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§1. Introduction

000 Poisson sigma model OO0 0O 200 0 U toplogical sigma model U 0 [ [
JO00O00000do toplogical sigmamodel OO OOOOOOOOOOOOO
Purpose 1. 00 00000000 —0OO0000O00O

0000000000 ddoobddonnddoTopological field theory [ [
00000000000 Topological field theory D OO O OOOOOOOOOMN
HENRN

[1 0 : topological string theory, M Theory [ [
Purpose 2. 00 0000000000000 (OO)0O0O0O0OO0O0OO

e Topological Field Theory [0 [ 0 [ [
1: Donaldson invariant 4D topological Yang-Mills theory



2: Gromov-Witten O [0 (A model)
Kahler 000 ODOOODO invariant (Gromov-Witten invariant) 0 O O

3: Mirror [0 O [
A model «— B model

4: superstring [0 superpotential 0 O 0 O (topological string)

5: 000000 3D Chern-Simons theory
6: Poisson OO OO0 QOOOUQ

6. topological gravity L1 KdV 0 0 [

7: Topologica conformali field theory, Frobenius algebra, Cobordism, Topological
D-branes, Singularity theory, etc



Purpose 3. 000 00000000000 O00OCO
00oooooog

OO0O0000 Topoloigeal Field Theory DO D OOOOOOOOOODOOON
Joogdootdboodgoogd

e IO OOOOOOOOMNO Topoloigecal Field Theory [ I 0 0O O [

Jubodbootdboott ete. U



o[][]

Poisson sigma model O U [J

Poisson-Lie group, r-matrix and topological sigma model
OO00000000000 topological sigmamodellO0 OO OOOOOOOOMO
Batalin-Vilkovisky [ [

OO000O0O0O0AKSZO0OO

0oao

A-model, B-model

000 (membrane) 0 00O O

Courant algebroid, Dirac strucrure, Drinfeld double, generalized complex structure



§2. The Poisson Sigma Model

e The Poisson sigma model
200000 XO00O000 X local coordinate 1 o# 0 0O 1 U

B,; 0000 (p=1,2), ¢: 00000

S = /Zdzae“VBuﬂ;@,/(bz + ielﬂ/fw (¢)BM,iBu,j

o [
1, f7(¢)=00000200 abelian BF OO

Sp = / Lo B, 0y — - / Lo G Fopy
> 2 >

where FO,LW,i = aqu,z' — 6’,,BW-



2, fY(¢) = f¥,¢o* 0000200 nonabelian BF OO

: 1 - :
SN — /Ed%e””Bu,i@,,cbz -+ §€’uyfwk¢kBM,iByjj = LdQUEHV¢ZFMV,i

where F,uz/,i = 5’MBW- — (‘LBW- —+ fjkz'Blu,jB%k
Jodggng
09" = — [ 1o";
1
0B, = 0.6 + ifjkiBu,jek
SN = 0 <= fU,, fmF + Ik fmi, 4 &, fmi; = 0 (Lie O O Jacobi identity)
3, Poisson Sigma Model DfijDDDDDDDDDDDDDDDDDDDDD
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O

0" = —f(d)e;
10 f7%
5BM i = au i T3 9 fa¢(¢)Bu,j€k
Ooood
_ fzj mk af]k mi fkl m
05 =0« T (@) /™" (¢) + 9o (@) f™ () + a¢m(¢)f (¢) = (1)

OO0O0000000 open algebra

{6(€1),0(e2)}9" = d(e3)9’,



ofik 58
06108 0,

{0(€1),0(€2)} Bpui = 0(€3)By,i + €1 €2
D000 doondn BRSTDDDDDDBata“n—V“kOViSkyDDDDDD
HRERE
00 (1) 000000

4, 200000 OO target space M0 sigma model DO OOOOOOO
Odd¢:%— M

(\OODO000000OMO{F(¢),G(¢)} = fij(qb)gg;%’; 0 O Jacobi identity
O000 Poisson 00O 00O O

OO0 MO Poisson DO0O0O0O0O0OMO Poisson OO0 P e A2TM 000000

P(dF,dG) = {F(¢),G(¢)} = fij(gb)%% 00000000000 soon

O0O0S5S 0 consistent O OO OOOOMO



000 S0 Poisson sigma model [ [0 0

MO Poisson 000 P« SOU0O0O0OOMO

5, gauge algebra I Lie algebroid

6, > 00O diffeomorephism, OO0 O 0OO0OOOOO

7, 00000 Unitaryd OO OOO0O 00O topological field theory

B,;, 000000 ¢

8, U OUOOUO "Poincaré algebra” OO O20 0 00 O O O action

9,4, 0000000000 G/G gaugede WZW model OO0 0O



10, f¥ OO invertible D000 A-model DO OO O0O

| o
S=3 /E d*oe"” f1j(¢)0ud' 0, ¢’

11, 00 000dod B-model OO OO

U0 Poisson OO OOOODOOOOOOOOONMO
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Schouten-Nijenhuis bracket
M: Poisson U 00O 0OOO

e M OO Poisson 00O PO OO Olocal coordinate ¢* OOO{F,G} =

P(F,G) = fi(¢)8525, 00000000 f9 = —f7% PO Jacobi identity

fk:l
OPp™

o fik
D

ofid
O™

(0) ™ (9) + ==—=(0) [ (9) + 5—=() ™ (¢) =

000000 Poisson 000000 (1)
e Schouten-Nijenhuis bracketd O [0 Poisson O O O 0O O

O00TM O00OD00O0O A*(TM) OO Schouten-Nijenhuis bracket [-,-] O O O
Juootdootd

11



X,Y e TM 0O0DOODO Lie bracket [X,Y] ODOOA™TM) (n>2)0000
Juug

F G| = —(—1)(|F|_1)(|G|_1>[G,F],

F,GAH|=[F,GIANH+ (-1)IFI=VICG A [F, H),
FAG,H|=FAN[G, H|+ (-DICUHI=VIE g A G,
(=1)UFI=DUHEI=VIE G H]] + cyclic permutations = 0,

Juootdbootguod

00000 bivector field O P = f(d)35 A g € AXTM) 0000000
(1) <= [P, P] =0

0000 Poisson 000 P(F,G) = P(dF,dG) 0000
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§3. Poisson-Lie Group, r-Matrix and Topological Sigma Model

Def: Poisson Lie group )
G: Lie group O Poisson OO0 P O0O0OOOOO Lie group U O O Poisson [ [

ODodoboodadon
{F,G}(gh) = {FLgv GLg}(h> + {FRgv GRQ}(Q)

000O0GO Poisson Lie group 00 000000g,he@G, F,G: GOOOOO
L, 000000R,; 00000

G O semi-simple O 0O OO Lie algebra O g 0O O [
00X egdO0O0 right invariant 1-form 0 a(X) = tr(dgg~'X)0 00 O

13



Py(X,Y) = Pla(X),a(Y)) 00D0O

Theorem: (Lu, Weinstein '90) 0 0 O Poisson Lie structure 0 0 0 0O O
1 _
Py (X,Y) = 5tr(Xer — X AdyrAd;'Y)

OO000O00000r O classical r-matrix. r: g — g U O antisymmetric linear
operator U ce COOUOO

rirX, Y]+ 7 X, rY] — [r X, rY] = ¢/ X, Y]

Joood

OO0Lie group DOOOOOOO classical r-matrix r OO0 O 0OOOOOOO
[0 00O Poisson structure 0 000000
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oo

Model 1, G0 O Poisson Lie sigma model

S = /E tr(B(dgg™") + %tr(B(r — AdgrAd;")B)

[ sigma model OO O 0OOOO
O0000g: Y —G, BeAl(Y)®ag,

15



Model 2, G* [ 0 Poisson Lie sigma model

X,Y],==(X,rY] + [r X, Y]

1
2
oooo00 (g[8 (g5 []) 0 e 0000
re =1(r+1)00000

[Tj:X, ’I"iY] =T+ [X, Y]r

O0000c:g—g®gld o: X+— (r2X,r_X) O0OO0O0O homomorphism.
gD g U bilinear form [

TI'((Xl, XQ)(Yl, Yg)) — tI‘(X1Y2) — tI'(X1Y2)
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00000 o000Dd(gh ] ) Ogr=0(g) Cgdgl embed D000
ga={(X,X)egoglX gt D0DOOOgsNg, =0}
Ooo0d g.0 induce OO Poisson OO OOOMON

X € g0000 a"(X) = tr[(dgrgs" — dg-¢g-")X)|00O000g,.00 right
invariant 1-form O 0O 0O O

Pl o (X,Y) = tr[(X(Ady, — Ady_)(r-Ad,! —riAd;1)Y]

9+
O00000G,00 Poisson structure O 0O 0O O

oo

1
S — /Etr(B(ngrg;l — dg_g:1> + §tr(B(Adg+ — Adg_)(T_Adg__: — ’I”_|_Adg__1)B)
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§4. Poisson sigma model [ [ [ []

0 O kinetic term e#*B,,;0,¢' 0000000000 e f9(¢$)B,,:B,; 000
0000000000000

0000000 Poisson sigma model I 20 [0 topological sigma model 0 O [J
universal D 0 OO0 OO0OOO

20000000000

00000 AKSZ construction
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§4-1. Batalin-Vilkovisky 0 O 0O 0 0O O [

Do0dboboobobooboboobobdodnt
S():/d20'€’uVBmi(9y¢i
)
Do0obobodbobdodobtdd

6O¢i — 07 6OBu,i — a,ueia

0000 (abelian BF O 0O)

0000005, 00008=8,+S;,6=686+6000005,000000
000000000068 =0 (off shell0) 00 {4.,00} = dje.en (on shell 00
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000000000000 0O0OD OO Batalin-Vilkovisky (BV)O OO OO O
BvUUoOOOomnO

1, 00000000 € 0 ghost ¢ 00000 anticommuting boson

Def: 0O0ODO gh®d. ghB,,=gh¢=0ghc=1000000

2, 00000 ¢ O BRSTDDDDDDDD&%IODDDDDDDD doc = 0
3, 00000 field®0O0000Oantifield®* 000000

ghost number I gh ® +gh &*=—-1 000000

B, — Bx, ghBr=-1

gbi — QS/,LV 72! gh QS/,LV’L = —1

C; — Chy  8hc, =2
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4 antibracket U O 0O 0O OO

9 9 9 9
F.G) = F — F (0 — 0o’
(£ ) Z{; / ( 75 (0) 95 (o) 8@*(0)6@(0’)G>5(0 )
B % —> (9 a
B ZF@E@TG F o aa”
O0O0gdn

(F, ) — (1)) (G ),

(F,GH) = (F,G)H + (—1)&tF+DehC o p )y,
(FG,H) = F(G,H) + (—1)8"¢e (1)@,
(—1

1)EhFFDEE+Y) (p (G H)) + cyclic permutations = 0,

21



5, Batalin-Vilkovisky (BV) action So OO0 O O0OO0O0O0OOOOO

Sevo =Sy + (—1)gh¢/ @*50(13 -+ O((I)*Q),
>

O((I)*Q)D (SBV(),SBVO) =0000boogobdd D(SBVQ, SBVO) = 0 U classical
master equation ] [0 [0 [

00O00n
Sevo = / d2ae“”BM,if9ngi —I—/ dZJe“”BZi&/Ci
5 5

0000 (Sevo,Sevo) =0
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6, BRSTOUOOODODOOOOO
o F|®, | = (Spvo, F [P, D))

OO0doododOfieldO00O0O0OOCOOO0OO0OOOO0O
7, (Spvo,Svo) =0000

60SBvo = (SBV0,SBV0) =0

6F = (Svo, (Sevo, F)) = 5((SBvo, Sevo), F) =0

23



L 0O O O
S:SBV0+9S1+9252+"'7

OO0ooooods,s)=000000000000

OooosS O X0O diffftomorphism OO OOM O diffeodd O 0OSO locald
LagrangianDDDDDDDDDDS:fE[, Joooooooo £ O 2-form,
ghost number 00 O [0 [

S = Spvo+gSi+g°Sa+ -+,

0(S,8)=00000000
® gO order, (SBVO,SBVO) =0 OK.
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® gl order, (SBV07 Sl) = 5051 =0

S1 =/ £:000006,S1 =0 000 descent equations

(50,61 + da1 =0
50&1 -+ dCLO =0
50&0 =0

0O00000Oay O O-form O O ghost number 2 OO 0O 0O OO O O up to exact
term [ [

ap = _%fij((b)cicj

00000000000000 f49(¢)0 fi(¢) =—fii(¢)0D00 000000

25



descent equationsJ U O 0O U OO OO O up to exact terms 0 [

1 ¥ * f’U * 1 62]”] * *
L= §f N(BiBj —2¢;¢c;) + G ( c**cic; — B sz-cj) — Z&gb’fﬁgblB "B*'cic; (2)

0000 B; = da#B,,;, B = dz"Bl,, ¢t = da* A da” ¢

i
e g2 order

(51,51) +2(SBvo,S2) =0

0000 field, antifield 00 00 6o(¥) = 9,(+x)0 00 (Spyo,S2) =0 0000

S1=56+500000065,00000000000008,=0(a=2,3,---)
oot

26



000 (S,5)=0. 50000000

a¢m0mf w»4—3¢m<¢w? (¢) + @¢m«wf ’(¢) =
(1)0O0O0
e g¢order OO OO
0000
. . 1 ..
S=5Bvo+S1 = / B;d¢' + B™'dc; + g(if”(BiBj — 2¢7c;)
>

a¢k ( c* czcj B Bicj) — ZEM"“@(#B *B lcicj)

27



Jodoge*=00000
i Lo
S = [ Budd'+ () BB,
by

Poisson sigma model U 0O 0O OO O OO

Theorm: kinetic term 00 20 0 abelian BF D00 OO0O0OOO0OO00OOO
interaction term [ Poisson sigma model [ [ [ [
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§4-2. Superfield [ [

field DO O0O0OO0Og=10000

. . 1 ..
S=Spvo+S1 = / Bid¢* + B™'de; + 5 fY(BiB; — 2¢j¢;)
by

8gbk 40Pk 0!

00O O O
supercoordinate 0* (n=1,2) 000000
Def: form degree degW. degf* =1 00000 00O0O0O0OO0OO00OO0O0O

Def: total degree 0 |[¥|=gh¥U +deg¥ OO DO OOO

8 & 1 9%fY
! (c CiCj — B*sz-cj)—— / B*kB*lcicj
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BRSTO OO

[ O O superfield O
i i Q“B*i—l—lm‘@” *t
¢ — ¢ + Y 9 CMV’
1 V [k
Bz‘ = C; + HILLB/J,,’I: =+ 5@#9 ¢/ﬂ/,i7
000000 action U

: 1 ..
S = / d*0d?0 B;D¢' + ~f¥(¢)B;B;
T[]Z 2

30



00D000000D =69, |¢| =0, |B| =1. antibracket
— — — —
0 0 0 0
-G

F = F—— — F
(£ ) 0" 3BiG 0B;0¢"

BRST 00O 0O

d¢' = (S,¢") = D' + f¥(¢)Bj,

5B (5,Bi) = DB, + 22 (B, B
T — y 2e) — ) 26’¢Z 1Pk

e Poisson sigma model O 7™M 00O Lie algebroid U U 0O 0O O 0O [

31



Def: Lie algebroid
A Lie algebroid over a manifold M is a vector bundle & — M with a Lie

algebra structure on the space of the sections I'(£) defined by the bracket
le1,e2], e1,e0 € I'(E) and a bundle map (the anchor) p : £ — T M satisfying

the following properties:

1, Forany ej,ex€I'(E), [p(e1),p(e2)] = p(le1,e2]),
2, Forany ej,eo €I'(€), F e C®(M),
€1, Feo] = F'leq, eo] + (p(e1) F)ez,

M = Map(2, M), £ =T*M 0000 [er,eq] = (e1, (S, e0)) = fI555%2 OO

Oo0o00o0 (S, S) = 0 <= a Lie algbroid on T*M
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§5. BRST-BVO OO0 AKSZ 00

O0000ddooooooooooooooboboon AKSZOOooooad

Jodoood

e Supermanifold (Superfield ®)
e P-structure (Antibracket (x,*))
e Q-structure (BV action 5)

33



e Supermanifold (Superfield)

o T'X: a tangent bundle (X = X))
Def 17X = T|[1]X: A supermanifold is a tangent bundle with reversed parity
of the fiber. fiber D0 O OO0OOOOOOOOOOOO

- local coordinates
{o#} on X, where p=1,2,---,n
{60*} on T, X, fermionic supercoordinate

Def: form degree dego =0 and degf =1

We extend a smooth map ¢ : X — M toamap ¢ : IITX — M.
A function on IIT'X is called a superfield.

& =00+ 0+ 5000
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o T"M: a cotangent bundle

Def T*[1|M: A graded cotangent bundle is a cotangent bundle with the degree
of the fiber 1.

- (¢, B)

¢ = Ay € Map(IITX, M).

B eT'(IITX ® ¢™(T*[1]M)):

Def: total degree: |¢| =0 and |B| =1

Def: ghost number: ghF' = |F| — degF’, where F' is a superfield.

Def: <,>: TM O T*M OO0 natural pairing

35



e P-structure (antibracket)

A=Map(IITX — T*[1|M) 00 00O
Def: Hom(>., A®* A) 000000

o 0
2= (3578)

0(BOODOODOOOODO)A?=00000000 odd Laplace operator [0 [
0000000F,Ge€ Hom (>, A% A 0000

(F,G)=Q YFG) = (-D)FIAFG) - (-)FIAF)G - FAG)

36



[0 BV bracket (antibracket) OO0 0000000

F,G) = —(-)UFI=DUCI=-D(q F),

F,GH) = (F,G)H + (-1)FI=DI¢lg(F H),
FG,H)=F(G, H) + (-1)/CIUH=D(F 0@,
—)WFI=DUHI=Y(F (@, H)) 4 cyclic permutations = 0,

(
(
(
(

O000000000 Gerstenhaber bracket [0 [ [ [
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e (Q-structure

S: a function on A [ |
A(er®) =0
OO0dood aquantum BV action U O U O

000
(S,5) — 2thAS =0
OO0doO0o000000 quantum master equation U [ 0O

000 h—000O00O0O0O
(5,5)=0
OO0O00000 classical master equation U [ [ [
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BV action S 0000 O A-cohomology 0000 O O fLA(Oe%S):O 000
OO0 0O observable 0 O OO O OOMOMO

(S,0) — ihAO = 0.

OO00O0OA—O00O0000
(5,0)=0

00 ghS=0000000Hom(>., A®% A) O ghost number 0 complex O
Oooogo cf. Hochschild complex

BRSTOOOO&S =(S,F)000D0O0

classical [1 [0 observable 00160 =0
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[1: Poisson sigma model
M: Poisson OO0 O OOOO

e M 00O Poisson 000 PODODODOlocal coordinate ¢ 000 P(F,G) =
f@’%@%%ﬁ, 00000000 fi=—fie,

e Schouten-Nijenhuis bracket U0 OO OO0 O0O0O0OOTM 0O00000O
A*(TM)(=T[1]M) O Schouten-Nijenhuis bracket [-,-] O 0 O O 0O O OSchouten-
Nijenhuis bracket O Gerstenhaber bracket O O O O P-structured O O [

bivector field

P = f(d)z5 Ngp € AX(TM)DOD0DO0OO

(1) <= [P, P] = 0 <= P O Poisson

0000 PO Q-sturcture 00O OO

40



006 (%) =[P,*] 0 62 =00 coboundary 000 6 DO0OOODODODO6 O
cohomology 0 U 0O U OO OO O O Poisson-Lichnerwicz cohomology [ [ [ [

e [1 [ Poisson [ [0 derived bracket
{F,G} = [F,|P,G]],

Joogguod

Theorem: (Voronov) M O O Poisson bracket 00000 T[1]M OO Schouten-
Nijenhuis bracket 0 PO OO OOO{F,G} = |F,[P,G)|0DO000O0O

supermanifold N O odd Poisson bracket 0 0 0 O O 7T*N O O Poisson bracket
O POO0ODO0O[FG =4{F{P,G}}O00000O
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BV action [0 AKSZ construction
supermanifold Map(II7T>, T*[1]M) OO0 00O Action 0 S = Sp+ 502000

gooodbood

So: T*M O symplectic structure 00 O Map(IIT>, T*[1]M) O P-structure 0 0O O
000000 supersymplectic form 0 Q(= DpADB) 000 000 fundamental
fom=0 Q=-DE)0000O0

So=[E00000C

Si: Schouten bracket O Poisson OO P 00O = iP(B,B) 000000
Si= /00000000000

1
5 = 50+51:/ E+@(B,B):/ (B.Dg) +  P(B.B),
1T X 17>

O0000[P,P] =0« (S5,5)=0

42



(S,5) = 0 <= (S0, S1) + (51, 51) = 0, Maurer-Cartan equation
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§6. U0 U Topological Sigma model [ [ [

o0
1, 0000000 Topological Sigma Model O So DO OOOOOOOOOO

oot
S=5+51+5+---, 0000 Abelan BFO OO UOOOOOOOOOOOO

oo

2, (AKSZ construction)

e P-structure (graded Poisson structure) O O O supermanifold 0 O 000 0§62 =
0000 coboundary O OO ¢; OOOO supermanifold O O P-structure O O [
O006(x)=(0,x) 0000000000 Q-sturcture0 0006 00000

oot

S:SO+51:/ E+@(B,)

IIrx

44



§7. 000

DDDDDDDDDDDDDDDDZ:fLDCDe%SD exact 000000 (O
O0000000)boooooo

OO000O, 0O observable OO0 OAOOOOOOOO
Z(@l...OT)Z/Dcp (91...OT€%5:thzk(ol...@r)
L k=0

000000000 (formalseries) 00O OO0OO0OOO
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§8. Poisson sigma model on disc

Theorem: Poisson sigma model [ tree open string amplitude [0 Poisson [ [ [J
000000000000 (Kontsevich 0 0)

Def: 00 00O 0O (deformation quantization)

(M,P) O Poisson O0000O000C®M) 000000000000
Co(M)[[R]0D0O0D0C>(M)|[K] 0000000000 «x000000000
000

) F,G € C*(M)[[r)] OOO0O F*xG = > i"B(F,G) 000D000OB; O
bidifferential operator [ [
Bo(F,G) = FG, B1(F,G) ={F,G}O

46



i) F,.G,H e C>(M)[[A] 0000000
(F+G)«H=F=x(Gx*xH)

oot

iii)DDDDF’:Zkthk(F)DDDDDDDDDDDDDDDDDD Dy U
oot

OOsymplectic 00 O00O0O0OO0OO0OO0OOOOO0OO0OO0O0O0O0O0OO00O0O

000 Poisson O OOO0OOOODOOODOOOOOONONO

topological sigma model (Poisson sigma model) OO DO OOO0OOO0OO0O
Poisson OO UOO0O0OO0O0OO0ODOOOOOOOOOOO
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(1 0 O
20 0 disc X = {z]|z| = |0? + 0| < 1} (tree open string) 0 0O the Poisson

sigma model O 0O 0O O [

S=Su+ 8= [ (B.D¢)+ P(B.B)

Irr>.

target space MO OO x 000 F(x),G(x)0 00O OO correlation function
(F((0)G(¢(1))) = /(b __ DDB FG(0)Glo()el S o

000000000 FxGx)DOOoOoOOoo

48



1. boundary condition

> [0 boundary O BRST invariant OO0 OO O0OOOO
¢'| = 2° = constant, B|=0

2. ooy

FP antighost ¢, gh ¢ = —1,
Nakanishi-Lautrap field ¢*, gh & = 0,
antifield &, gh & = 0, bf, gh b = —1,

OoO0gdn
;S’(;F:—‘/bi(_lz<
>

49



ODO0ddooddn fermion W

U= / ¢'d * B;
5
[0 0 (Landau gauge)O
ov
or =~
od

[J O O "Lagrangian submanifold” O O 0O O O antifields * 0 0O O 0O O O
3. observables (vertex operators)

BRSTOOOOOO operatorJ ¢ 00000 FO X 0O boundary operator F'(¢)|

(S, F(9)]) — thAF(¢)| = 0.
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4. 00 Sy 00O 0O Oboundary condition O disc OO Green O 0O dy, *xd G2, w) =
2md(z —w)) O gauge invariant 0 boundary condition O [0 O propagator
~ ih

< ¢p(z)B(w) >= %(Dz + Dy)G(z, w)

D00000000G(z,w) = £ EZWE" g — 14 ¢

(Z—w)(Z2—w)’

5. 00 S, 0000

1 ..
S, = / d*0d*c ~f"(¢)B;B;
TS 2

1/ A | o ~ki~ke o ~kp
= = d°0d o E — Ok, Ok Ok, f7 ()0 @0 ™ -
9 ] p! k1Yko kp ()

2|

o

BB,

tp
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O00vertex 00000 (A7)
¢, p00 B, 20

FOODOODOODODKOODOOOO Bre(F,G) 00000 weight

1 ([ (Gh)" K
l ((27r)2k) /Aj:ldG(uivum(j)) N dG (g, Uy ()

000 (i, Uy (), (i tUy;y) DO O O0D0 propagater 0000 (5 =1,---, k)
cf. Operad

6. tadpole 0 O 0O 0O O
tadpole OO OOO0O4.0000000O0CO0O0OO0OO0OOOOON
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counter term

of' (@) 5

St = / d*9d’o 7;
T[1]3) ooy

Jooodoodboogdo



00000 (deformation quantization) O O 00 [

0000000000 A OO0ODDOOODOC™M) ODOOODODOOO
coo(M)[[R)] 0000

Poisson sigma model O M OO Poisson U0 POUOOOOOOOOOOOOO
000000000 fO00000000000000

i)
FxG(z) = Y WBu(F,G)=(F($(0)G(¢(1)))
- /q5 DYDB F($(0))G((1))eh(S+5ar
(c0)=x

guootdbood

54



vertex [ ﬁ@klﬁ@ .-+ O, f(x) Bx O bidifferential operator O 0 0O

N 0001000000000By(F,G)=FG. R 00000000000
tadpole 0 000000000000 B(FG)={F G}

ii) Ward-Takahashi identity
/ DHDB A (F($(0)C((1) H($(1)eh %) =0
¢(oo)=x,0<t<1

0 0O0Stokes DO U OO boundary DO DO OODOOO
/ boDB (F (¢(0))G(#(0))H (¢(1))e%<S+SGF>>
P(c0)=2,t=0

D¢DB (F(¢(0))G(p(1))H(¢p(1))eh(55ar)) =0
t [, POPB (FGO)G(@)H() )
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F,G,HeC®M)[H 0000000
(F+G)«H=F=x(Gx*xH)

oot

iii) local 00O O redefinition O 0 0O O =BRST exact terms [0 00O BRST exact
terms OO OO0 20 0 vertex operator [ [ U correlation function U 0O O O [
OO0 F =Y, h"D(F) 000000

000000000000 0000000 Ty,(M)OOOOOOoooooOoDO0

000000000000 Dpey(M) OO Le-morphism OO0O0O0O00O0O0O0O
HREEN
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Def: L..-algebra (strongly homotopy Lie algebra)

VOOgraded D0O0O00000000CKV)=°, Ve 0000
c(vyooo

(1) coproduct, A — A® A 0000000 OO O coassosiative

(A® 1A= (12 A)A

2)z,yc C(V)ODOOT:CV)@CV) —-CV)CV)Or:2Qy+—
(-1)l*l¥ly ® x 00000000 cocomutative

TA = A

000 |x|0 20 degree.
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(3) 001000000 Q:C(V)— C(V) OO0 00O d codifferential
AQ=Q31)A+(1xQ)A
ooy
Q*=0

0000 (V,Q)0 Ly-algebra 0000

OO0O00000supermanifold 000000000 BRSTOOOOOOOO
HEEEN
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Conjecture
Poisson Lie sigma model 0 O 0 0 = Quantum R-matrix?

Quantum groupoid
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Joboodoodboodboootuod

[0 1: Gromov-Witten 0 O (closed topological string)
Poisson sigma model L [0 X: Riemann OO M: Kahler DO O OO OOOOOO

PO nondegenerate D0 OOOO0OP '=w 0 Kihler D0O0D0OO0OO0OO0ODOO
[ O originalJ O A model O O OO Poisson sigma model [0 gauge fixing fermion

Vo= [ Pa(Bia, P00 — Blg,Phouh

JO00o00odod N =2 supersymmetric sigma model [0 twint O U O Witten
[0 A model action O (ghost 00000 )0 ODOOO
000 RO Zy(O1---0,) O de Rham cohomology 0 0 O [

00000 AF>10 Zx(O1---0,) O Gromov-Witten invariant 0 0 OO
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[1 2: B model
X: Rmann OO M: OOQOOOOOOO

Def: M: d0DO0O0OO0OOOOOOJ:TM —TMOUOOOOOOOOOO
Jouoogn

1) J? = -1
2) X, Y e TM 0000 N[l X, T Y] =0

D000l JO /100000000 projection.
-, -]: Lie bracket

M O complex structure 0000000000 (AY) Zo(O1---0O,) O Darboux
cohomology [ O OO topological field theory O OO OO OO O B-model OO OO
000 Kodaira-Spencer O OO 0OOOO

o000 kF>1, Z,(0,---0,) 0000
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B Model 0 AKSZ construction

o Supermanifold Map (IITX, T*[1)(T[1]M)) 0 00 C

¢ € Map(IITS, M), Ay € T(IIT*S @ ¢*(T[1]M))

B, € T(IIT*Y ® ¢*(T*[1]M)), By € T(IITE ® ¢*(T*[0]M))

N_[O O\ [o 0
~ \9¢’ 0B, 9A,’ 9B,

e Q-structure (BV action 5)

e P-structure

dJ,

O’

Sp = B1;D¢' — By DA + J';(¢) B A} + (¢)Bo; Al A"

7.
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| 1 7i
_ Al @' Al ; %Jj((b) By,
= /HTZ (B A7) D (Bofa) + (B Ay) <%J‘7i(¢) 225?(@302' ( A{J)

A model DO OUOO0OODOOOOOOOON = 2 supersymmetric sigma
model [0 twint OO O O Witten O B model action U 0 U 0O 0O [
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Oo0oooo:
Poisson sigma model U 0 X: Riemann OO M: Poisson DO OO OO0OPOO
0O 0O nondegenarate 1O OO OOOOOO "A model”™ OO OO

000 R0 Z(O1---0,) O6F = [P,F] O Lichnerowicz-Poisson cohomology
oo

Juoodbogdod

000 RF>10 Z(O1---0,) O unkown
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g Topological Sigma Model in 3 dimensions
n=dmX =30000001

e Supermanifold

E: avector bundleon M OO O OF O fiber metric 0 O O 0O O O O fiber metric
O (,)000o

T=[2]E1]
000000000

Elpl: A graded cotangent bundle on a supermanifold M
s.t. base [0 degree [0 pq, fiber O degree U p, OO OO p = p1 + ps.

000 O0Map(IITX — T*2]E[1])) 00000

local coordinate U I [ I [
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{¢p" = Ao'}: a map from IITX to M, wherei=1,2,---,d.

{B,;}: a superfield on IIT' X, which take a value on ¢*(T*[2] M)

A% a total degree 1 superfield on IIT X, which take a value on ¢ (E[1])
fiber metric k4

e P-structure odd Laplace operator

o 0 O a0

A=—— -
06'0B2; 0A;" 0AP

antibracket [

(F,G) = A(FG)—-A(F)G - (-D)FIFAG)
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oot

F,G) = _(_1)(|F|—2)(|G|—2>(G’ F),

F,GH) = (F,G)H + (-1)FI=2I¢q(F 1),
FG,H)=F(G, H) + (-1)CIUH=2(F m)@q,
—1)UFI=2)(UH1=2)(F (@, H)) 4 cyclic permutations = 0,

(
(
(
(

(100 degree —2 O Loday bracket [ 00 [ [
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e (Q-structure
200000000 oudoddoodd topological sigma model O O O O
Joooooodonoad

The Courant sigma model

_ ok
S=5+5 = / —Bs ,;Do" + —bAlaDAlb]
Irx 2

. .
+ / fia" (@)A1 Ba; + 6f2abc(¢)A1aA1bA1C] :
n7rx L

(5,5) =0 <= two f's are structure functions of a Courant algebroid.
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e Courant bracket
TM OOODOODO Liebracket [ X, Y] OOOOOO

E=TMeT*MUO0OO

Jacobi identity OO0 OOOOOOOOOO bilinear form D OOOOOOO
Dorfman bracket (X +&)o (Y +n) = [ X, Y]+ Lxn —iydé OO0O0O000OO0
Jacobi dentity I O OO0 O00OO0O00OO0O00O0O0X,Y eTM, & &nel™M

Oodgdnot [X—l—f,Y—I—U]C = [X, Y]—F,an—ﬁyf—%d(i)(ﬁ—iyf) [0 Courant
bracket [0 OJ O [ Courant bracket O Jacobi identity J O O O O O [ nonassociative

0040000 vector bundle O OO 0O OO O
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Def: Courant algebroid

A Courant algebroid is a vector bundle £ — M and has a nondegenerate
symmetric bilinear form (-, -) on the bundle, a bilinear operation o on I'(£)(the
space of sections on £), an a bundle map p : £ — T M satisfying the following

properties:

1, ejo(egoe3) =(epo0ez)oes+eg0(eg0e3),

2, pleroes) = [p(e1), plea)],

3, ejoFey=F(egoeq)+ (pley)F)es,
1

47 €1 © €2 = §D<61 762>7

9, ,0(61)<€2 ; €3> — <€1 C €, €3> + <€2 ;€1 0O €3>,

where e1, es and es are sections of £, F' is a function on M. D is a map from
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functions on M to I'(€) and is defined as (DF ,e) = p(e)F.

O0gO LeOOODDODOM=100E =g@ g 0000 Drinfeld double O 00 0O O
Def: gpg* 000000

(X + &Y +np = [X,Y] +adiY — ad; X + adyn — ady-& + [£,7]"

0000000 Drinfeld double OO 0O O [

[0 OG O Poisson Lie structure O O O 0O 0O Ogég* [ Heisenberg double 0 [ [ [
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Oo0od AKSZ 000

OD0O0O0(S,S)=0<«= Courant algebroid
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e Dirac structure

FE 0O subbundle LO Dirac structured 0 O ey,e0 € IN(L)O0 O OO

(e1,e2) =0 (isotropic),
le1,ea]lc € T'(L) (close)
L0 Lie algebroid

20 0 topological sigma model 0 0O 0O 0O 0O OO (2D Dirac sigma model)
OO0000 nonlocal

e . =general
has a structure to the n-algebroid (Loday-algebroid).
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§Generalized Complex Structure
e Complex Structure J

Def: M: d0DO0O0OO0OOOOOOJ:TM —TM OUOOOOOOOOOO
ooogn

1) J? = -1
2) X, Y e TM 0000 N[l X, T.Y] =0

JoooIlLo JO /100000000 projection.
-, +]: Lie bracket

74



e Generalized Complex Structure J

Def: M: d0DDDO0D0O0O0O0O0JT :TM@®T*M — TMGT*M 000
00X,Y € TM,&,n e T*"MO 00000 (X +&,Y 4+ 1) = 3(ixn +iye) =

(Xg)IC;) 000000

JUO0U0O000000dn generalized complex structure U U [ [

0) JO (X +&,Y +7)0000
1) J2 = -1
2) [ (X + &), 1L (Y +1)] =0

JO0doldJgd4+y—100000000 projection.
-, -]c: Courant bracket

O0H € AT*M0O closed 3-form 00 002)00[, ]cO [ ]g = [, le+ixiyH
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00 0O 0O O twisted generalized complex structure U [ [ [

Decomposition to T'M and T M of a generalized complex structure 7 is written
as

J P
j:<Q K)DDDD

where J € C®(TM @ T*M), P € C®(N*TM), Q € C®(N*T*M), K €
C(T*M @ TM).

K;'=—J';

JPF 4+ 7, PR =0,

QirJ"; + Q" =0,

PY + P7 =,
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Qij + Q5 = 0. (3)

ATF = BIP = i3 = Dyj = 0, (4)

Pio, Pk 4 pilg,pki 4 pklg,pid.

JLOPTF + PN o5 — 0,.J%;) + PMoyg7; — J9,0, P,
JLo TR — JLo gk — TR0t + TR0,

+P*(0,Qq5 + 0;Q1 + 0,Qui),

J'(81Q K + 0:Quy) + J';(01Qk: + 0:Qui)

+J'6(01Qi5 + 0;Qui) — Qu0iJ ', — Qrd;J s — QudkJ';.
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Special Case
J 0
(1) J = (O _tJ> then J: a complex structure.

-1
2) J = 0 @ then (Q: a symplectic structure.
Q 0

Theorem: generalized complex structure 00O (TM & T*M) ® C 00 Dirac
structure U UJ I [
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§Topological Sigma Models with a Generalized Complex
Structure

Candidate Zucchini model

S; = %/HTX(JQSBl)I(lJrJ)(g)

. . : 1 .. 1 . :
— BliD(bZ + szBh;DQb] + —PZJBlz'Blj + _Qijdqbqubj
Irx 2 2

is a first AKSZ action with a generalized complex structure

But,
)

Zucchini model Ka_hl)er A model

\ complex
\ Zucchini model #— B model
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000 GCSOU40000000000 AV =B/*=C,;*=0,0300000
00000

We want

Kahler \ 1 odel

complex
— B model

dgeneralized complex sigma model

Pestun Model

But is is nonlocal and complicated.
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3D Model

OOboundary DO O300000 XOOOOboundary O2000000 OO
00(E = 8X)

XOO GOO00000 Chern-Simons gauge theory D OO0 OO OXO0O G O
target U O 0O WZW model 0 0O 0O 0O 0O O

DO0000000X0O0O generalized complex structure O O OO topological field
theory O 0 X0 00O Zucchinimodel U O OO OOOOOOO

oo
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3D topological sigma model with a generalized complex structure on T'M & T* M
(H = 0):

S / —(0+ By, D(¢ +0)) +%<A1+B1,D(A1+Bl)>
IITX

1 . 0
0+ Bo,T(Ar + BL) ~ (A1 + By, AL (AL 1 BY)

1

— / —Bgidqbi + Blsz?i — JZJBQZA{ — PijB2iB1j
II7rX

1 . 1 k. k. 19P% .
+_5ng (_aJ 7 3J (7 A?’lBljBlk

“AYATAN 4 = J 4 .)AiAjB Tl
2 0’ 14141 T 5 EYX O 141 D1k 2 9’
is derived by setting,

A1 — A1+ By, ¢—¢+0, By— 0+ By,
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0
f1—>_k77 f2 _j+0

I’

in the Courant sigma model.

(5,5) =0 <= J is a generalized complex structure.
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§AKSZ Formalism of Topological Membranes

X: a manifold in n dimensions (worldsheet or worldvolume)
M': a manifold in d dimensions (target space)
amapop: X — M

The AKSZ Formalism of the Batalin-Vilkovisky formalism is formulated by three
elements,

e Supermanifold (Superfield ®)
e P-structure (Antibracket (x,x))
e Q-structure (BV action 5)

e Supermanifold (Superfield)

o X to supermanifold
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T'X: a tangent bundle
II'T'X: A supermanifold is a tangent bundle with reversed parity of the fiber.

- local coordinates
{o"} on X, where p =1,2,---,n
{6*} on T, X, fermionic supercoordinate

Def: form degree dego =0 and degf =1
We extend a smooth map ¢ : X — M toamap ¢ : IITX — M.

This procedure introduces ghosts and antifields systematically. A function on
IIT'X is called a superfield.

¢! = O gl M 4 Lgmguagh 2y g Lgu . gung(

o M to supermanifold (a graded manifold)
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We introduce superfield pairs with the nonnegative total degrees and with the
sum of the total degree n — 1.

{A", Bn—p—l,ap}v p=0,1,---, LnT_lj
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1. T M: a cotangent bundle
T*In — 1|M: A graded cotangent bundle is a cotangent bundle with the degree

of the fiber n — 1.

- local coordinates {¢", B, 1}

{p"' = Ay'}: a map from IITX to M, where i =1,2,---,d.

{B,,—1.:}: asuperfield on IIT' X, which take a value on ¢*(T™[n — 1] M)
p even = {B,, ;} bosonic, p odd = {B,, ;} fermionic

Def: total degree: |¢| =0 and |B,,_1| =n —1

Def: ghost number: ghF' = |F| — degF’, where F' is a superfield.
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2. E: a vector bundle on M
E,|p]: a vector bundle with the degree of the fiber p

We consider E,[p| © Ej[n —p —1]: pis an integer with 1 <p <n — 2.

- local coordinates { A%, B,,_,_1,4,}

A, a total degree p superfield on IIT'X, which take a value on ¢"(E[p])
B,y 1,4, atotal degree n —p — 1 superfield on IIT'X, which take a value on

¢ (E*[n—p—1])
|2 ]: the floor function which gives the largest integer less than or equal to x € R.

If |5] <p<n—2 wecan identify E[p] ® E*[n —p — 1] with the dual bundle
E*[n—p—1] o (E*)*[p],
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We consider graded bundle,

17

T =11 > Bl |

{A %, B, 14}, p=0,1,---, L”T_lj in the local coordinate expression

n =2

T*[1] M.
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n—1
e P-structure A = Map(lITX — T*[n — 1] (szj Ep[p]> yooood
Def: Hom(>., A®*, A) 000000

"5

A= (-1 ) <af1p’aBj_p_1>

p=1

00000 A?=00000000 odd Laplace operator 0 0 OO
O0000F,Ge Hom(d,, A%%, A) 0000 antibracket O

(F,G)=Q YFG) = (-1)IFIAFG) - (-1)HIIFINFG — (-)MFIFAG
9 3 ] 5 7
B ;<F8Ap’aBnp1G><1) <FaBnp1’aApG>'
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oot

G)=—(-1 )(IF|+1 n)(|Gl+1- ”>(G F),

(F,
(F,GH) = (F,G)H + (—1)I"+1=I¢lq(F, H),
(FG,H) = F(G, H) + (—1)/¢l0H+1=m)(p 1)@,
(—1

UFIFI=m)(HIFI=n)(p (G H)) 4 cyclic permutations = 0,

OO0 degree —n + 1 O Loday bracket I 1 [ [
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e (Q-structure called a BV action S is S which satisfies the classical master
equation (S5,5) = 0.

We require |S| = 0.
OF = (S, F): a BRST transformation, satisfies 6% = 0.
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§Summary and Outlook

A model OO0 O :

dim X = 2 Lie algebroid, (symplectic, Poisson) groupoid
dim X = 3 Courant algebroid, gerbe

dim X =n (?)

B model OO0 :

dim X = 2 complex structure

dim X = 3 generalized complex structure
dim X =n (?)

e ]I DOON

DO0000000000 topological field theory 00 OO0 ODOOOOOOOON
bbbttt

oottt odbooodboodon
Jubgdootdbootddd
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e Review
Jodoooooobooono ooob oooo
String theory and deformation quantization, Yoshiaki Maeda, Hiroshige Kajiura

Derived brackets, Yvette Kosmann-Schwarzbach, Lett.Math.Phys. 69 (2004)
61-87, math.DG/0312524
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