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QP pair (DG Symplectic Pair)

A tower of two differential graded symplectic manifolds constructed
from twisting of a Lagrangian subsupermanifold by a canonical
transformation.
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Introduction |

This structure appears in many situations in mathematics and

physics.

0, Complex, Symplectic, Poisson structures, etc.

1, quasi-Poisson, twisted Poisson structures, generalized geometry
Alekseev, Kosmann-Schwarzbach, Meinrenken '02, Park '00, Klimcik, Strobl, '01, Severa,

Weinstein '01

2, Courant algebroids, Dirac structures Courant '90, Liu, Weinstein, Xu '96
3, L. —structures Lada, Stasheff '92
4, Poisson functions Terashima '08, Kosmann-Schwarzbach 11
5, V-data Voronov '05

11, Geometry of BRST-BV-BFV formalisms in Gauge Theories

Batalin, Vilkovisky '83, Batalin, Fradkin '83, Schwarz '92
12, Anomalies in Gauge Theories Wess, Zumino '71, Faddeev, Shatashvili ‘84
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Introduction 1l

13, AKSZ sigma models witout and with boundaries.

Park '00, N.I. '01, Cattaneo, Mnev, Reshetikhin, '12, N.I. Xu '13-1
14, Symmetries in the BV master equations in String Field Theories

Hata, Zwiebach '93
15, Generalized current algebras

Alekseev, Strobl '05, Bonelli, Zabzine '05, N.I. Koizumi '11,

Purpose |

o WS ER Q M homological HHEE Q%> =0 AL TS EE
DHlfE, Ex.) WZ terms, Maurer-Cartan equations, etc.

@ Anomaly @ supergeomety H73IEfZ
e FILLWVALY FRBDHER
@ moment map DEiHEDILIE
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QP Manifold (DG Symplectic Manifold) |

Definition 1

A following triple (M, w, Q) is called a QP-manifold (a differential
graded symplectic manifold) of degree n.

e M: N-manifold (nonnegatively graded manifold)

A graded manifold M on a smooth manifold M is a ringed space
(M, Opn), which structure sheaf Oy is Z-graded commutative
algebras over M, locally isomorphic to C*°(U) ® S'(V), where U is a
local chart on M, V is a graded vector space and S'(V) is a free
graded commutative ring on V.

If degrees are nonnegative, a graded manifold is called a N-manifold.
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QP Manifold (DG Symplectic Manifold) II

e w: P-structure (graded Poisson bracket)
A graded symplectic form of degree n on M.

e Q: Q-structure (a homological vector field)
A vector field of degree +1 such that Q% = 0, is a symplectic vector
field, that is, Low = 0.

Note: We assume that there exists a Hamiltoinan function (a
homological function) © € C*(M) such that Q(—) = {©, -},
Q*=0is {6,060} =0.

If n £ —1, above Q is a Hamlitonian vector field, that is, there exists

© € C*(M) such that Q(—) = {©, —}.
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QP Manifold (DG Symplectic Manifold) Il1I

Example 3 (n=1)

M = T*[1]M
C®(T*[1IM) ~= T(A®TM), locally (x, &) ~ (x', Z).
w defines the Schouten bracket [—, —]s on A®*TM.

© = inl(x)2 A 2 satisfying [©, ©]s = 0 is a Poisson bivector field.

Theorem 4

QP-structure of degree 1 on T*[1]M =~ Poisson structure on M

|

A Poisson bracket on M is defined as {F, G}, ; = —{{F,©}, G},
where F, G € C*°(M). This double bracket is called the derived
bracket. /
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QP Manifold (DG Symplectic Manifold) IV
Example 5 (n = 2)

M = T*[2]E[1], is a N-manifold of degree 2, where E is a vector
bundle on M. (Generally, M of degree 2 is not a vector bundle.).

Theorem 6

Roytenberg '99
A homological function © on a QP manifold of degree 2 induces a
Courant algebroid structure on E.

A\

E is recovered from a graded manifold M by a natural filtration of
degree M — E[1] — M.

A\
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Canonical Transformation and Canonical Function

Definition 7 (Canonical Transformation (Twisting))

Let (M, w,©) be a QP manifold of degree n. Let &« € C*°(M) be a
function of degree n. A canonical transformation e« is defined by
fl=ef =f+{f,a}+2{{f,a},a} + .

€% is also called twisting.

Let © = e%@. If {0,080} =0, {6/,0'} = &% {0,0} = 0 for any
twisting.

Definition 8 (Canonical Function)

Let £ be a Lagrangian subspace of M with respect to w. If twisting
« satisfies ©'|, = e’ ©|, = 0, a is called a canonical function of
order n.
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Derived QP Manifolds |

A bracket on C*°(L) defined by the derived bracket,

{= s ={=0} -}
is graded Poisson. It defines a graded symplectic structure on L if
{—, —}s is nondegenerate.

In this setting, if a canonical function satisfies

{a,a}s = {{a,0},a}|. = {{©,a},a}| =0, we have

Theorem 9

If {—, —}< is nondegenerate, (L,{—,—}s,a) is a QP manifold of
degree n — 1.

We call this QP manifold a derived QP manifold.
Conversely,
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Derived QP Manifolds Il

Theorem 10 (N.I.,Xu '13)

For any QP manifold of degree n — 1, (M, {—, =}, @), there exists
a canonical QP manifold (T*[n|M,w,©, a), in which graded
manifold « is a canonical function.

Proof.

Take a canonical symplectic form on T*[n]M as w.

Let £ be a Lagrangian submanifold of M with respect to wx,. The
differential d; on L is lifted to a vector field Q@ on T*[1]L. © is
defined as a Hamiltonian for @ with respect to w.

This satisfies {—, -} ,, = {{—, 0}, —}. O

| A
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Twisted QP Manifolds

Generally « is not homological for {—, —} since

{a,a}s = —{{©,a},a}|,
= 2 (@—l—{@,a}—l—%{{{@,Oz},a},a}—i—-~) .

Definition 11
Let £ be a N-manifold with a Poisson bracket of degree n — 1
{—,—}s and « be a function of degree n.

(L,{—,—}s, ) is called a twisted QP manifold of degree n — 1 if
there exists a QP manifold (T*[n]£, w, ©) such that {—, —}; is given
by the derived bracket {{—,©}, —}|; and « is a canonical function
on T*[n]L.
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QP Pair

N.I., Xu "13

Definition 12 (QP Pair)

A pair of (M = T*[n]L,ws, ©,a) and (L,{—, —}s, @) is called a
(twisted) QP pair if (M,wp, ©, @) is a QP manifold and
(L,{—,—}s, @) is its twisted QP manifold.

We call (M, wp, ©) is a big QP manifold and (£, {—, —}s,a) a
small (twisted) QP manifold.
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Example: (n=2) |

Terashima '08, Kosmann-Schwarzbach '11
M = T*[2[(T*[1]M x g*[1]): a QP manifold of degree 2, where M is
a manifold and g is a Lie algebra.

(x", pj, v,): Local coordinates on M and the fiber of T*[1]M, and
g*[1] of degree (0,1,1).

(&, 9", u?): Conjugate coordinates of the fiber T*[2] of degree
(2,1,1).

© of degree 3:
© = Oy+0Oc+0Or+0Oy

;o1 1 1 -
= giql + ECabCUauch + aRabc(X)VaVch + aHijk(X)q’quk’
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Example: (n=2) Il

which is a homological function if {©y,©y} =0 and {O¢, O} = 0.
This means H is a closed 3-form on M. and R is a closed 3-form
associated to Lie algebra cohomology.

Take the Lagrangian submanifo!d,
L=TIIM x g*[1] = {& = q' = v® = 0}.

Suppose a degree 2 function
a =7+ p=3iri(x)pip; + p'a(x)u’p; is a canonical function.

Derived QP manifold

Take ©c =0Or =0y =0and p=0.

Then (£, {—, —}s, @) is a derived QP manifold of degree 1.
0|, = —{{O©,7},7}|z = [, 7]s = 0 which defines a Poisson
structure on M.
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SE CHEGEAR I

Twisted QP manifold
Generally, (£, {—, —}s, @) is a twisted QP manifold.

If p =0, the canonical function equation e5a@|£ = 0 defines a
twisted-Poisson structure, [, 7]s = A31# H, where H is a 3-form
on M defined by Hj(x).

Severa, Weinstein '01

If ©y =0, e‘sa@\g = 0 defines a quasi-Poisson structure,
[7,7]s = A3p#R.

Alekseev, Kosmann-Schwarzbach, Meinrenken '02

The Poisson bracket on M is obtained by the derived-derived bracket,

{_7 _}s = {{_7 @}7 _}|£a
{_7 _}P.B. = {{_7 Oé}s, _}S'
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Example: Nambu-Poisson Structures |

A Nambu-Poisson bracket of order n (> 3) on M is a skew
symmetric linear map {-,--- ,-} : C>°(M)®" — C°°(M) such that

(1) {f0(1)7 f0(2)7 T fU(”)} = (_1)6(0){f17 f27 T fn}?
(2) {flgb f2a ) fn} - fl{gh f27 T fn} + gl{ﬂv f2a Ty fn}’
(3) {h.fo,--- ,fo1, {81, ,8n}}

n
- Z{gh agk7{f17f27"' 7fn—17gk}7gk+1a"' 7gn}~
k=1

The Nambu-Poisson tensor field is the n-vector field m € A"TM
which is defined as n(dfy, df, - -+ ,df,) = {f, fh, -, f}.

Let us assume 'decomposability’ of the Nambu-Poisson tensor,
livingitln — @
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Example: Nambu-Poisson Structures Il

M = T*[n](T*[n — 1]E[1]), where M be a manifold and
E=A"1T*M.

Local coordinates on T*[n — 1]E[1] are denoted by (x', v;, p;, w') of
degree (0,1,n —1,n — 2) and conjugate local coordinates of the fiber
are (&, u',q', z/) of degree (n,n —1,1,2), respectively, where

I — (I.]_7 i2, AR 5 infl)

A graded symplectic structure of degree n is

w=0x"N6& + vy Adu' +60pi Adgh 4+ dw! Adz.

©=—q¢+ TRACHRCARC AL

(n—1

which trivially satisfies {©,©} = 0. © defines the Dorfman bracket
on TM @& A"~ T*M by the derived bracket [—, —]p = {{—, 0}, —}.
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Example: Nambu-Poisson Structures IlI

We take a function « as
_ 1 i1 in—1in
o= ——)'71' (X)Viyoio 1 Piy-

(n—1

Note that {a, a} = 0.

Proposition 0.1

Let M, © and « be the above ones. Let L = T*[n— 1]E[1] be the
Lagrangian submanifold of M. Then « is a canonical function with
respect to © and L, i.e., e5a@|£ =0 ifandonly ifr is a
decomposable Nambu-Poisson tensor.

Bouwknegt, Juréo '10
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Current Algebras from QP Pairs

Current algebras ~ Twisted Poisson algebra on a mapping space ~
'"Moment Map' up to homotopy.

big QP manifold M small QP manifold £

: . lif
Poisson algebra of functions on M& Target space algebra on £
AKSZ Constructionl l(sigma model)
Poisson algebra on Map(X, M) Symmetry algebra on Map(X, L)

twisting by Ssl lQuantization

Poisson algebra’ on Map(X,/\/l)—Lig—'—> Current algebra on Map(X, L)
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Functions and Poisson Algebras on QP Pairs |

(M = T*[n]L, L): a QP pair of degree n.

Poisson algebra on big bracket (Seed of Current
Algebras)

Co1(M) ={f € C®°(M)||f| < n—1}: A space of functions of
degree equals or less than n — 1 on T*[n|L.

Ch—1(M) is an algebra not only under the big Poisson bracket
{—, —}», but also under the derived bracket {{—,©},, —}.

However the derived bracket is not necessarily the graded Poisson
bracket.

not skew:

{{f.0}p 8} = —(—1)II=rDlel=rti{fg 0}, F},
_(_1)(\f\*n+1){@’ {f.g}v}s.

AR (LHERFEIT P FEEZX KXY Supergeometry [SH1T5 QP Pair & K7V



Functions and Poisson Algebras on QP Pairs Il

not Leibniz:

{{fg,O}p,h}p = {f{g,O}p+(-1)E{f O}prg, h}s
= f{{g.O}p, h}p+ (~1)EIAH=N11f O}, h}pg
H(—1)€l{f, 0} p{g, h}p + (~1)IHDUR=D L pY 1o O},

These terms are the origin of the anomaly terms.

AR (LHERFEIT P FEEZX KXY Supergeometry [SH1T5 QP Pair & K7V



Poisson algebra on mapping space is Current algebra

Let ¥,_1 be a (compact) manifold in n — 1 dimensions.
X, = R x X,_1 is a manifold in n dimensions, which is regarded as a
spacetime.

Assume a small Poisson bracket (a derived bracket) is nondegenerate.

Definition 13

A current algebra is a (twisted) Poisson algebra on a small
(twisted) QP manifold, Map( T[1]X,-1, £).

The AKSZ construction induces a Poisson algebra on a big QP
manifold, Map(X = T[1]X,_1, M = T*[n]L).
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AKSZ Construction |

Alexandrov, Kontsevich, Schwartz, Zaboronsky '97
The AKSZ construction induces a QP structure (dg symplectic
structure) on a mapping space Map(X', M) from the following data.

(X,D,u): X is a dg manifold with a D-invariant nondegenerate
measure p. D is a differential on X

(M,w, Q): A QP-manifold of degree n

An evaluation map ev : X x MY — M is defined as
ev: (z,9) — ®(z), where z € X and € M™Y.

A chain map p, : Q*(X x M) — Q*(M?) is defined as
pF = [, 1 F where F € Q*(X x M%) and [, uis a Berezin
integration on X.

psev* : QM) — Q*(M?) is called a transgression map.
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AKSZ Construction |l

eP-structure (graded symplectic structure)

Theorem 14

For a graded symplectic form w on M, w = p.ev*w is a graded
symplectic form on Map(X', M).

e Q-structure (Homological function)

Let (Spo := tppsev*dp with wp = —69, and) Spy = p.ev*©. Then
Sp = (Sko+)Sp1 is a homological function on Map(X, M), that is,

{Sba Sb} — 07

Degree
e Map(T[1]X,_1, M = T*[n]L) is a QP manifold of degree 1.
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Poisson algebra on big mapping space

Take a function J € C, 1(M). The ASKZ construction induces
pullbacks J to Map(T[1]X,_1, M).

It is denoted by J(€) = p.cev*J, where € is a test function on
T[1]X,-1 of degree n —1 — |J|.

C-An—l(M) - C-A-n—l(zn—la M)
={J = peev’J € C*(Map(T[1]Z,_1, M))|J € C,_1(M)},

is a Poisson algebra. Moreover, because of | 7| =0, CA,_1(M) is
closed under the derived bracket {—, —}s = {{—, Sv1}p, — }b-

Note

The bracket {—, —}s = {{—, Se1}ps =} b|Map(T(1]z,_1,) I O degree 0.
Therefore it is the usual Poisson bracket {—, —}p 5 on
Map(T[]']anla [’)
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Twisting by small canonical 1-form

The derived bracket on CA,_1(T*[n]L)|z does not have an
anomalous term, which gives a trivial current. In order to define
physical currents, we introduce twisting called the twisted pullback.

Given the small symplectic structure ws on L, we have a pullback to
M with respect to a projection m : M — L. We define a special
function S, of degree 1 on Map(T[1]X,_1, T*[n]L),

55 = 550 = Lﬁu*ev*ﬁs,

where 9 is the canonical 1-form for w. such that ws = —d9,.
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Functions on small mapping space

For any function J on T*[n]L, a twisted pullback of J to
Map(T[1]X,-1, T*[n]L) is a canonical transformation (twisting) by
S.:

e¥ss J = e’sssu*e ev'].

Definition 16

A current J(e) on Map(T[1]X,_1, L) respect to a current function J
on T*[n]L is defined by
J(€) == €% T |Map(T11]5,1,2) = €5 1€ €V* I Map(TT1E,_1,)

The Poisson bracket of two currents J;, J, is induced from the
Poisson bracket of J; and J, in C,_1(M).
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AKSZ-BFV (Supergeometric) Formalism of Current
Algebras |

Theorem 17 (N.I. Xu "13)

For currents J; and J, associated to current functions J;, J»
€ C,_1(M) respectively, the commutation relation is given by

{Ji(er), d2(e2)}ps = (—€§SSM*€1€26V*{{J1,@}b7-/2}b
—e"suppu(der)eev* {1, Jo}b) |Map(TTaIE, 1.2)
= _J[J17J2]D(61€2)
— e’ g (der)e2ev {1, Jo}b|Map(T[1E,1,0)+

where ¢; are test functions for J; on Map(T[1]X,-1, T*[n]L) and
[J1, lo]p is the bracket defined from the drived bracket on C,_1(M)

vy
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AKSZ-BFV (Supergeometric) Formalism of Current

Algebras |l

Due to the second term in the equation, it fails to be a Poisson

algebra. The anomalous terms vanish if J; and J, commute,
{h,h}, =0. So we have

Corollary 18

Any consistent current algebra is isomorphic to a Poisson algebra
(Comm, {{—,©}p, —}»), where Comm is a commutative subspace of
Co—1(T*[n]L) under the Poisson bracket {—,—}, on T*[n]L.
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Derivation of Physical Currents

Introduce the second degree, the form degree deg f for a general
superfield of definite degree, f € C>*°(Map(T[1]X,_1, T*[n]L). It is,
by definition, zero on ¥, ; and one on the T[1] direction.

gh f = |f| — deg f is called the ghost number. We denote

fo = flghf—o-

Theorem 19

The ghost number zero components of superfields of the
supergeometric current algebra gives the physical current algebra:

{Jula(e), dnla(e)trs = (—Ipnp(ere)
—e%s 1 p 1 (der)eaev™ { Ui, o} b Map(Ti1ymnc) ) |y
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Our Results

NI, Xu 13-2

@ Known current algebras are included in our formulation, such as
Lie algebras (gauge currents), Kac-Moody algebras,
Alekseev-Strobl types, topological membranes, L..-algebra, etc.

@ New current algebras of homotopy Lie-n algebroids are discoverd.

@ Anomaly cancellation conditions are characterized in terms of
supergeometry.

@ Current algebras in the AKSZ sigma models are characterized
mathematically. (They are constructed from twisting by general
canonical functions.)
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Example: n=2 |

Twisted Poisson Structures and Current Algebras of Alekseev-Strobl
Type J

(M = T2 T*[1]M, wp, ©): a big QP-manifold of degree 2, where
M is a usual smooth manifold.
L = T*[1]M: Lagrangian manifold of degree 1.

Local coordinate J

x' p1,q', &) of degree (0,1,1,2), where (x', p;) is the £
(x'.pi.q g p
component.

wp = 0x' N8& + 6p; A dq' : graded symplectic structure.
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Example: n=2 1l

We choose a homological function of degree 3,
1
©=¢q + aH/JK(X)qquqK-

{©,0}, =0if H is a closed 3-form on M, where
H = %H/JK(X)dX’ N dXJ VAN dXK.

cf.) The twisted Poisson structure

© defines a small Poisson bracket (a symplectic structure) on £ by
the derived bracket {—, —}s = {{—,O}s, = }blc. {x',ps}s =

Poisson Algebra on M and L J

Let us consider a space of functions
G(T 2T [1M) = {f € C(T 2T [1IM)]|f| < 1}.
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Example: n =2 Ill

Elements are a function of degree 0, J)r = f(x) and a functions of
degree 1, J1y(u,0) = ai(x)q' + u'(x)ps.

J(1)(u,2) is regarded as a section of TM @ T*M, since

ai(x)dx' + u'(x) 2% € [(TM @& T*M) can be identified as

ai(x)q' + u'(x)pr.
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Big Poisson bracket

{J(O)(f)a J(IO)(g)}b = 0,
) w,a); J('o)(g)}b = 0.
{Jnwar Jyemte = av'+u'b={((u.a),(v,b)).

Yvhere _J(,O)(v) = g(x) and Sy, p) = bi(x)q" + v!(x)ps. {(u,a) : (v,b))
is the inner product on TM & T*M. Therefore the commutative
subspace Comm;(T*[2]L) is defined by J;)'s with

((u,a),(v,b))y =0.
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Derived and small Poisson bracket |

{40, OFe, J(IO)(g)}b =0,
190)(9)

) wa) Otb: Jioye) 1o = —U — 7
{{J(l)(u a)s e}b7 J(ll)(v b) }b

av 8u
=~ ["aa V)P
ob da Da ou’?
J | J ) J J
+(“W“’W+ Vo g

= —J)(((u,2),(v.b)Ip)-

+ HJK/ uJVK) qI:|
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Derived and small Poisson bracket |l

Here [(u, a), (v, b)]p is the Dorfman bracket on TM @ T*M defined
by

[(u,a),(v,b)]p = [u,v]+ Lub—1,da+ t,,H,

for u,v € [(TM), a, b € T(T*M), where [u, v] is a Lie bracket of the
vector fields, H is a closed 3-form, L, is a Lie derivative and ¢, is the

interior product. This induces the commutation relations on the small
P-manifold L:

{Joy)> Joy(e) }s = 0;

04
J, e J/ = (0)(g
e Joe}s = —v'—5 7%

{J(l)(u,a)a J(ll)(v,b)}s = —Ju)(u.v1,0)-
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Twisting by Canonical Function

Let us assume the canonical function « such that

1
—a = —37"(x)pspy.
e % 0|, = 0 is equivalent to the twisted Poisson structure on M:

1
o™ [k

Wﬁ + (UK cyclic) = " n™M7 N H .
X

Analyze a twisted Poisson algebra for {{—, e™°*©},, —},.
{{f,e7%9O},, f}, is equivalent to {{e’*f;,O},, e**H}, by a
canonical transformation.
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Twisted Poisson algebra on small QP Manifold |

Let us take the basis Ky = x” and K}y = ¢’ for

Bi(T*[2] T*[1]M,0) = {f|f € G(T*[2] T*[1]M), f T = 0}. They
are commutative and their derived brackets are zero.

Next we make twisting by «, Bi(T*[2] T*[1]M, «). The basis change
to

Jioy = e™x' =0,
Jl — J(Il) — eéaql — ql +7TU(X)pJ,

J"'s are commutative, {J!, J7}, = 0, and the derived bracket of the
big Poisson bracket is

I N GLU IL_JM K
{{J’e}bwj }b— +7Tm HLMK J ,

OxK
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Twisted Poisson algebra on small QP Manifold I

This is a Poisson algebra associated to twisting by the canonical
function o. Moreover we obtain

1J
{JI’JJ}S = {{JIJ e}b; JJ}b|E - — <8L —+ WILWJMHLMK) JK|£7

oxKk

where JK|, = 7Ktp,.
Note
This derives a current algebra of the twisted Poisson sigma model by
the AKSZ construction.
Klimcik, Strobl, '01
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Big mapping space

Let us take ¥; = S'. Take X = T[1]S* and a local coordinate (o, ).
The Berezin measure is i1 = ppst = dod6.

The AKSZ construction induces a QP structure on
Map(T[1]S?, T*[2] T*[1]M).

In the local coordinate superfields, the symplectic structure on
Map(T[1]St, T*[2] T*[1]M) is

wp = peviwp = / p (0x" A€, +6p, A oq'),
T[St

where the boldface is the superfields corresponding to local
coordinates on T*[2] T*[1]M. x : T[1]S* — M,

p € M(T[1]S' @ x*(T*[1]M)), q € [(T[1]S' @ x*(T*[2] T*[1]M))
and & € T(T[1]S! @ x*(T*[2]M)).
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S, and Twisted Pullback |

ws IS

wn=[ (X o).
T[1]s?

Therefore The small canonical 1-from is locally
Ss = ippseviis = / 1 p,dx’.
T[1]S!

Current functions are one of degree 0 and one of degree 1:

Jioyiry = f(x),
J(l) (u,a) = @i

( )q —|—U( )ph




S, and Twisted Pullback Il

The corresponding currents are

Jon = /T " peyf(x),
Yorwa = | @+ (e,
T[1]S

where ¢(;) is a test function of degree /. Let
20)(g) - fT[l]Sl 1ew)g(x),
/

p) = Jrs ke (bi(x)dx’ + v/ (x)p,).
The derived brackets of these currents are computed as follows:

{Joyn(e); JzO)(g)(E/)}P.B, =0,
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Current Algebras |

{J)(w.2)(€), Joye) () }p5.
— (—eéss,u*eelev*{{.j(l)(u’a), e}b, J(IO)(g)}b
—e": 1 1. (de)€' eV { Jay(w,a) Jo)(e) ) Inap(T[1]52, M)

=—u 8Ja(())()’(g (e€"),
{I0)(,2)(€), )by (€) }p.s.
= (—eéssﬂ*%’e"*{{J(l)(uﬂa)v ©}b, J(ll)(v,b)}b
— &% 11 (de)e'ev {Ja)(wa)s Ja) (w6 }b) [Map(TT1SE M)
= —J)(((w,a)(v.b)10) (€€")

- / ICTER ORI RCORICNE
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Current Algebras ||

The classical current algebra is the ghost number zero components of
superfields in the equations:

{J(O)(f)|d(€)7Jzo)(g)|cl(€,)}p434 == 0’

0J |C/
{Jywalale), EO)(g)'C/(E,)}P.B. = —UI(U)—aE (e€),
Uoywala(€): Jnywpla(€)rs. = =I@)iwa)v.b)0) | (€€)

- [ do@reiorio (an(x(o)). o (o). (x(0). v (x( )

where J(o)(f)’cl = fSl dO’EC/(l)(O)f(X(U)), 6(1)(0, (9) = (9€C/(1)(O'),
Juywala = [ doee)(0)(ar(x(0))0ex! (o) + ' (x(0))pi(2).

This coincides with the generalized current algebra in Alkseev-Strobl.
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Future Outlook |

e Supergeometry of the QP pair
Twisted Poisson geometry, the Dirac Structure, Lie n-algebroids,
Higher category, etc.

e Physical theories,
BV-BFV formalism, TQFT and topological membranes, AKSZ sigma
models, bulk-boundary correspondences, Instanton counting

e Quantization

Canonical, Path integral, Deformation, Geometric, - - -

Anomalies in current algebras, Index theory, From commutative to
noncommutative geometry, Intergration from algebroid to groupoid.

e S- and T-duality, Localication
e Poisson Vertex Algebra, Operads
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Future Outlook |1

Super symplectic geometry has rich contents and should be analyzed!

Thank you!
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Appendix, Example: n=3 |

N.I. Koizumi '12
R x ¥, is a spacetime in three dimensions, where ¥, is a (compact)
manifold in two dimensions.

Let us construct the current algebras on Map( T[1]X,, T*[2]E[1]),
where E is a vector bundle over a manifold M and T[1]%; is a
supermanifold with a differential D and the compatible Berezin
measure [ = HT[1]E,-

M = T*[3]L = T*[3] T*[2]E[1] is a big graded symplectic manifold
of degree 3 as the auxiliary phase space.

Take local coordinates (x/, g#, p;) of degree (0,1,2) on T*[2]E[1],
and conjugate Darboux coordinates (&, 7, x') of degree (3,2,1) on
T*[3].
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Appendix, Example: n=3 Il

A big graded symplectic structure on M is
wp = 0x' N 8E + kagdg? A onB + dp; A 5!, where kag is a fiber
metric on E.

A Q-structure function is
1 1
0 =x'¢+ EkABTZAUB + EHIJKL(X)XIXJXKXL-
© is homological if H is a closed 4-form.

This defines a Lie algebroid up to homtopy on E. N.I. Uchino '11
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Poisson algebra on the big QP manifold |

Let us consider the space of functions on the big QP manifold,
G(T'BIT*RIEN]) = {f € C(T*[3| T*RIE]If| < 2}
Functions of Go(T*[3] T*[2]E[1]) of degree 0, 1 and 2 are generally
described by

Joyry = f(x),
Jyew = al)x' + ua(x)q”,
ol A 1 A_B
Joyekree = G(x)p+ Ka(x)n +2FAB(x)q q

1
+§BU(X)X'XJ + Ear(x)x'q".

Here all coefficients are some local functions of x.
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Poisson algebra on the big mapping space |

Let x' be a smooth map from T[1]X, to M,

q” € T(T*[1]X2 @ x*(E[1])) and p, € T(T*[1]X2 @ x*(T*[2]M)) be
superfields of degree 1 and 2. A graded symplectic form w), of degree
1 is defined as

Wp = peviwy, = / 1 (6x" A 5&; + kagdq® A 6nf +op, A dx'),
T[],

where &,(0,0) € T(T*[1]X, @ x*(T*[3]M)),
n*(0,0) € T(T*[1]X, ® x*(T*[3]E[1])), and
x'(c,0) € T(T*[1]X2 @ x*( T*[3] T*[2]M)).
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Twisted Pullback |

The canonical 1-form is

Ss = ippseviis

1
= / H (—p,dx’ + _kABquqB> :
T, 2

Next we take the space of the twisted pullback
CA(T[BIT*2JE[1])) = {J € C=(Map(T[1]S*, T*[2]E[1]))[J €
G(T*[3] T*[2]E[1])}, where

J = €% T |Map(T[1)52, T[2JE[1]) = €°% [14€ V™ J |\pap(T1]5L, T+ 2] E]1])-
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Currents |

Currents of degree 0, 1 and 2 are
Joyn = / e f (x),
T[1]x2
Jyaw = / pecy(ar(x)dx” + ua(x)q?),
T[1]=,
Joye.kFeE(0.0) = / 1ey(G'(x)p; + Ka(x)dq”
T[1]x2

1 1
+§FAB(X)quB + EBU(X)dx’de

+EA/(X)dXIqA).
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Current Algebra |

The derived brackets produce the current algebra as follows:
{Jon(e). Joy(€)}p s =0,
Hwwa(e) Joym(€)}tp s =0,
6.] 0 f/
Hererrne(@ 0w ()} pg = —6' =5 ().

Hywa (€ Jwyw.a(€)}pp == / peyeyev kA uau,
T[1]%,

{J(2)(G,K,F,B,E)(6)7 J(l)(u/»a/)(el)}P.B.

= —Jy@a)(ee) — / u(de(o))e/(l)(Gloz; — k"B Kqup),
T
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Current Algebra Il

{J(z)(G K,F,B,E) (6), Joye ki F B E ( /)}p,B, J(2)((; K,F,B E)(66 )

— / p(deoy)eioy [(G7BY + G By + kP (KaEp; + EarKp)
T[1]x2
+(G'E) + G"Ear + kP (KgFac + FacKg))a"] .

Here

a=(igd +dig)d + (E —dK,u'), T =icdd + (F,u),
G=[G,G], K=icdK —icdK +icE+ (F, K,

F = icdF' —ic/dF + (F,F'),

B = (dig + icd)B' — ic:dB + (E, E'Y 4+ (K', dE)

—(dK, E"Y + igrigH,

E = (di¢ + icd)E' — icdE + (E, F')

—(E',F) + (dF ,K") — (dK, F'),

T FEREE K Supergeometry 28115 QP Pair & K7V



Current Algebra 11l

where all the terms are evaluated by o’. Here [—, —] is a Lie bracket
on TM, i¢ is an interior product with respect to a vector field G and

(—, —) is the graded bilinear form on the fiber of E with respect to
the metric k8.

Here local coordinates on T[1]X; are (o, 6) of degree (0, 1).

The condition vanishing anomalous terms, G'a) — k*BK,uly = 0,
G'B) + G By + k”B(KaEfp + EarKg) = 0 and

G'E}\ + G"Ep + kB (KgF)c + FacKg) = 0 is equivalent that Ji;)'s
are commutative.
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Current Algebras of Topological n-Branes |

Let us take a (compact, orientable) manifold ¥, of dimension n.
Choose a super phase space Map( T[1]X,, T*[n]M).

Let T*[n+ 1]£ = T*[n+ 1] T*[n]M be a big graded symplectic
manifold of degree n+ 1, where £ = T*[n]M. Take local coordinates
(x', pi) of degree (0,n) on T*[n]M, and conjugate Darboux
coordinates (&, x') of degree (n+1,1) on T*[n+1].

A graded symplectic structure on T*[n+ 1]L is
wp = 0x! ANOE 4 0pr A OX.
We take a Q-structure function of degree n+ 2:

h

O = Xlé-/ + )l H/1/2---In+2(X)X XI2 T Xln+2'

(n+2

© is a Q-structure if H is a closed n 4+ 2-form.
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Current Algebras of Topological n-Branes |l

Next we consider the space of functions of degree equal to or less
than n,

C(T*[n+ 1) T*[n]M) = {f € C°(T*[n+ 1| T*[n]M)||f| < n}. We
concentrate on functions of degree n on C,(T*[n+ 1] T*[n]M)
because the currents constructed from functions of degree less than n
have trivial commutation relations. A function of degree n is written
as

1
Sy = G ()P4 — By, (X X"
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Current Algebras of Topological n-Branes llI

Let us consider a local coordinate expression on the mapping space.
Let x' be a smooth map from T[1]X, to M and

p, € N(T*[1]X, ® x*(T*[n]M)) be a superfield of degree n. A big
graded symplectic form w), of degree 1 is defined as

Wp = pyeviwy = / w(6x' A 5& + op; A Sx),
T[],

where &(0,0) € T(T*[1]X, @ x*(T*[n + 1]M)) and
x'(c,0) € T(T*[1]X2 @ x*(T*[n+ 1] T*[n]M)). A Q-structure
function is

© = uev'®
1

— /7—[1]2 H (XIEI + mHlllzul”ﬂ(x)XhXb . 'XIHH) ‘
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Current Algebras of Topological n-Branes IV

The canonical transformation function is given by
S = = [ ()
T[]Z,

Take the space of the pullback
CA(T*[n+ 1) T*[n]M)) ={T € C>*(Map(T[1]X,, T*[n+
1T*[nM)|T = pweevid, J € C(T*[n+ 1) T*[n]M)}.

Then the twisted pullback of a function J, is
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Current Algebras of Topological n-Branes V

The derived brackets define the current algebra as follows:

{J(.8)(€): Jnc 8 (€)} .. = — I 1o (€€)
e / p(deo))e(yev™ (Jinye.8)  dinyer.81)-
Tz,

Here [J1, J]p is the higher Dorfman bracket on TM & A\"T*M
defined by

[(u,a),(v,b)]p = [u,v] + L,b—1,da,
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Current Algebras of Topological n-Branes VI

for u,v € [(TM) and a,b € T(A"T*M), and (J;, ) = iyb+i,ais a
pairing TM @ A"T*M x TM & A"T*M — A" T*M. The classical
part of the equations

{Jiny.8)lc(€), Inye8)a(€)} p g = =I(m)(1r,sa]0) i (€€7)

1
—m /): d66/(0)£cl20)<J(n)(G,B) ) J(n)(G’,B’)>dXI VANREIRIVAN dx’”*l,

coincides with the generalized current algebra of the topological
n-brane theory.
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Small Poisson Algebras |

Poisson algebra on small bracket

Comm,,_1(T*[n]L): a subspace of functions which commute under
{= —}»

(Comm,,_1(T*[n]L),{—, —}s) is a Poisson algebra on the derived
bracket, where {—, —}s = {{—,©}», — }».

cf.) Admissible functions on the Dirac structure Courant '90

Example 20

A simplest example is
B,_1(T*[n]L,0) :={f € C,_1(T*[n]L)|f
It is isomorphic to the Poisson algebra, (C,—1(L),{—, —}s).

T*[n] — O}
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Small Poisson Algebras Il

Example 21

If we choose a canonical function o, we can construct the other
subspaces of commutative functions,

B,_1(T*[n]L, ) = {ef|f € B,_1(T*[n]L,0)}.

Because {e%f, e g}, = e%{f, gty =0, B,_1(T*[n]L, ) with
{—, —}s is the Poisson algebra.

cf.) This leads to the current algebras in AKSZ sigma models.
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Definition 22

Voronov '05
(L,a,P,A) is called the V-data, where L is a graded Lie algebra, a is
an abelian Lie subalgebra of L, P is a projection L — a, and
A € Ker(P) is an operator of degree 1 such that A? = 0.

The V-data (L, a, P, A) to a QP pair.

L corresponds to M = T*[n]L.

a corresponds to a Lagrangian submanifold L.
P corresponds to T*[n]L — L.

Ais ©.
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