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§1. Introduction
e 11O OO Palatini formalism

vierbein e,% 0 spin connection w,** 000000000 OCO

e
167G

Rul/ab = a,uJWl/ab — a1/<f‘}/¢ml) — WypacWrceb + WyacWpch, € = det<eua)-

LOGRAV = — (R -+ A) .

o | UDOUUOULOLODOOUOUDO
(eua,wuab)DPoincaréDDDDDDDDDDDDDDDDDDDD

cf. Poincaré gauge theory, 3D Chern-Simons gravity, BF gravity, Ashtekar
formalism, - - -



e (Anti) de Sitter Gravity (MMSW Gravity)
MacDowell and Mansouri '77, West '78, Stelle and West '79, Fukuyama '83

e, 0 w, 000 multiplet 0000

AB wuab if A=a,B =0,
Yo = w, ™ ~e, if b =25,

A B=1,2,3,4.5 a,b=1,2,3.4.
w,AB: SO(2,3)(anti de Sitter 1) 000 SO(1,4)(de Sitter 0)0 0000
Oo000oooooso,3)oooooooooon

400 SO(2,3) or SO(1,4) OO OO break Einstein 0000

[ AdS(dS) gravity }




e metric g, 00
e Cosmological Constant: A~ 5 0: 00000000

SO(2,3) = negative, SO(1,4) = positive



L1 [
[Weyl, Majorana fermion U 0O O 0O O O J

S0(2,3), SO(1,4) 00000 Weyl fermion 0000 OO0

SO(1,4) ODOOO0O Majorana fermion 00000 OOSO(2,3) Majorana
fermion OO0 action DO O OOOO

Kugo, Townsend '82

HgN
[4D AdS(dS) gravity 0 Weyl, Majorana fermion 0 00 OO }




~ L0 \
4D AdS(dS) gravity 0 Weyl, Majorana fermion 00000 0O

SO(2,3) or SO(1,4) Diracfermion OO0 OO0 O0O0OOODOO SO(1,3) Weyl
fermion, SO(1,3) Majorana fermion 00000000 OO
N

J




§2. (Anti) de Sitter Gravity in Four Dimensions

4D spacetime 10000 SO(2,3) or SO(1,4) 00000 wyap 000000
0000000 metic 0000000

compensator field (Higgs 0 ) Z4 = Z4(x) OO00O o(x) ODODOO SO(1,3) O
0o

SO(2,3) (AdS)

A field strength R, 4p takes the form

R,UJ/AB — 8LLWVAB — al/w[,l,AB — Wy ACWuCB + Wy ACWuCB-

We construct an SO(2, 3) invariant action



~ AdS Gravity

SGRAV
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g is a coupling constant and [ is a real constant.

The equation of motion for Z4 is

(Z4)? = =17




If we take a solution breaking the SO(2,3) symmetry
Z4 = (0,0,0,0,il),
this breaking derives the vierbein e,

_fiwalzea ifA:a,
D, Zs= (6,LL5AB — WMAB)ZB - { ' 5O " ifA =5,

Larav takes the Einstein gravity form

_ w_ € ; E
LaRAV (%JC 162G (R + 12) .

Here, 0,C* is the topological Gauss-Bonnet term. G is the gravitational constant
derived from 167G = g°I°.



SO(1,4) (dS)

We construct an SO(1,4) invariant action

~dS Gravity ~

SGRAV = — / d*rLorAV

Z 1
_ _/d4x€ABCDE€,LWpa (TA> (1692) R,LWBCRAPDE

7 2
+o(x) { (TF) - 1} D,ZgD,ZcD,ZpDyZs

N
The equation of motion for Z4 is (Z4)* = [°. We break the SO(1,4) group to
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the local Lorentz group SO(1,3) as
Z4 = (0,0,0,0,1).

This breaking leads to

—W,asl = €,4
D,U,ZA = (8M5AB _W,uAB)ZB = { H 50 H

Laravy takes the form

_ w_ ¢ °_E
Lgrav = 0,C e (R 12).

IfA = a.
ifA = 5.
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§3. Gamma Matrix

Gamma Matrix I'4 0 SO(1,3)0 4, SO(2,3)0 4499, SO(1,4)0 ~49) , O

bbbt omotdboogboogd
HEEEN

{T4, '} =245,
LAt =T4.

Jogod
Dirac (Pauli) basis 0 O O

T YA If A:2,4,5,
TATY =4 i A=1,3
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34. Dirac Fermion Fukuyama '83
Let ¢ be an SO(2,3)(S0O(1,4)) Dirac fermion.
S0(2,3) (AdS)

An SO(2,3) invariant Dirac spinor action is defined as

4 ™

. o >¢D ZeD,ZpDyZ

N y
where Sap = - [y(A49) | (AdS) ] and X is a mass.

_ ABCDE uvpo,j, | [

§ = Wy AdS) 5y (AdS),
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By the symmetry breaking Z4 = (0,0,0,0,i) from SO(2,3) to SO(1,3),
Lpmrac reduces to the Dirac action in the four-dimensional curved spacetime

_ na . — —
Comac = €0 (e Dyt N) v, = —et (3¢ (3D~ Dyva) + A ) 0
?E = ?N%L-
where v, = iy(AdS)gy(AdS)a, V5 = fy(AdS)5.
(AdS) = _7:75,7a7
(AdS) _

5 = 75-
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SO(1,4) (dS)

In the dS gravity, we consider an SO(1,4) invariant Dirac spinor action

‘CDIRAC

<~
(z D, ZaD,Z
— —ABCDE guvpoy) (zAV(dS)Bgvu + A zA i B) D, ZcD,ZpDyZp

N J
which is a slightly different form from the SO(2,3) case. Here, ¢ = ¢)T~(49) .

By the symmetry breaking Z# = (0,0,0,0,1) from SO(1,4) to SO(1,3), LDirAc
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reduces to the Dirac action in the four-dimensional curved spacetime

<——

N
‘CDIRAC — —B@D (,yae,ua pt )‘) Y, = —€¢ (_e,ua ( aD,Lb _ Dufya

where 1) = 9T+, and

’Y(dS)A = YA.

)+A)w,
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8. Weyl Fermion

symmetry DO O0000 4D Weyl fermion OO0 SO(2,3) OO0 SO(1,4)
spinor [ 0 O O

1, SO(2,3)(SO(1,4)) covariant

2, 00000 chiral projections i;‘”D 0
operator P LU 00

SO(2,3) (AdS)

Let ) be an SO(2, 3) Dirac spinor. We introduce a projection operator,

1 [2 ZA’Y(AdS)A
P.=—114+14/—
t =9 < V227 !
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which is P2 = Py and P, P_ = 0. We define
Vi = Py
If we break the SO(2,3) symmetry
74 =(0,0,0,0,4l),
P, reduces to the chiral projections fo’i

1A 1+
2 2

Pj:_>ﬁ:|::

Then, 14 becomes Weyl spinors zﬁi

i — s = Prap,
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respectively, which have definite chirality. We can construct an SO(2, 3) invariant
action by modifying the action for a Dirac fermion,

a N

<~
D ZaD,Z5

Loy = €ABCDE guvn ) (z’SABS'“ — AN ) . Dy ZeD,ZpDyZy,
. (; .

N J
The action becomes a SO(1,3) massless Weyl fermion action by breaking the
symmetry

d

5 —> o = < °
[’WEYL = —ey (%GM D, + A) Yy = —ey (%GW D u) Vs
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SO(1,4) (dS)

Let ) be an SO(1,4) Dirac spinor. In the SO(1,4) case, we introduce

P.=—|1+
79 ( VZz2— !

which is P2 = Py and P, P_ = 0. We define

Yy = P1o.

If we break the SO(1,4) symmetry as

Z4 =1(0,0,0,0,1),
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P, reduces to chiral projections ]—g’i

1£4195; 1445
2 2

Pi—>ﬁi:

Then ¥+ becomes Weyl fermions @Zi,
Yy — Pr = Py,

respectively, which have definite chirality.

We can construct SO(1,4) invariant action by modifying the Dirac action
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<——
N D, ZaD,Zx
Lyypyr, = —€ POPFevroy, <17(ds)33!ﬂ+>\l Z! >¢+

xD,ZcD,ZpDsZF.

N y
The action becomes an SO(1,3) massless Weyl fermion action by breaking the
symmetry

5 — 0 5 = °
Lweyr, = —€¥+ (Weua D+ A) Yy = —ehy (7(16“0’ D u) Py
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§6. Majorana Fermion
SO(1, 3)
4D Majorana fermion 1y,
Y =iy = Ciiy,
C' is the charge conjugation in SO(1,3). If we take the Dirac (Pauli) basis, C' is
C =274

However, C' is not covariant under either SO(2,3) or SO(1,4). s is not
consistent with the SO(2,3) (SO(1,4)) covariance.

If a 'charge conjugation’ is defined, a Majorana fermion can be defined.
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Conditions for SO(2,3) or SO(1,4) 'charge conjugation’ C

~

1. C’_lfyAC’ is covariant under the symmetry to be consistent with the action.

~

C™'yaC = £v},

is sufficient where the signatures are the same for all A.

2. B defined by Byt = CL must satisfy
B*B =1,

since a charge conjugation has a Z; symmetry. (B = 7, for SO(1,3).)

3. C reduces to C = Yoy4 by breaking the symmetry.
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SO(2,3) (AdS)

~

C

_ (AdS)__(A4dS)

Z> 79y 199 (490,
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SO(2,3) (AdS)
The SO(2,3) gamma matrices (499 , are constructed as

(AdS) _

Y = —1Y5%a;

V(Ads)5 = 75,

From the condition 1, we have two candidates

Oy = (449 1,Y(AdS)37(AdS)5’

Oy = ~(Ad5)_(AdS)

Cy = 49 4 (AdS) =~ — ~o~, is equal to the SO(1,3) charge conjugation
Therefore C5 satisfies the condition 2 and 3. Note that C' = (5 is not a
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charge conjugation in the SO(2,3) representation.
fermion v, is defined by

SO(2,3) invariant AdS ‘Majorana’ fermion action

b = CPi; = Cothyy.

Therefore AdS 'Majorana’

-

N

‘CMAJORANA

- ZaD,Zp
_ EABCDEGMVpG¢M ( M

iSap—5 — i) > YDy ZceD,ZpDsZE

/

Let us investigate the consistency of this action. Substituting ¥5; = Catbl, to
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the right-hand of the action, we obtain

<—>
) D ZaD.Z5\ [~ -
(ABCDE guvpo (wﬁ(CT)—l) <z’SA33'“ — i) Z;‘ “ B) (Cwﬂ) D,ZcD,ZpD,Zp.

We can easily check that

— LMAJORANA‘

Thus, the definition of the charge conjugation is consistent with the action.

If we break the SO(2,3) symmetry by Z4 = (0,0,0,0,4l), the action reduces to
an SO(1,3) Majorana fermion action in the Einstein gravitational theory in four
dimensions

— >
LNAJORANA = —€¥M (%GW D+ A) v
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SO(1,4) (dS)

Y4 =4

From the condition 1, we obtain two candidates

Cs = ~(@5) 4143)
Cy = W(ds)2’7(ds)4W(dS)5-

Condition 2

B*B = —1: Neither Cs nor C4 can be defined as a consistent charge conjugation.
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Now, we consider a third candidate:

Z Ay(45) |22 — |2
Cs = ( A’Yl 4 4 | 2

This satisfies the condition 1.

[

(ds) , | 212

Condition 2. BZBs; =1 <B5 — _ (ZA’V—

Z) (45)_(dS) (dS)_

l2

@) V(ds)27(ds>5)

Condition 3. Cs — (49 (49 = ~ovy, = C.

A dS ‘Majorana’ spinor

Yar = Csipyy.
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SO(1,4) invariant dS ‘Majorana’ fermion action

a N

<——
. A D ZaD, 72
LMajoraNa = —€ 0PFe Py (lA’V(dS)BS,“ + A lA Z, B) Vm

xD,ZcD,ZpDyZp
- /

We can prove the consistency of the action for the charge conjugation C’5 similar
to SO(2, 3) case.

A
vpo — ZA D ZAD ZB —
_GABC'DEG,LL P (w?\}(oT) 1) (l,}/(dS)BS'M_'_)\ : ,L:l' > (Owjfl\})

x Dy ZcD,ZpDyZs.
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We can easily check that

— £MAJORANA'

If we break the SO(1,4) symmetry by Z4 = (0,0,0,0,1), the action becomes the
Majorana fermion action in the Einstein gravitational theory in four dimensions

_ <—
LNAJORANA = —€¥m (%em D, + >\> Y,
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§7. Summary and Discussion

JO0o00o0oooodooddoddndWeyl, Majorana fermion action [ [0 [
AdS (dS) Gravity 00 action OO0 OO

New mechanism to derive a chiral fermion from a nonchiral fermion

Chiral symmetry and chiral anomaly

Z o U dynamical O 0O 0O O
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