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複素フィボナッチ数列の生成と一般化

岩嵜　勇磨

概要

フィボナッチ数列は最も重要な数列の一つであり，自然界にも現れる．しかし，これまでフィボナッチ数列と複素

数との関係性は調べられていなかった．そのため，本研究ではフィボナッチ数列を複素数に拡張した数列についてそ
の性質を調べ，将来の研究の基礎となることを目的とした．フィボナッチ数列 {fn}と「複素フィボナッチ数列」と
呼ぶこととする数列 {Fn}をそれぞれ次のように定義した．

f1 = 1, f2 = 2, fn+2 = fn+1 + fn

F1, F2を任意の複素数, Fn+2 = Fn+1 + Fn

その結果，複素フィボナッチ数列について，フィボナッチ数列との関係式，一般項，母関数，極限といった基礎的
な代数的性質だけでなく，複素平面上での点列の配置などの幾何的性質など沢山の結果を得た．よってこれらの性質
を明らかにし，将来の研究の基礎となるという目的は達成できたと考える．しかし依然予想も残っており，今後それ
らの問題や予想を解決する予定である．

1 序論

黄金比 ϕ = 1+
√
5

2 は，階段の上り方など自然界のさまざまな場面に現れる．もうひとつの例が螺旋葉序であり，植

物の葉の配置は螺旋状に見える (図 1)．植物は光合成を行うために多くの葉を持つが，葉同士が重なってしまうと光の

受け取り効率が低下する．そのため，植物は葉が互いに重ならないような位置に配置する工夫をしている．

図 1: Conyza sumatrensis における螺生葉序の例

既約分数 p
q (q 6= 0)を考える．もし植物が 1回転のうち p

q だけ進んだ位置に順に葉をつける場合，葉の位置は q個

に分かれ，反時計回りに周期 pで重なってしまう．しかし，ϕは有理数で近似することが最も難しい数として知られて



いる．そのため，ϕ−1 を用いた周期で葉を配置すると，葉が重なることはなく，2枚の葉のなす角度は

2π − 2π

ϕ
= (3−

√
5)π ≈ 137.51◦

で説明される (図 2a)．フィボナッチ数列を {fn}とすると，その比 fn+1

fn
は n→ ∞のとき黄金比 ϕに収束するため，

植物はそれを用いて ϕを近似していると考えられる．よって，螺旋葉序にはフィボナッチ数が現れる (図 2b)[5]．
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図 2: 螺生葉序のモデル図

一方，数の中でも特に重要な分野である複素数とフィボナッチ数列の関係については，あまり研究が進んでいない．

数少ない研究のひとつでは，数列 {an}を (a1, a2) = (1, i), an+2 = an+1 + an と定義するとき，この数列がフィボ

ナッチ数列の性質を用いて双曲線 x2 + xy − y2 = ±1上に位置することが示されている [1]．ここで iは虚数単位であ

る．このことから本研究では，「初項を任意の複素数に拡張した数列はどのような性質を持ち，フィボナッチ数列とど

のような関係があるのか」という点を調べた．本研究では F1, F2 を任意の複素数とし，Fn+2 = Fn+1 + Fn で定義さ

れる数列 {Fn}を考える．この数列を既存研究にならって「複素フィボナッチ数列」と呼ぶこととする．

2 定義

以下，ϕ =
1 +

√
5

2
, ϕ =

1−
√
5

2
とし，また iを虚数単位とする．次の数列 {fn}, {Fn}, {Gn}を定め，その性質

について調べた．



2.1 フィボナッチ数列 {fn}の定義と性質

f1 = 1, f2 = 0

fn+2 = fn+1 + fn

で定義される数列 {fn}をフィボナッチ数列と呼ぶ*1．このときフィボナッチ数列には次の定理

f2n+1 − fn+1fn − f2n = f2n+1 − fn+2fn = (−1)n (1)

が成り立つ．この性質は複素フィボナッチ数列においても非常に重要となる．

2.2 複素フィボナッチ数列 {Fn}および {Gn}の定義

本研究では a1, a2, b1, b2 を実数として

F1 = a1 + b1i, F2 = a2 + b2i

Fn+2 = Fn+1 + Fn

で定義される数列 {Fn}を複素フィボナッチ数列と呼ぶこととする．また，任意の整数 nについて Fn 6= 0とするとき，

Gn =
Fn+1

Fn

で定められる数列 {Gn}をもつ．

3 結果

3.1 Fnと fnの関係

フィボナッチ数列 fn を用いて複素フィボナッチ数 Fn を表すことができる．

Fn = (a1fn + a2fn+1) + (b1fn + b2fn+1) (2)

これは漸化式 (3)から自明に導かれ，数学的帰納法でも証明が可能である．

Proof. n = 1 のとき，自明に F1 = (a1f1 + a2f2) + (b1f1 + b2f2) = a1 + b1i．同様に n = 2 のとき，自明に

F2 = (a1f2 + a2f3) + (b1f2 + b2f3) = a2 + b2i．n = k, k + 1のとき成立を仮定する．n = k + 2のとき，

Fk+2 = Fk+1 + Fk

= ((a1fk+1 + a2fk+2) + (b1fk+1 + b2fk+2)i) + ((a1fk + a2fk+1) + (b1fk + b2fk+1)i)

= (a1fk+2 + a2fk+3) + (b1fk+2 + b2fk+3)i

*1 このように初項，第 2 項を定めることで煩雑な添字をいくらか整理することができる．



より成立．n = k − 1のとき，

Fk−1 = Fk+1 − Fk

= ((a1fk+1 + a2fk+2) + (b1fk+1 + b2fk+2)i)− ((a1fk + a2fk+1) + (b1fk + b2fk+1)i)

= (a1fk−1 + a2fk) + (b1fk−1 + b2fk)i

より成立．

3.2 一般項

3.2.1 {Fn}の一般項

α = F2 − ψF1, β = F2 − ϕF1 とおく．このとき Fn の一般項は

Fn =
αϕn−1 − βψn−1

√
5

(3)

で表される．これは隣接 3項間漸化式を解くことで得られる．

Proof. 漸化式 (3)は次のように変形できる．

Fn+2 − ψFn+1 = ϕ(Fn+1 − ψFn)

Fn+2 − ϕFn+1 = ψ(Fn+1 − ϕFn)

これらは等比数列の漸化式であるから，

Fn+1 − ψFn = αϕn−1

Fn+1 − ϕFn = βψn−1

となり，辺々引いて一般項を得る．

3.2.2 {Gn}の一般項

定義から自明に
Gn =

αϕn − βψn

αϕn−1 − βψn−1
(4)

を得る．

3.3 {Fn}の母関数

{Fn}について母関数 Γ(Fn; z)は次のように表される*2．

Γ(Fn; z) =
(F2 − 2F1)z − (F2 − F1)

z2 + z − 1

=
(F0 − F1)z − F0

z2 + z − 1
(5)

これは無限等比級数の和の公式から得られる．

*2 ガンマ関数 Γ(z) とは異なることに注意する．



Proof.

Γ(Fn; z) =
∞∑

n=0

Fnz
n

=
∞∑

n=0

αϕn−1 − βψn−1

√
5

zn

=
1√
5

(
α

ϕ

∞∑
n=0

(ϕz)n − β

ψ

∞∑
n=0

(ψz)n

)

ダランベールの収束判定法より，Γ(Fn; z)は開円板 |z| < ϕ−1 の内部で収束し，
∞∑

n=0

zn = (1− z)−1 (|z| < 1)を

用いると

Γ(Fn; z) =
1√
5

(
α

ϕ(1− ϕz)
− β

ψ(1− ψz)

)
=

1√
5

(
F2 − ψF1

ϕ(1− ϕz)
− F2 − ϕF1

ψ(1− ψz)

)
=

(1− ϕz)(F2 − ϕF1)− (1− ψz)(F2 − ψF1)√
5(1− ϕz)(1− ψz)

=
(F2 − 2F1)z − (F2 − F1)

z2 + z − 1

となる．

3.4 極限

3.4.1 Fn の極限

{Fn}について，次の極限が成り立つ．

lim
n→∞

Fn =

{
0 (G1 6= ψ)

∞ (otherwise)
(6)

lim
n→−∞

Fn =

{
0 (G1 6= ϕ)

∞ (otherwise)
(7)

Proof.

lim
n→∞

Fn = lim
n→∞

αϕn−1 − βψn−1

√
5

=
α√
5

lim
n→∞

ϕn−1 − β√
5

lim
n→∞

ψn−1

G1 = ψのとき，α = 0であるから

lim
n→∞

Fn =
0√
5
· lim
n→∞

ϕn−1 − β√
5

lim
n→∞

ψn−1

= 0



を得る．G1 6= ψのとき，α 6= 0であるから
lim
n→∞

Fn = ∞

を得る．

lim
n→−∞

Fn = lim
n→−∞

αϕn−1 − βψn−1

√
5

=
α√
5

lim
n→−∞

ϕn−1 − β√
5

lim
n→−∞

ψn−1

G1 = ϕのとき，β = 0であるから

lim
n→−∞

Fn =
α√
5

lim
n→−∞

ϕn−1 − 0√
5
· lim
n→−∞

ψn−1

= 0

を得る．G1 6= ϕのとき，β 6= 0であるから
lim

n→−∞
Fn = ∞

を得る．

3.4.2 Gn の極限

まず次の補題を示す．

lim
n→∞

ϕn

Fn
=

√
5ϕ

α
(α 6= 0) (8)

lim
n→−∞

ϕn

Fn
= 0 (9)

lim
n→∞

ψn

Fn
= 0 (10)

lim
n→−∞

ψn

Fn
= −

√
5ψ

β
(β 6= 0) (11)

Proof. ∣∣∣∣∣ϕn

Fn
−

√
5ϕ

α

∣∣∣∣∣ =
∣∣∣∣∣αϕn −

√
5ϕFn

αFn

∣∣∣∣∣
=

∣∣∣∣αϕn − ϕ(αϕn−1 − βψn−1)

αFn

∣∣∣∣
=

∣∣∣∣βψn−2

αFn

∣∣∣∣
≤
∣∣∣∣βα
∣∣∣∣∣∣F−1

n

∣∣
G1 6= ψのとき，

lim
n→∞

∣∣F−1
n

∣∣ = 0



である．はさみうちの原理から， lim
n→∞

∣∣∣∣∣ϕn

Fn
−

√
5ϕ

α

∣∣∣∣∣を得る．
lim

n→−∞

ϕn

Fn
= lim

n→−∞
ϕn · lim

n→−∞
F−1
n

= 0 · 0
= 0

同様に，

lim
n→∞

ψn

Fn
= lim

n→∞
ψn · lim

n→∞
F−1
n

= 0 · 0
= 0

である． ∣∣∣∣∣ϕ−n

F−n
−

(
−
√
5ϕ

β

)∣∣∣∣∣ =
∣∣∣∣∣βψ−n −

√
5ψF−n

βF−n

∣∣∣∣∣
=

∣∣∣∣βψ−n − ψ(αϕ−n−1 − βψ−n−1)

βF−n

∣∣∣∣
=

∣∣∣∣−αϕ−n−2

βF−n

∣∣∣∣
≤
∣∣∣∣αβ
∣∣∣∣∣∣F−1

−n

∣∣
G1 6= ϕのとき，

lim
n→∞

∣∣F−1
−n

∣∣ = 0

である．はさみうちの原理から， lim
n→∞

∣∣∣∣∣ϕ−n

F−n
−

(
−
√
5ψ

β

)∣∣∣∣∣を得る．
上の補題 (8), (9), (10), (11)から，次の極限が成り立つ，

lim
n→∞

Gn = ϕ (G1 6= ψ) (12)

lim
n→−∞

Gn = ψ (G1 6= ϕ) (13)

Proof. α = 0のとき任意の nについて，Gn =
0 · ϕn − βψn

0 · ϕn−1 − βψn−1
= ψより一定．α 6= 0のとき，

lim
n→∞

= lim
n→∞

αϕn − βψn

αϕn−1 − βψn−1

= lim
n→∞

αϕn − βψn

√
5Fn

=
α√
5

lim
n→∞

ϕn

Fn
− β√

5
lim
n→∞

ψn

Fn

=
α√
5
·
√
5ϕ

α
− β√

5
· 0

= ϕ



を得る．β = 0のとき任意の nについて，Gn =
αϕn − 0 · ψn

αϕn−1 − 0 · ψn−1
= ϕより一定．β 6= 0のとき，

lim
n→−∞

= lim
n→−∞

αϕn − βψn

αϕn−1 − βψn−1

= lim
n→−∞

αϕn − βψn

√
5Fn

=
α√
5

lim
n→−∞

ϕn

Fn
− β√

5
lim

n→−∞

ψn

Fn

=
α√
5
· 0− β√

5

(
−
√
5ψ

β

)
= ψ

を得る．

3.5 級数

∞∑
n=0

Fn =

{
−F1 (G1 6= ψ)

∞ (otherwise)
(14)

∞∑
n=0

Gn = ∞ (Fn 6= 0) (15)

Proof. G1 = ψのとき α = 0, β = −
√
5F1 であるから，Fn =

0 · ϕn−1 − (−
√
5F1ψ

n−1)√
5

= F1ϕ
n−1 である．

∞∑
n=0

= F1

∞∑
n=0

ϕn−1

= F1 ·
ϕ−1

1− ϕ

= −F1

G1 6= ψのとき lim
n→∞

∣∣∣∣Fn+1

Fn

∣∣∣∣ = lim
n→∞

|Gn| = ϕ > 1より，ダランベールの収束判定法から

lim
n→∞

Gn = lim
n→∞

ReGn + i lim
n→∞

ImGn

= ϕ

であるので， lim
n→∞

ReGn = ϕ =⇒
∞∑

n=0

ReGn = ∞より

∞∑
n=0

Gn =
∞∑

n=0

ReGn +
∞∑

n=0

ImGn

= ∞+
∞∑

n=0

ImGn

= ∞



を得る．

3.6 点列 {Fn}の配置

P, Q, R, S を次のようにおく．

P = b21 + b1b2 − b22 (16)
Q = 2a1a2 − 2a2b2 + a1b2 + a2b1 (17)

R = a21 + a1a2 − a22 (18)
S = a1b2 − a2b1 (19)

このとき {Fn}は 2次曲線
Px2 −Qxy +Ry2 = (−1)nS2 (20)

上に存在する．

図 3: 点列 {Fn}の存在範囲

Proof.

x = ReFn = a1fn + a2fn+1

y = ImFn = b1fn + b2fn+1

とする．S 6= 0のとき

fn+1 = −b1x− a1y

S

fn =
b2x− a2y

S

であるから，
f2n+1 − fn+1fn − f2n = (−1)n



に代入し， (
−b1x− a1y

S

)2

−
(
−b1x− a1y

S

)
· b2x− a2y

S
−
(
b2x− a2y

S

)2

= (−1)n

(b1x− a1y)
2 − (b1x− a1y)(b2x− a2y)− (b2x− a2y)

2 = (−1)nS2

(b21 + b1b2 − b22)x
2 − (2a1b1 − 2a2b2 + a1b2 + a2b1)xy + (a21 + a1a2 − a22)y

2 = (−1)nS2

Px2 −Qxy +Ry2 = (−1)nS2

を得る．S = 0のとき，a1b2 − a2b1 = 0から

G1 =
F2

F1

=
(a2 + b2i)(a1 − b1i)

(a1 + b1i)(a1 − b1i)

=
a1a2 + b1b2
a21 + b21

∈ R

より 3点 0, F1, F2 は一直線上に並び，
Px2 −Qxy +Ry2 = 0

となるため自明に成立．

4 標準化

極限及び点列の配置の結果から，複素フィボナッチ数列の存在する 2次曲線は退化する場合を除いて常に双曲線で

あることが予想される．2次曲線 Px2 −Qxy +Ry2 = (−1)nS2 は次のように標準化される．

X2

S2

V

+
Y 2

S2

W

= (−1)n (21)

Proof.

x = X cos θ + Y sin θ

y = −X sin θ + Y cos θ

とおくと，

P (X cos θ + Y sin θ)2 −Q(X cos θ + Y sin θ)(−X sin θ + Y cos θ)

+R(−X sin θ + Y cos θ)2 = (−1)nS2

(P cos2 θ +Q cos θ sin θ +R sin2 θ)X2 + (Q cos 2θ + (P −R) sin 2θ)XY

+(P sin2 θ −Q cos θ sin θ +R cos2 θ)Y 2 = (−1)nS2

このときXY の係数を 0とするような θをとり，

V = P cos2 θ +Q cos θ sin θ +R sin2 θ

W = P sin2 θ −Q cos θ sin θ +R cos2 θ



とすれば

V X2 +WY 2 = (−1)nS2

X2

S2

V

+
Y 2

S2

W

= (−1)n (S, V, W 6= 0)

5 今後の展望

今回，数列 {Fn}, {Gn}について，フィボナッチ数列 {fn}との関係や一般項，母関数，極限などの基本的な性質のほ

かにも，複素数特有の複素平面上での点列についての事実も得られた．一方で点列，{Fn}の存在する 2次曲線が双曲

線であるのかや，一般の場合の {Gn}の存在する曲線がどのような式で表されるのかは未だ不明である．今後研究をさ

らに進め，これらの問題を解決することや，未調査となっているリュカ数列などとの関係の調査を進める予定である．

また，点列 {Gn}はその配置が複雑であることが予想されるので，これを暗号技術に応用できないか模索中である．
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Abstract 
�e Fibonacci sequence is one of the most important sequences in mathematics and 

appears in some parts of nature (Nakamura, 2008). However, the relationship between the 
Fibonacci sequence and complex numbers had been hardly researched before. �us, the aim of 
this research is to clarify the properties of the Fibonacci sequence expanded into the complex 
numbers and to become the basis for future research. From the previous research, it was 
hypothesized that the new sequence has properties similar to the Fibonacci sequence because 
of its linearity (Endo, 2002). Define the Fibonacci sequence {𝑓𝑓𝑛𝑛}  where 𝑓𝑓1 = 1, 𝑓𝑓2 = 0 , and 
𝑓𝑓𝑛𝑛+2 = 𝑓𝑓𝑛𝑛+1 + 𝑓𝑓𝑛𝑛. Define the Complex Fibonacci Sequence (CFS) {𝐹𝐹𝐹𝐹} where 𝐹𝐹1 and 𝐹𝐹2 are 
arbitrary complex numbers and 𝐹𝐹𝑛𝑛+2 = 𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛. In this research, many properties of the CFS 
were obtained. Not only the basic algebraic properties of the CFS, such as its relationship with 
the Fibonacci sequence, the general term, and the generating function, were studied, but also its 
geometric properties, including how the sequence appears in the complex plane. In this research, 
the properties of the CFS were clarified and this research could become the basis for future 
research, so the aim seems to be achieved. However, some conjectures, such as whether a conic 
curve the CFS lies on is a hyperbola or not, remain open, so the next aim is to resolve them. 
  



 

Generation and Generalization of the Complex Fibonacci Sequence 

Introduction 

 

�e golden number 𝜑𝜑 = 1+√5
2

 appears in nature, such as the way to go up the stairs. �e 

other example is spiral phyllotaxis; the arrangement of leaves looks like a spiral. A plant has a 

lot of leaves to photosynthesize. However, the efficiency of photosynthesis worsens if the leaves 

overlap one another. �erefore, the plant devises leafing position not to overlap with other 

leaves. 

Let 𝑝𝑝
𝑞𝑞

 (𝑞𝑞 ≠ 0) be an irreducible fraction. If a plant puts on a leaf per 𝑝𝑝
𝑞𝑞
 period to turn, 

the position of leaves has 𝑞𝑞  parts and overlaps in 𝑝𝑝  cycle counterclockwise. However, 𝜑𝜑  is 

known that it is the hardest number to approximate using rational numbers. �erefore, using 

𝜑𝜑−1 period, the leaves do not overlap each other, and the angle between 2 leaves is explained 

as 2𝜋𝜋 − 2𝜋𝜋
𝜑𝜑

= �3 − √5�𝜋𝜋 ≈ 137.51° . Let the Fibonacci sequence be {𝑓𝑓𝑛𝑛} . A ratio of the 

Fibonacci sequence 𝑓𝑓𝑛𝑛+1
𝑓𝑓𝑛𝑛

 converges to 𝜑𝜑 where 𝑛𝑛 → ∞, plants approximate 𝜑𝜑 by it. �erefore, 

the Fibonacci numbers appear in spiral phyllotaxis (Nakamura, 2008). 

However, the relation between the Fibonacci sequence and complex numbers, which is 

one of most important kinds of numbers, is not much researched. One of few researches says 

that the sequence {𝑎𝑎𝑛𝑛}, which is defined such that (𝑎𝑎1, 𝑎𝑎2) = (1, 𝑖𝑖), 𝑎𝑎𝑛𝑛+2 = 𝑎𝑎𝑛𝑛+1 + 𝑎𝑎𝑛𝑛, is lied 

on the hyperbola 𝑥𝑥2 + 𝑥𝑥𝑥𝑥 − 𝑦𝑦2 = ±1 using properties of the Fibonacci sequence (Endo, 2002). 

Here, 𝑖𝑖 is the imaginary unit. Hence, it is my research question; what are properties a sequence 

expanded the complex numbers has and relations between the Fibonacci sequence and it? �e 

sequence {𝐹𝐹𝑛𝑛}  is defined such that 𝐹𝐹1  and 𝐹𝐹2  are arbitrary complex numbers, and 𝐹𝐹𝑛𝑛+2 =

𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛. It is named the CFS stood for the Complex Fibonacci Sequence same as the previous 



 

research. From the previous research, it is hypothesized that using Fibonacci sequence 

properties, the CFS lies on a hyperbola. 

 

Definition 

 

Let 𝜑𝜑 = 1+√5
2

, 𝜓𝜓 = 1−√5
2

, and 𝑖𝑖 be the imaginary unit. �ese sequences {𝑓𝑓𝑛𝑛}, {𝐹𝐹𝑛𝑛}, {𝐺𝐺𝑛𝑛} 

are defined and researched. 

 

- Definition and Properties of the Fibonacci sequence {𝑓𝑓𝑛𝑛} - 

 

 �e sequence {𝑓𝑓𝑛𝑛} is defined by 

𝑓𝑓1 = 1, 𝑓𝑓2 = 0 

𝑓𝑓𝑛𝑛+2 = 𝑓𝑓𝑛𝑛+1 + 𝑓𝑓𝑛𝑛. 

It is called the Fibonacci sequence. �en, the theorem 

𝑓𝑓𝑛𝑛+22 − 𝑓𝑓𝑛𝑛+1𝑓𝑓𝑛𝑛 − 𝑓𝑓𝑛𝑛2 = 𝑓𝑓𝑛𝑛+12 − 𝑓𝑓𝑛𝑛+2𝑓𝑓𝑛𝑛 = (−1)𝑛𝑛 

exists. �is property is important to research the CFS. 

 

- Definitions of the Complex Fibonacci sequence {𝐹𝐹𝑛𝑛} and {𝐺𝐺𝑛𝑛} – 

 

 In this research, let 𝑎𝑎1, 𝑎𝑎2, 𝑏𝑏1, 𝑏𝑏2 be real numbers, and the sequence {𝐹𝐹𝑛𝑛} is defined by 

𝐹𝐹1 = 𝑎𝑎1 + 𝑏𝑏1𝑖𝑖, 𝐹𝐹2 = 𝑎𝑎2 + 𝑏𝑏2𝑖𝑖 

𝐹𝐹𝑛𝑛+2 = 𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛. 

It is named the Complex Fibonacci Sequence (CFS). Moreover, when for arbitrary integer 𝑛𝑛, 

𝐹𝐹𝑛𝑛 ≠ 0 is true, the sequence {𝐺𝐺𝑛𝑛} is defined by the following. 



 

𝐺𝐺𝑛𝑛 =
𝐹𝐹𝑛𝑛+1
𝐹𝐹𝑛𝑛

 

 

Results 

- Relationship between 𝐹𝐹𝑛𝑛 and 𝑓𝑓𝑛𝑛 - 

 

�e Complex Fibonacci Numbers 𝐹𝐹𝑛𝑛 can be expressed as the Fibonacci number 𝑓𝑓𝑛𝑛. 

𝐹𝐹𝑛𝑛 = (𝑎𝑎1𝑓𝑓𝑛𝑛 + 𝑎𝑎2𝑓𝑓𝑛𝑛+1) + (𝑏𝑏1𝑓𝑓𝑛𝑛 + 𝑏𝑏2𝑓𝑓𝑛𝑛+1)𝑖𝑖 

It is proven trivially using the recurrence relation, or the mathematical induction. Using it, we 

can utilize most of properties the Fibonacci sequence has. 

Proof. 

For 𝑛𝑛 = 1, it is trivially that 𝐹𝐹1 = (𝑎𝑎1𝑓𝑓1 + 𝑎𝑎2𝑓𝑓2) + (𝑏𝑏1𝑓𝑓1 + 𝑏𝑏2𝑓𝑓2)𝑖𝑖 = 𝑎𝑎1 + 𝑏𝑏1𝑖𝑖. Similarly, for 

𝑛𝑛 = 2 , it is trivially that 𝐹𝐹2 = (𝑎𝑎1𝑓𝑓2 + 𝑎𝑎2𝑓𝑓3) + (𝑏𝑏1𝑓𝑓2 + 𝑏𝑏2𝑓𝑓3)𝑖𝑖 = 𝑎𝑎2 + 𝑏𝑏2𝑖𝑖 . Assume that the 

claim holds for 𝑛𝑛 = 𝑘𝑘 and 𝑛𝑛 = 𝑘𝑘 + 1. For 𝑛𝑛 = 𝑘𝑘 + 2, we have 

𝐹𝐹𝑘𝑘+2 = 𝐹𝐹𝑘𝑘+1 + 𝐹𝐹𝑘𝑘 

= �(𝑎𝑎1𝑓𝑓𝑘𝑘+1 + 𝑎𝑎2𝑓𝑓𝑘𝑘+2) + (𝑏𝑏1𝑓𝑓𝑘𝑘+1 + 𝑏𝑏2𝑓𝑓𝑘𝑘+2)𝑖𝑖� + �(𝑎𝑎1𝑓𝑓𝑘𝑘 + 𝑎𝑎2𝑓𝑓𝑘𝑘+1) + (𝑏𝑏1𝑓𝑓𝑘𝑘 + 𝑏𝑏2𝑓𝑓𝑘𝑘+1)𝑖𝑖� 

= (𝑎𝑎1𝑓𝑓𝑘𝑘+2 + 𝑎𝑎2𝑓𝑓𝑘𝑘+3) + (𝑏𝑏1𝑓𝑓𝑘𝑘+2 + 𝑏𝑏2𝑓𝑓𝑘𝑘+3)𝑖𝑖,  

which proves the claim. For 𝑛𝑛 = 𝑘𝑘 − 1, we have 

𝐹𝐹𝑘𝑘−1 = 𝐹𝐹𝑘𝑘+1 − 𝐹𝐹𝑘𝑘 

= �(𝑎𝑎1𝑓𝑓𝑘𝑘+1 + 𝑎𝑎2𝑓𝑓𝑘𝑘+2) + (𝑏𝑏1𝑓𝑓𝑘𝑘+1 + 𝑏𝑏2𝑓𝑓𝑘𝑘+2)𝑖𝑖� − �(𝑎𝑎1𝑓𝑓𝑘𝑘 + 𝑎𝑎2𝑓𝑓𝑘𝑘+1) + (𝑏𝑏1𝑓𝑓𝑘𝑘 + 𝑏𝑏2𝑓𝑓𝑘𝑘+1)𝑖𝑖� 

= (𝑎𝑎1𝑓𝑓𝑘𝑘−1 + 𝑎𝑎2𝑓𝑓𝑘𝑘) + (𝑏𝑏1𝑓𝑓𝑘𝑘−1 + 𝑏𝑏2𝑓𝑓𝑘𝑘)𝑖𝑖,  

which proves the claim. 

 

- General Terms - 

- General Terms of {𝐹𝐹𝑛𝑛} - 



 

 

 Let 𝛼𝛼 = 𝐹𝐹2 − 𝜓𝜓𝐹𝐹1, 𝛼𝛼 = 𝐹𝐹2 − 𝜑𝜑𝐹𝐹1. �en, the general term of 𝐹𝐹𝑛𝑛 is expressed as the 

following. 

𝐹𝐹𝑛𝑛 =
𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1

√5
 

It is proven using the method of the second-order recurrence relation. 

Proof. 

�e recurrence relation can be rewritten as follows: 

𝐹𝐹𝑛𝑛+2 − 𝜓𝜓𝐹𝐹𝑛𝑛+1 = 𝜑𝜑(𝐹𝐹𝑛𝑛+1 − 𝜓𝜓𝐹𝐹𝑛𝑛), 

𝐹𝐹𝑛𝑛+2 − 𝜑𝜑𝐹𝐹𝑛𝑛+1 = 𝜓𝜓(𝐹𝐹𝑛𝑛+1 − 𝜑𝜑𝐹𝐹𝑛𝑛).   

Since these are recurrence relations for geometric sequences. we have 

𝐹𝐹𝑛𝑛+1 − 𝜓𝜓𝐹𝐹𝑛𝑛 = 𝛼𝛼𝜑𝜑𝑛𝑛−1, 

𝐹𝐹𝑛𝑛+1 − 𝜑𝜑𝐹𝐹𝑛𝑛 = 𝛽𝛽𝜓𝜓𝑛𝑛−1.  

Subtracting these equations gives the general term. 

 

- General Terms of {𝐺𝐺𝑛𝑛} - 

 

 From the definition, the following is obtained trivially. 

𝐺𝐺𝑛𝑛 =
𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1 

Using these, we can research other properties easily. 

 

- Generating Function of {𝐹𝐹𝑛𝑛} – 

 

�e generating function Γ(𝐹𝐹𝑛𝑛; 𝑧𝑧) is expressed as the following. 



 

Γ(𝐹𝐹𝑛𝑛; 𝑧𝑧) =
(𝐹𝐹2 − 2𝐹𝐹1)𝑧𝑧 − (𝐹𝐹2 − 𝐹𝐹1)

𝑧𝑧2 + 𝑧𝑧 − 1
 

=
(𝐹𝐹0 − 𝐹𝐹1)𝑧𝑧 − 𝐹𝐹0
𝑧𝑧2 + 𝑧𝑧 − 1

 

It is proven by the formula of the sum of infinite geometry series. It can be analytically 

continued expect these poles 𝑧𝑧 = −𝜑𝜑,−𝜓𝜓. 

Proof. 

Γ(𝐹𝐹𝑛𝑛; 𝑧𝑧) = �𝐹𝐹𝑛𝑛𝑧𝑧𝑛𝑛
∞

𝑛𝑛=0

 

= �
𝛼𝛼𝜙𝜙𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1

√5
𝑧𝑧𝑛𝑛

∞

𝑛𝑛=0

  

=
1
√5

�
𝛼𝛼
𝜙𝜙
�(𝜑𝜑𝜑𝜑)𝑛𝑛
∞

𝑛𝑛=0

−
𝛽𝛽
𝜓𝜓
�(𝜓𝜓𝜓𝜓)𝑛𝑛
∞

𝑛𝑛=0

�. 

By the ratio test, Γ(𝐹𝐹𝑛𝑛; 𝑧𝑧) converges inside the open disk |𝑧𝑧| < 1
𝜑𝜑

, and using 

�𝑧𝑧𝑛𝑛 =
1

1 − 𝑧𝑧

∞

𝑛𝑛=0

 (|𝑧𝑧| < 1), 

we obtain 

Γ(𝐹𝐹𝑛𝑛; 𝑧𝑧) =
1
√5

�
𝛼𝛼

𝜑𝜑(1 − 𝜑𝜑𝜑𝜑) −
𝛽𝛽

𝜓𝜓(1 − 𝜓𝜓𝜓𝜓)� 

=
1
√5

�
𝐹𝐹2 − 𝜓𝜓𝐹𝐹1
𝜑𝜑(1 − 𝜑𝜑𝜑𝜑) −

𝐹𝐹2 − 𝜑𝜑𝐹𝐹1
𝜓𝜓(1 − 𝜓𝜓𝜓𝜓)� 

=
(1 − 𝜑𝜑𝜑𝜑)(𝐹𝐹2 − 𝜑𝜑𝐹𝐹1) − (1 − 𝜓𝜓𝜓𝜓)(𝐹𝐹2 − 𝜓𝜓𝐹𝐹1)

√5(1 − 𝜑𝜑𝜑𝜑)(1 − 𝜓𝜓𝜓𝜓)
 

=
(𝐹𝐹2 − 2𝐹𝐹1)𝑧𝑧 − (𝐹𝐹2 − 𝐹𝐹1)

𝑧𝑧2 + 𝑧𝑧 − 1
. 

�is completes the proof. 

 

- Limits - 



 

- Limits of 𝐹𝐹𝑛𝑛 - 

 

About {𝐹𝐹𝑛𝑛}, the following limits are true. 

lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛 = � 0 (𝐺𝐺1 = 𝜓𝜓)
∞ (otherwise) 

lim
𝑛𝑛→−∞

𝐹𝐹𝑛𝑛 = �
0 (𝐺𝐺1 = 𝜑𝜑)

∞ (otherwise)  

Using these, the shape of curves points lied on is expected. 

Proof. 

lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛 = lim
𝑛𝑛→∞

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1

√5
 

=
𝛼𝛼
√5

lim
𝑛𝑛→∞

𝜑𝜑𝑛𝑛−1 −
𝛽𝛽
√5

lim
𝑛𝑛→∞

𝜓𝜓𝑛𝑛−1. 

When 𝐺𝐺1 = 𝜓𝜓, we have 𝛼𝛼 = 0, and thus 

lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛 =
0
√5

∙ lim
𝑛𝑛→∞

𝜑𝜑𝑛𝑛−1 −
𝛽𝛽
√5

∙ 0 

= 0.  

When 𝐺𝐺1 ≠ 𝜓𝜓, we have 𝛼𝛼 ≠ 0, and therefore 

lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛 =
𝛼𝛼
√5

∙ 0 −
𝛽𝛽
√5

∙ ∞ 

= ∞.  

lim
𝑛𝑛→−∞

𝐹𝐹𝑛𝑛 = lim
𝑛𝑛→−∞

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1

√5
 

=
𝛼𝛼
√5

lim
𝑛𝑛→−∞

𝜑𝜑𝑛𝑛−1 −
𝛽𝛽
√5

lim
𝑛𝑛→−∞

𝜓𝜓𝑛𝑛−1 . 

When 𝐺𝐺1 = 𝜑𝜑, we have 𝛼𝛼 = 0, and thus 

lim
𝑛𝑛→−∞

𝐹𝐹𝑛𝑛 =
𝛼𝛼
√5

∙ 0 −
0
√5

∙ lim
𝑛𝑛→−∞

𝜓𝜓𝑛𝑛−1 

= 0.  



 

When 𝐺𝐺1 ≠ 𝜑𝜑, we have 𝛼𝛼 ≠ 0, and therefore 

lim
𝑛𝑛→−∞

𝐹𝐹𝑛𝑛 =
𝛼𝛼
√5

∙ 0 −
𝛽𝛽
√5

∙ ∞ 

= ∞.  

 

- Limits of 𝐺𝐺𝑛𝑛 - 

 

Firstly, these lemmata are proven. 

lim
𝑛𝑛→∞

𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
=
√5𝜑𝜑
𝛼𝛼

 (𝛼𝛼 ≠ 0) 

lim
𝑛𝑛→−∞

𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
= 0  

lim
𝑛𝑛→∞

𝜓𝜓𝑛𝑛

𝐹𝐹𝑛𝑛
= 0 

lim
𝑛𝑛→−∞

𝜓𝜓𝑛𝑛

𝐹𝐹𝑛𝑛
= −

√5𝜓𝜓
𝛽𝛽

 (𝛽𝛽 ≠ 0) 

 

Proof. 

�
𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
−
√5𝜑𝜑
𝛼𝛼

� = �
𝛼𝛼𝜑𝜑𝑛𝑛 − √5𝜑𝜑𝐹𝐹𝑛𝑛

𝛼𝛼𝐹𝐹𝑛𝑛
� 

= �
𝛼𝛼𝜑𝜑𝑛𝑛 − 𝜑𝜑(𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1)

𝛼𝛼𝐹𝐹𝑛𝑛
�  

= �
𝛽𝛽𝜓𝜓𝑛𝑛−2

𝛼𝛼𝐹𝐹𝑛𝑛
�  

≤ �
𝛽𝛽
𝛼𝛼
� �

1
𝐹𝐹𝑛𝑛
�. 

When 𝐺𝐺1 ≠ 𝜓𝜓, we have 

lim
𝑛𝑛→∞

�
1
𝐹𝐹𝑛𝑛
� = 0. 



 

By the squeeze theorem, we obtain 

lim
𝑛𝑛→∞

�
𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
−
√5𝜑𝜑
𝛼𝛼

� = 0. 

lim
𝑛𝑛→−∞

𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
= lim

𝑛𝑛→−∞
𝜑𝜑𝑛𝑛 ∙ lim

𝑛𝑛→−∞

1
𝐹𝐹𝑛𝑛

 

= 0 ∙ 0 

= 0. 

Similarly, 

lim
𝑛𝑛→∞

𝜓𝜓𝑛𝑛

𝐹𝐹𝑛𝑛
= lim

𝑛𝑛→∞
𝜓𝜓𝑛𝑛 ∙ lim

𝑛𝑛→∞

1
𝐹𝐹𝑛𝑛

 

= 0 ∙ 0 

= 0. 

�
𝜑𝜑−𝑛𝑛

𝐹𝐹−𝑛𝑛
− �−

√5𝜓𝜓
𝛽𝛽

�� = �
𝛽𝛽𝜓𝜓−𝑛𝑛 + √5𝜓𝜓𝐹𝐹−𝑛𝑛

𝛽𝛽𝐹𝐹−𝑛𝑛
� 

= �
𝛽𝛽𝜓𝜓−𝑛𝑛 + 𝜓𝜓(𝛼𝛼𝜑𝜑−𝑛𝑛−1 − 𝛽𝛽𝜓𝜓−𝑛𝑛−1)

𝛽𝛽𝐹𝐹−𝑛𝑛
�  

= �
𝛼𝛼𝜓𝜓−𝑛𝑛−2

𝛽𝛽𝐹𝐹−𝑛𝑛
� 

≤ �
𝛼𝛼
𝛽𝛽
� �

1
𝐹𝐹−𝑛𝑛

�. 

When 𝐺𝐺1 ≠ 𝜓𝜓, we have 

lim
𝑛𝑛→−∞

�
1
𝐹𝐹−𝑛𝑛

� = 0. 

By the squeeze theorem, we obtain 

lim
𝑛𝑛→∞

�
𝜑𝜑−𝑛𝑛

𝐹𝐹−𝑛𝑛
− �−

√5𝜓𝜓
𝛽𝛽

�� = 0. 

 

 From those lemmata, the following limits are true. 



 

lim
𝑛𝑛→∞

𝐺𝐺𝑛𝑛 = 𝜑𝜑 (𝐺𝐺1 ≠ 𝜓𝜓) 

lim
𝑛𝑛→−∞

𝐺𝐺𝑛𝑛 = 𝜑𝜑 (𝐺𝐺1 ≠ 𝜑𝜑) 

�en, the sequence {𝐺𝐺𝑛𝑛} is expected that it is bounded. 

Proof. 

When 𝛼𝛼 = 0, we have 

𝐺𝐺𝑛𝑛 =
0 ∙ 𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

0 ∙ 𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1 = 𝜓𝜓. 

for all 𝑛𝑛, hence {𝐺𝐺𝑛𝑛} is constant. When 𝛼𝛼 ≠ 0, we compute 

lim
𝑛𝑛→∞

𝐺𝐺𝑛𝑛 = lim
𝑛𝑛→∞

𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1 

= lim
𝑛𝑛→∞

𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

√5𝐹𝐹𝑛𝑛
 

=
𝛼𝛼
√5

lim
𝑛𝑛→∞

𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
−

𝛽𝛽
√5

lim
𝑛𝑛→∞

𝜓𝜓𝑛𝑛

𝐹𝐹𝑛𝑛
 

=
𝛼𝛼
√5

∙
√5𝜑𝜑
𝛼𝛼

−
𝛽𝛽
√5

∙ 0 

= 𝜑𝜑.   

When 𝛽𝛽 ≠ 0, we have 

𝐺𝐺𝑛𝑛 =
𝛼𝛼𝜑𝜑𝑛𝑛 − 0 ∙ 𝜓𝜓𝑛𝑛

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 0 ∙ 𝜓𝜓𝑛𝑛−1 = 𝜑𝜑 

for all 𝑛𝑛, hence {𝐺𝐺𝑛𝑛} is constant. When 𝛽𝛽 ≠ 0, we compute 

lim
𝑛𝑛→−∞

𝐺𝐺𝑛𝑛 = lim
𝑛𝑛→−∞

𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1 

= lim
𝑛𝑛→−∞

𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

√5𝐹𝐹𝑛𝑛
 

=
𝛼𝛼
√5

lim
𝑛𝑛→−∞

𝜑𝜑𝑛𝑛

𝐹𝐹𝑛𝑛
−

𝛽𝛽
√5

lim
𝑛𝑛→−∞

𝜓𝜓𝑛𝑛

𝐹𝐹𝑛𝑛
 



 

=
𝛼𝛼
√5

∙ 0 −
𝛽𝛽
√5

∙ �−
√5𝜓𝜓
𝛽𝛽

� 

= 𝜓𝜓. 

 

- Series - 

 

�𝐹𝐹𝑛𝑛

∞

𝑛𝑛=0

= � −𝐹𝐹1 (𝐺𝐺1 = 𝜓𝜓)
∞ (otherwise) 

�𝐺𝐺𝑛𝑛

∞

𝑛𝑛=0

= ∞ (𝐹𝐹𝑛𝑛 ≠ 0) 

Proof. 

When 𝐺𝐺1 = 𝜓𝜓, we have 𝛼𝛼 = 0 and 𝛽𝛽 = −√5𝐹𝐹1. Hence 

𝐹𝐹𝑛𝑛 =
0 ∙ 𝜑𝜑𝑛𝑛−1 − �−√5𝐹𝐹1𝜓𝜓𝑛𝑛−1�

√5
 

= 𝐹𝐹1𝜓𝜓𝑛𝑛−1 

�𝐹𝐹𝑛𝑛

∞

𝑛𝑛=0

= 𝐹𝐹1�𝜑𝜑𝑛𝑛−1
∞

𝑛𝑛=0

 

= 𝐹𝐹1 ∙
𝜑𝜑−1

1 − 𝜑𝜑
 

= −𝐹𝐹1. 

When 𝐺𝐺1 ≠ 𝜓𝜓, by the ratio test we have 

lim
𝑛𝑛→∞

�
𝐹𝐹𝑛𝑛+1
𝐹𝐹𝑛𝑛

� = lim
𝑛𝑛→∞

|𝐺𝐺𝑛𝑛| = 𝜑𝜑 > 1. 

lim
𝑛𝑛→∞

𝐺𝐺𝑛𝑛 = lim
𝑛𝑛→∞

ℜ𝐺𝐺𝑛𝑛 + lim
𝑛𝑛→∞

ℑ𝐺𝐺𝑛𝑛 

= 𝜑𝜑, 

and therefore lim
𝑛𝑛→∞

ℜ𝐺𝐺𝑛𝑛 = 𝜑𝜑. Hence, ∑ ℜ𝐺𝐺𝑛𝑛∞
𝑛𝑛=0 = ∞, and thus 



 

�𝐺𝐺𝑛𝑛 =
∞

𝑛𝑛=0

�ℜ𝐺𝐺𝑛𝑛 + 𝑖𝑖�ℑ𝐺𝐺𝑛𝑛

∞

𝑛𝑛=0

∞

𝑛𝑛=0

 

= ∞ + 𝑖𝑖�ℑ𝐺𝐺𝑛𝑛

∞

𝑛𝑛=0

 

= ∞. 

 

- Plot of {𝐹𝐹𝑛𝑛} - 

 

 Let 𝑃𝑃, 𝑄𝑄, 𝑅𝑅, 𝑆𝑆 be the following. 

𝑃𝑃 = 𝑏𝑏12 + 𝑏𝑏1𝑏𝑏2 − 𝑏𝑏22 

𝑄𝑄 = 2𝑎𝑎1𝑏𝑏1 − 2𝑎𝑎2𝑏𝑏2 + 𝑎𝑎1𝑏𝑏2 + 𝑎𝑎2𝑏𝑏1 

𝑅𝑅 = 𝑎𝑎12 + 𝑎𝑎1𝑎𝑎2 − 𝑎𝑎22 

𝑆𝑆 = 𝑎𝑎1𝑏𝑏2 − 𝑎𝑎2𝑏𝑏1. 

�en, {𝐹𝐹𝑛𝑛} lies on the conic curves 𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 = 𝑆𝑆2(−1)𝑛𝑛. 

 

Fig. the conic curves and the plot of {𝐹𝐹𝑛𝑛} 

 



 

Proof. 

Let 

𝑥𝑥 = ℜ𝐹𝐹𝑛𝑛 = 𝑎𝑎1𝑓𝑓𝑛𝑛 + 𝑎𝑎2𝑓𝑓𝑛𝑛+1, 

𝑦𝑦 = ℑ𝐹𝐹𝑛𝑛 = 𝑏𝑏1𝑓𝑓𝑛𝑛 + 𝑏𝑏2𝑓𝑓𝑛𝑛+1. 

When 𝑆𝑆 ≠ 0, we have 

𝑓𝑓𝑛𝑛+1 = −
𝑏𝑏1𝑥𝑥 − 𝑎𝑎1𝑦𝑦

𝑆𝑆
, 

𝑓𝑓𝑛𝑛 =
𝑏𝑏2𝑥𝑥 − 𝑎𝑎2𝑦𝑦

𝑆𝑆
. 

Substituting these into 

𝑓𝑓𝑛𝑛+12 − 𝑓𝑓𝑛𝑛+1𝑓𝑓𝑛𝑛 − 𝑓𝑓𝑛𝑛2 = (−1)𝑛𝑛, 

we obtain 

�−
𝑏𝑏1𝑥𝑥 − 𝑎𝑎1𝑦𝑦

𝑆𝑆
�
2

− �−
𝑏𝑏1𝑥𝑥 − 𝑎𝑎1𝑦𝑦

𝑆𝑆
� ∙
𝑏𝑏2𝑥𝑥 − 𝑎𝑎2𝑦𝑦

𝑆𝑆
− �

𝑏𝑏2𝑥𝑥 − 𝑎𝑎2𝑦𝑦
𝑆𝑆

�
2

= (−1)𝑛𝑛 

(𝑏𝑏1𝑥𝑥 − 𝑎𝑎1𝑦𝑦)2 + (𝑏𝑏1𝑥𝑥 − 𝑎𝑎1𝑦𝑦) ∙ (𝑏𝑏2𝑥𝑥 − 𝑎𝑎2𝑦𝑦) − (𝑏𝑏2𝑥𝑥 − 𝑎𝑎2𝑦𝑦)2 = 𝑆𝑆2(−1)𝑛𝑛 

(𝑏𝑏12 + 𝑏𝑏1𝑏𝑏2 − 𝑏𝑏22)𝑥𝑥2 − (2𝑎𝑎1𝑏𝑏1 − 2𝑎𝑎2𝑏𝑏2 + 𝑎𝑎1𝑏𝑏2 + 𝑎𝑎2𝑏𝑏1)𝑥𝑥𝑥𝑥 + (𝑎𝑎12 + 𝑎𝑎1𝑎𝑎2 − 𝑎𝑎22)𝑦𝑦2

= 𝑆𝑆2(−1)𝑛𝑛 

𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 = 𝑆𝑆2(−1)𝑛𝑛. 

�is equation also holds when 𝑆𝑆 = 0. 

 

Consideration 

 

From the results of limits and plot, the conic curves the CFS lies on is always 

hyperbola expect it degenerates. Here, it is normalized and researched. 

�e conic curve 𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 = 𝑆𝑆2(−1)𝑛𝑛 is normalized as the following. 

𝑋𝑋2

𝑆𝑆2
𝑉𝑉

+
𝑌𝑌2

𝑆𝑆2
𝑊𝑊

= (−1)𝑛𝑛 



 

Proof. 

Let 

𝑥𝑥 = 𝑋𝑋 cos 𝜃𝜃 + 𝑌𝑌 sin 𝜃𝜃 , 

𝑦𝑦 = −𝑋𝑋 sin 𝜃𝜃 + 𝑌𝑌 cos 𝜃𝜃. 

�en 

𝑃𝑃(𝑋𝑋 cos 𝜃𝜃 + 𝑌𝑌 sin 𝜃𝜃)2 − 𝑄𝑄(𝑋𝑋 cos 𝜃𝜃 + 𝑌𝑌 sin 𝜃𝜃)(−𝑋𝑋 sin 𝜃𝜃 + 𝑌𝑌 cos 𝜃𝜃)

+ 𝑅𝑅(−𝑋𝑋 sin 𝜃𝜃 + 𝑌𝑌 cos 𝜃𝜃)2 = 𝑆𝑆2(−1)𝑛𝑛 

(𝑃𝑃 cos2 𝜃𝜃 + 𝑄𝑄 cos 𝜃𝜃 sin 𝜃𝜃 + 𝑅𝑅 sin2 𝜃𝜃)𝑋𝑋2 + (𝑄𝑄 cos 2 𝜃𝜃 + (𝑃𝑃 − 𝑄𝑄) sin 2𝜃𝜃)𝑋𝑋𝑋𝑋 + (𝑃𝑃 sin2 𝜃𝜃

+ 𝑄𝑄 cos 𝜃𝜃 sin 𝜃𝜃 + 𝑅𝑅 cos2 𝜃𝜃)𝑌𝑌2 = 𝑆𝑆2(−1)𝑛𝑛. 

Choose 𝜃𝜃 such that the coefficient of 𝑋𝑋𝑋𝑋 vanishes, and define 

𝑉𝑉 = 𝑃𝑃 cos2 𝜃𝜃 + 𝑄𝑄 cos 𝜃𝜃 sin 𝜃𝜃 + 𝑅𝑅 sin2 𝜃𝜃 , 

𝑊𝑊 = 𝑃𝑃 sin2 𝜃𝜃 + 𝑄𝑄 cos 𝜃𝜃 sin 𝜃𝜃 + 𝑅𝑅 cos2 𝜃𝜃. 

�at we have 

𝑉𝑉𝑋𝑋2 + 𝑊𝑊𝑌𝑌2 = 𝑆𝑆2(−1)𝑛𝑛 

𝑋𝑋2

𝑆𝑆2
𝑉𝑉

+
𝑌𝑌2

𝑆𝑆2
𝑊𝑊

= (−1)𝑛𝑛. 

 

Conclusion 

 

�is time, about the sequences {𝐹𝐹𝑛𝑛}, {𝐺𝐺𝑛𝑛}, not only the basic properties, such as the relationship 

with {𝑓𝑓𝑛𝑛}, general term, generating function, and limits but also the properties in the complex 

plane were obtained. However, conjectures, such as whether the conic curves {𝐹𝐹𝑛𝑛} lies on is 

always a hyperbola or not and an expression of the curve a general {𝐺𝐺𝑛𝑛} lies on are unsolved. 

In the future, we would resolve these problems and research the relationship with the Lucas 



 

sequence. Moreover, we would like to research it more with learning complex analysis and 

complex dynamics etc. 
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Generation and Generalization of the Complex Fibonacci Sequence
Ritsumeikan High School (Rits) Yuuma Iwasaki

Let the variables and constants be as the following.

• 𝑛𝑛 is an integer
• 𝑎𝑎1, 𝑏𝑏1,𝑎𝑎2, 𝑏𝑏2 are real numbers
• 𝑖𝑖 is the imaginary unit −1

• 𝜑𝜑,𝜓𝜓 are the golden number and its irrational conjugate respectively 1+ 5
2

, 1− 5
2

Then, let the Fibonacci sequence {𝑓𝑓𝑛𝑛} be
𝑓𝑓1 = 1, 𝑓𝑓2 = 0, 𝑓𝑓𝑛𝑛+2 = 𝑓𝑓𝑛𝑛+1 + 𝑓𝑓𝑛𝑛.⋯ 1

And let the Complex Fibonacci Sequence (CFS) {𝐹𝐹𝑛𝑛} be
𝐹𝐹1 = 𝑎𝑎1 + 𝑏𝑏1𝑖𝑖,𝐹𝐹2 = 𝑎𝑎2 + 𝑏𝑏2𝑖𝑖,𝐹𝐹𝑛𝑛+2 = 𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛 ⋯ (2)

and the sequence of its ratio {𝐺𝐺𝑛𝑛} be 𝐺𝐺𝑛𝑛 = 𝐹𝐹𝑛𝑛+1
𝐹𝐹𝑛𝑛

.

Definitions

General Terms
These are the general terms of the CFS {𝐹𝐹𝑛𝑛} and the sequence of its ratio {𝐺𝐺𝑛𝑛}.

𝐹𝐹𝑛𝑛 =
𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1

5
⋯ (4)

𝐺𝐺𝑛𝑛 =
𝛼𝛼𝜑𝜑𝑛𝑛 − 𝛽𝛽𝜓𝜓𝑛𝑛

𝛼𝛼𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝜓𝜓𝑛𝑛−1 ,⋯ 5

where 𝛼𝛼 = 𝐹𝐹2 − 𝜓𝜓𝐹𝐹1,𝛽𝛽 = 𝐹𝐹2 − 𝜑𝜑𝐹𝐹1. Using the general terms, it becomes easier to research properties, and the
following properties were obtained.

Real and Imaginary Parts
These are the real and imaginary parts of 𝐹𝐹𝑛𝑛,𝐺𝐺𝑛𝑛 . Let 𝛼𝛼𝑟𝑟 = ℜ 𝐹𝐹2 − 𝜓𝜓𝐹𝐹1 ,𝛼𝛼𝑖𝑖 = ℑ 𝐹𝐹2 − 𝜓𝜓𝐹𝐹1 ,𝛽𝛽𝑟𝑟 = ℜ(

)
𝐹𝐹2 −

𝜑𝜑𝐹𝐹1 ,𝛽𝛽𝑖𝑖 = ℑ(𝐹𝐹2 − 𝜑𝜑𝐹𝐹1).

ℜ(𝐹𝐹𝑛𝑛) =
𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛−1

5
⋯ (6)

ℑ(𝐹𝐹𝑛𝑛) =
𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛−1

5
⋯ (7)

ℜ(𝐺𝐺𝑛𝑛) =
𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛 𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛−1 − 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛−1

𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛−1 2 + 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛−1 2 ⋯ (8)

ℑ(𝐺𝐺𝑛𝑛) =
𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛−1 + 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛 𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛−1

𝛼𝛼𝑟𝑟𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑟𝑟𝜓𝜓𝑛𝑛−1 2 + 𝛼𝛼𝑖𝑖𝜑𝜑𝑛𝑛−1 − 𝛽𝛽𝑖𝑖𝜓𝜓𝑛𝑛−1 2 ⋯ (9)

Introduction
The Fibonacci sequence 1, 0, 1, 1, 2, 3, 5, 8, 13, 21, … appears in some parts of nature. One example is spiral

phyllotaxis. The angle between leaves sprouted can be expressed as 2𝜋𝜋 − 𝜑𝜑
2𝜋𝜋

[rad] ≈ 137.51°. Here, the golden

number 𝜑𝜑 = 1+ 5
2

 is known to be difficult to approximate. Plants decrease the leaf overlap in order to
photosynthesize more. However, the relation between the Fibonacci sequence and complex numbers has been
hardly researched. The goal is to reveal the properties of the Fibonacci sequence in complex numbers and
become a base for future research.
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Location of the Point Sequence (PS)
Consider a curve passing through the PS {𝐹𝐹𝑛𝑛} in the complex plane and let the real axis be the 𝑥𝑥-axis and the
imaginary axis be the 𝑦𝑦-axis. Let

𝑃𝑃 = 𝑏𝑏12 + 𝑏𝑏1𝑏𝑏2 − 𝑏𝑏22

𝑄𝑄 = 2𝑎𝑎1𝑏𝑏1 − 2𝑎𝑎2𝑏𝑏2 + 𝑎𝑎1𝑏𝑏2 + 𝑎𝑎2𝑏𝑏1
𝑅𝑅 = 𝑎𝑎12 + 𝑎𝑎1𝑎𝑎2 − 𝑎𝑎22

𝑆𝑆 = 𝑎𝑎1𝑏𝑏2 − 𝑎𝑎2𝑏𝑏1.
Then, the PS {𝐹𝐹𝑛𝑛} exists on the following 2 curves.

𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 = 𝑆𝑆2 −1 𝑛𝑛 ⋯ (12)
Because the sign of the right-hand side changes by the parity of 𝑛𝑛, the PS {𝐹𝐹𝑛𝑛} exists on one of two curves which
depends on the parity of 𝑛𝑛. The following figure is an example of the PS 𝐹𝐹𝑛𝑛 . The curve passing through the red
point 𝐹𝐹1 is 𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 = −𝑆𝑆2, and the other passing through the blue point 𝐹𝐹2 is 𝑃𝑃𝑥𝑥2 − 𝑄𝑄𝑄𝑄𝑄𝑄 + 𝑅𝑅𝑦𝑦2 =
𝑆𝑆2.
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Fig. 2 The curve on which the PS {𝐹𝐹𝑛𝑛} exists

Limits
The limits of the CFS {𝐹𝐹𝑛𝑛} exist.

lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛 = ∞, lim
𝑛𝑛→−∞

𝐹𝐹𝑛𝑛 = ∞ ⋯ (10)
However, where 𝐺𝐺1 = 𝜑𝜑, lim

𝑛𝑛→−∞
𝐹𝐹𝑛𝑛 = 0, and where 𝐺𝐺1 = 𝜓𝜓, lim

𝑛𝑛→∞
𝐹𝐹𝑛𝑛 = 0.

The limits of 𝐺𝐺𝑛𝑛 exist, too.
lim
𝑛𝑛→∞

𝐺𝐺𝑛𝑛 = 𝜑𝜑, lim
𝑛𝑛→−∞

𝐺𝐺𝑛𝑛 = 𝜓𝜓 ⋯ (11)
However, for arbitrary 𝑛𝑛, where 𝐺𝐺1 = 𝜑𝜑, 𝐺𝐺𝑛𝑛 = 𝜑𝜑, and where 𝐺𝐺1 = 𝜓𝜓, 𝐺𝐺𝑛𝑛 = 𝜓𝜓.

Series
The properties of series were obtained from limits.

• ∑𝑛𝑛=0∞ 𝐹𝐹𝑛𝑛 converges to the following values.
 −𝐹𝐹1 where 𝐺𝐺1 = 𝜓𝜓
 ∞ where 𝐺𝐺1 ≠ 𝜓𝜓

• ∑𝑛𝑛=0∞ 1
𝐹𝐹𝑛𝑛

< ∞ (𝐹𝐹𝑛𝑛 ≠ 0)
• ∑𝑛𝑛=0∞ 𝐺𝐺𝑛𝑛 = ∞ (𝐹𝐹𝑛𝑛 ≠ 0)

Generating Function
The generating function of the CFS Γ 𝐹𝐹𝑛𝑛; 𝑧𝑧 is defined as the following.

Γ 𝐹𝐹𝑛𝑛; 𝑧𝑧 = �
𝑛𝑛=0

∞

𝐹𝐹𝑛𝑛𝑧𝑧𝑛𝑛 ⋯ (13)

Calculating it, it converges on the open disk 𝑧𝑧 < 1
𝜑𝜑

.

Γ 𝐹𝐹𝑛𝑛; 𝑧𝑧 =
𝐹𝐹2 − 2𝐹𝐹1 𝑧𝑧 − (𝐹𝐹2 − 𝐹𝐹1)

𝑧𝑧2 + 𝑧𝑧 − 1
⋯ 14

Using analytic continuation, it can be defined on the entire complex plane except the poles.

Conjectures
• Is the generating function Γ 𝐺𝐺𝑛𝑛; 𝑧𝑧 = ∑𝑛𝑛=0∞ 𝐺𝐺𝑛𝑛𝑧𝑧𝑛𝑛 able to be solved?
• What is the curve the sequence 𝐺𝐺𝑛𝑛 lies on?
• Is the conic curve on which the sequence 𝐹𝐹𝑛𝑛 lies on a hyperbola if the first and second terms are arbitrary 

complex numbers?
• What is the value of the series ∑𝑛𝑛=0∞ 𝐹𝐹𝑛𝑛−1?

Conclusion
In this research, not only the basic algebraic properties, such as the relationship, the general terms, the generating
function, and limits but also geometric properties, such as the location where the sequences is located within the
complex plane are obtained. Thus, it is thought that the goals were achieved. However, there are still remaining
conjectures. In the future, these unsolved problems will be resolved, and similar sequences, such as the Lucas
sequence and the tribonacci sequence and their relationship should be researched.
In the future, I will learn complex analysis and complex dynamics, know the way to use functions and sequences
in the complex number, and research their properties more deeply.
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The Fibonacci sequence is one of the most important sequences in mathematics and appears in some parts of nature. However, the relationship between the Fibonacci sequence and complex numbers
had been hardly researched before. Thus, the aim of this research is to clarify the properties of the Fibonacci sequence expanded into the complex numbers and to become the basis for future research.
From the previous research, it was hypothesized that the new sequence has properties similar to the Fibonacci sequence because of its linearity. Define the Fibonacci sequence {𝑓𝑓𝑛𝑛} and the Complex
Fibonacci Sequence (CFS) {𝐹𝐹𝑛𝑛} as 𝑓𝑓1 = 1, 𝑓𝑓2 = 0, 𝑓𝑓𝑛𝑛+2 = 𝑓𝑓𝑛𝑛+1 + 𝑓𝑓𝑛𝑛, 𝐹𝐹1,𝐹𝐹2 be arbitrary complex numbers, 𝐹𝐹𝑛𝑛+2 = 𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛 respectively. In this research, a lot of properties of the CFS were obtained.
Not only the basic algebraic properties of the CFS, such as the relationship with the Fibonacci sequence, the general term, the generating function, and the limits but also the geometrical properties such
as the location of the point sequence of the CFS in the complex plane were obtained. In this research, the properties of the CFS were clarified and this research could become the basis for future
research, so the aim seems to be achieved. However, there are still some unsolved problems and conjectures, so the next aim is to solve these problems and conjectures.

Abstract

Relationship
There is a relationship between the Fibonacci sequence 𝑓𝑓𝑛𝑛 and the CFS {𝐹𝐹𝑛𝑛}.

𝐹𝐹𝑛𝑛 = 𝑎𝑎1𝑓𝑓𝑛𝑛 + 𝑎𝑎2𝑓𝑓𝑛𝑛+1 + 𝑏𝑏1𝑓𝑓𝑛𝑛 + 𝑏𝑏2𝑓𝑓𝑛𝑛+1 𝑖𝑖 ⋯ (3)
This identity means 𝐹𝐹𝑛𝑛 is able to be expressed as a linear combination of 𝑓𝑓𝑛𝑛. 𝑓𝑓𝑛𝑛 has lots of known properties.
Then, they can be used to research {𝐹𝐹𝑛𝑛}.

Fig. 1 An example of the CFS explained with vectors
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