For f ∈ C∞(M) and u+ α ∈ Γ(TM ⊕ T ∗M),

J0(f)(σ) = x∗f(x) = f(x(σ)) ∈ C∞(Map(S1,M)),

J1(u,α)(σ) = x∗α+ ⟨x∗u , p⟩ = αI(x(σ))dσx
I(σ) + uI(x(σ))pI(σ)

∈ Γ(T ∗S1 ⊗ x∗(TM ⊕ T ∗M)),

where ⟨− ,−⟩ is a pairing of TM and T ∗M .

C1
S1(TM ⊕ T ∗M) = {J0(f), J1(u,α)|f ∈ C∞(M), u + α ∈ Γ(TM ⊕ T ∗M)} は、
ループ群上のカレント代数の自然な拡張。
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{J0(f)(σ), J0(f ′)(σ
′)}P.B. = 0,

{J1(u,α)(σ), J0(f ′)(σ
′)}P.B. = −uI ∂f

′

∂xI
(x(σ))δ(σ − σ′),

{J1(u,α)(σ), J1(u′,α′)(σ
′)}P.B. = −J1([(u,α),(u′,α′)]CD)(σ)δ(σ − σ′)

+⟨(u, α), (u′, α′)⟩(σ′)∂σδ(σ − σ′),

Theorem 5. L を TM ⊕ T ∗M の部分バンドルとする。このとき、C1
S1(L) =

{J0(f), J1(u,α)|f ∈ C∞(M), u+ α ∈ Γ(L)} が Poisson 括弧{−,−}P.B.で閉じる
⇐⇒ L ⊂ TM ⊕ T ∗M が Dirac 構造

Alekseev, Strobl ’04

The Dirac structure is a maximally isotropic subbundle of TM ⊕ T ∗M , whose
sections are closed under the Courant-Dorfman bracket.
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Questions

• Natural interpretation of Alekseev and Strobl.

• Generalizations to higher dimensions (S1 to Σn−1).

• Fundamental algebraic and geometric structures behind symplectic structures
and current algebras.

Our Idea

QP Manifolds
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§6. QP Structures of Current Algebras in Two Dimensions

(Map(S1, T ∗M), ω) has been constructed from a QP manifold
(T ∗[2]T ∗[1]M,Ω,Θ). and Map(T [1]S1, T ∗[2]T ∗[1]M).

Generalized currents are described by superfunctions: j∗C1S1(TM ⊕ T ∗M) =

C1
S1(TM ⊕ T ∗M) =

{
J0(f),J1(u,α)

}
, where

j∗J0(f) = J0(f) = f(x), and j∗J1(u,α) = J1(u,α) = αI(x)η
I + uI(x)pI.

where j is an embedding map:

j : TM ⊕ T ∗M −→ T ∗[2]T ∗[1]M , j : (xI, ∂
∂xI , dx

I, 0) 7−→ (xI, pI, η
I, ξI).
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The derived brackets of current superfunctions describe the Poisson bracket of
current algebras:

{{J0(f)(σ, θ),Θ},J0(f ′)(σ
′, θ′)} = 0,

{{J1(u,α)(σ, θ),Θ},J0(f ′)(σ
′, θ′)} = −u′I ∂f

∂xI
δ(σ − σ′)δ(θ − θ′),

{{J1(u,α)(σ, θ),Θ},J1(u′,α′)(σ
′, θ′)} = −J1([(u,α),(u′,α′)]CD)δ(σ − σ′)δ(θ − θ′).

Anomaly terms are derived by the graded Poisson brackets of currents as

{J0(f)(σ, θ),J0(f ′)(σ
′, θ′)} = 0, {J0(f)(σ, θ),J1(u′,α′)(σ

′, θ′)} = 0,

{J1(u,α)(σ, θ),J1(u′,α′)(σ
′, θ′)} = (αIu

′I + α′
Iu

I)δ(σ − σ′)δ(θ − θ′).

Anomaly cancellation conditions are that current super functions are commutative
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under the graded Poisson bracket.

Proposition 1. [N.I, Koizumi ’11] (1). A current algebra C1
S1(TM ⊕T ∗M) in

two dimensions has a QP structures of degree 2. That is, they have a structure
of a Courant algebroid.

(2). Lが Dirac 構造⇐⇒ C1
S1(L)が、Poisson 括弧で Lie 代数（カレント代数）

となる。⇐⇒ C1
S1(L) が graded Poisson 括弧で可換な部分代数をなす。
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§6. QP Structures of Current Algebras in n Dimensions

Let Σ be a manifold in n− 1 dimensions and a target space is N .

Map(∧•TΣ, N) with a symplectic structure ω.

An embedding map j : N −→ N , where (N ,Ω, Q) is a QP manifold of degree n.
Then Map(T [1]Σ,N ) is a QP manifold of degree 1 by Ω =

∫
T [1]Σ

µ ev∗Ω and

Θ =
∫
T [1]Σ

µ ev∗Θ.

The pull back of j induces a symplectic structure ω on Map(∧•TΣ, N).

Example 6. Let E =
⊕⌊n2⌋

i=1Ei be a vector bundle on M . N = T ∗E. Then

N = T ∗[n]
(
T ∗[n− 1]

(⊕⌊n2⌋
i=1Ei[i]

))
becomes a QP-manifold of degree n.

Map(T [1]Σn−1,N ) has a QP structure of degree 1. This induces a canonical
symplectic structure on Map(∧•TΣ, T ∗E).
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Current Algebras

N̂ is a manifold such that N̂ = π(N ) is a sub graded manfiold N of degree

≤ n− 1. N ⊂ N̂ . π ◦ j = id.

Cn−1
Σ (N̂) = {J(v)|v ∈ Γ

(
N̂
)
}: current algebra

A current J(v) is described by a super function J (v) such that π∗ : J(v) −→ J (v),

where π∗Cn−1
Σ (N̂) = Cn−1

Σ (N̂) = {Jv ∈ Γ(T ∗[1]Σ⊗ x∗(N ))| |Jv| ≤ n− 1},

Then the current algebra is obtained as

{J(v)(σ), J(v′)(σ′)}
P.B.

= −J([v,v′])δ(σ − σ′) + ⟨J(v), J(v′)⟩(σ′)dσδ(σ − σ′),

where

J ([v,v′]) = {{J (v),Θ},J (v′)}
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and ⟨J(v), J(v′)⟩ is obtained as

π∗{J (v)(σ),J (v)(σ
′)} = ⟨J(v), J(v)⟩(σ′),

under proper restriction to a submanifold. We have obtained the following
theorem.

Theorem 6. A symplectic structure on Map(∧•TΣ, N) is derived from a QP
structure of degree n, where Σ is a manifold in n− 1 dimensions.

A current algebra in n dimensions, Cn−1
Σ (N̂), has a structure of a QP manifold

of degree n. The anomalies cancel if and only if currents are commutative under
the Q-structure.

A commutative subalgebras of Cn−1
Σ (N̂) corresponds to as generalizations of the

Dirac structure on L ⊂ N̂ .
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§7. QP Manifolds and Loday(Leibniz) Algebroids

Definition 4. A vector bundle E = (E, ρ, [−,−]) is called an algebroid if
there is a bracket product [e1, e2], where e1, e2 ∈ ΓE, and a bundle map
ρ : E → TM which is called an anchor map, satisfying the conditions below:

ρ[e1, e2] = [ρ(e1), ρ(e2)],

[e1, fe2] = f [e1, e2] + ρ(e1)(f)e2,

where the bracket [ρ(e1), ρ(e2)] is the usual Lie bracket on ΓTM .

A Loday algebroid is an algebroid version of a Loday(Leibniz) algebra.

Definition 5. An algebroid E = (E, ρ, [−,−]) is called a Loday algebroid if
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there is a bracket product [e1, e2] satisfying the Leibniz identity:

[e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]],

where e1, e2, e3 ∈ ΓE, A Loday algebroid is also called a Leibniz algebroid.

Theorem 7. Let n > 1. Functions of degree n − 1 on a QP manifold can be
identifies as sections of a vector bundle E. This subalgebra induces a Loday
algebroid structure on E. ’10 Kotov,Strobl

Let x be an element of degree 0 and e(n−1) be the element of degree n − 1. If
we define

[e1, e2] = π∗{{e(n−1)
1 ,Θ}, e(n−1)

2 }, ρ(e1)f(x) = π∗{{e(n−1),Θ}, f(x)},

Theorem 8. A current algebra in n dimensions has a Loday algebroid structure.
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Example 7. Let g be a Lie algebra with a Lie bracket [−,−]. Then T ∗[n]g[1]
is a QP manifold of degree n. A natural P-structure Ω is induced from the
canonical symplectic structure on T ∗g, constructed from the canonical pairing of
g and g∗, ⟨−,−⟩. Define Θ = 1

2⟨p, [q, q]⟩, where q ∈ g[1] and p ∈ g∗[n]. Since
{Θ,Θ} = 0 from a Lie algebra structure, Θ defines a Q-structure. If we take a
structure constant fA

BC of Lie algebra, Θ = 1
2f

A
BCpAq

BqC.

Example 8. Let n = 1. Then M is canonically M = T ∗[1]M and a Poisson
bracket {−,−} in the P-structure is a Schouten-Nijenhuis bracket. A Q-structure
Θ has degree 2 and Q2 = 0 is that Θ is a Poisson bivector field. Thus a QP
manifold of degree 1 is a Poisson manifold on M .

Example 9. Let n = 2. A P-structure Ω is an even form of degree 2. A
Q-structure Θ has degree 3 and Q2 = 0 defines a Courant algebroid structure on
a vector bundle E. A QP manifold of degree 2 is a Courant algebroid.
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Example 10. Let n = 3. One of examples of a N-manifold isM := T ∗[3]E[1].
A P-structure Ω is an odd form of degree 3. A Q-structure Q2 = 0 defines a Lie
algebroid up to homotopy (the splittable H-twisted Lie algebroid) on E. A
general nonsplittable algebroid is the H-twisted Lie algebroid

Example 11. Let E be a vector bundle on M and M = T ∗[n]E[1]. If a QP
structure is defined on M = T ∗[n]E[1] and n ≥ 4, E becomes a Lie algebroid
and ΓE ⊕ ∧n−1E∗ is a subalgebroid. A Lie algebroid is a Loday algebroid
which bracket [−,−] is skewsymmetric. A QP structure induces the higher
Courant-Dorfman bracket on the subalgebroid E ⊕ ∧n−1E∗ by the derived
bracket [−,−] = {{−,Θ},−}, which has the following form,

[u+ α, v + β] = [u, v] + Luβ − ivdα+H(u, v),

where u, v ∈ ΓE, α, β ∈ Γ ∧n−1 E∗ and H is a closed (n+ 1)-form on E.
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§8. Summary and Discussions

Map(∧•TΣ, N)に対して、

• Σが1次元のとき、symplectic 構造を（次数2の）QP構造で再構成した。背後
の構造が Courant algebroid であることを示した。

(•力学の一般化されたカレント代数は（次数1の）QP構造（Schouten-Nijenhuis
括弧と Poisson bevector）から構成できることはよく知られている。)

• Σがn− 1次元のとき、symplectic 構造を次数nのQP構造から導出した。

• 一般にn− 1次元のカレント代数の代数構造は次数nのQP構造であることを
示した。この代数構造は Loday algebroid の構造を持つ。

• consistency anomaly cancellation の条件が次数nのQP構造の上の可換条件と
同値であることを示した。これは一般化されたDirac 構造と理解できることを
示した。
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• j？ moment map?

• Quantization? A generalization of deformation quantizations

• Relations to a topological field theory?

A current algebra in n dimensions ←→ a topological field theory in n + 1
dimensions
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