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Abstract
The Fibonacci sequence is one of the most important sequences in mathematics and

appears in some parts of nature (Nakamura, 2008). However, the relationship between the
Fibonacci sequence and complex numbers had been hardly researched before. Thus, the aim of
this research is to clarify the properties of the Fibonacci sequence expanded into the complex
numbers and to become the basis for future research. From the previous research, it was
hypothesized that the new sequence has properties similar to the Fibonacci sequence because
of its linearity (Endo, 2002). Define the Fibonacci sequence {f,,} where f; = 1,f, = 0, and
fni2 = fns1 T+ fn. Define the Complex Fibonacci Sequence (CFS) {Fn} where F; and F, are
arbitrary complex numbers and F,,,, = F, ;1 + E,. In this research, many properties of the CFS
were obtained. Not only the basic algebraic properties of the CFS, such as its relationship with
the Fibonacci sequence, the general term, and the generating function, were studied, but also its
geometric properties, including how the sequence appears in the complex plane. In this research,
the properties of the CFS were clarified and this research could become the basis for future
research, so the aim seems to be achieved. However, some conjectures, such as whether a conic
curve the CFS lies on is a hyperbola or not, remain open, so the next aim is to resolve them.



Generation and Generalization of the Complex Fibonacci Sequence

Introduction

The golden number ¢ = %g appears in nature, such as the way to go up the stairs. The

other example is spiral phyllotaxis; the arrangement of leaves looks like a spiral. A plant has a
lot of leaves to photosynthesize. However, the efficiency of photosynthesis worsens if the leaves
overlap one another. Therefore, the plant devises leafing position not to overlap with other

leaves.

Letg (q # 0) be an irreducible fraction. If a plant puts on a leaf per g period to turn,

the position of leaves has q parts and overlaps in p cycle counterclockwise. However, ¢ is
known that it is the hardest number to approximate using rational numbers. Therefore, using

¢~ period, the leaves do not overlap each other, and the angle between 2 leaves is explained

as 21 —% = (3—+5)r ~ 137.51°. Let the Fibonacci sequence be {f,}. A ratio of the

Fibonacci sequence U ’}“

n

converges to ¢ where n — oo, plants approximate ¢ by it. Therefore,

the Fibonacci numbers appear in spiral phyllotaxis (Nakamura, 2008).

However, the relation between the Fibonacci sequence and complex numbers, which is
one of most important kinds of numbers, is not much researched. One of few researches says
that the sequence {a,}, which is defined such that (a,,a,) = (1,i), @pyz = Anyq1 + Ay, is lied
on the hyperbola x? + xy — y? = +1 using properties of the Fibonacci sequence (Endo, 2002).
Here, i is the imaginary unit. Hence, it is my research question; what are properties a sequence
expanded the complex numbers has and relations between the Fibonacci sequence and it? The
sequence {F,} is defined such that F; and F, are arbitrary complex numbers, and F,,, =

F, 41 + E,. Itis named the CFS stood for the Complex Fibonacci Sequence same as the previous



research. From the previous research, it is hypothesized that using Fibonacci sequence

properties, the CFS lies on a hyperbola.

Definition

_1+V5
T2

Y = 1_7\/3, and i be the imaginary unit. These sequences {f, }, {F,}, {Gn}

Let ¢

are defined and researched.

- Definition and Properties of the Fibonacci sequence {f,} -

The sequence {f,,} is defined by
fi=1f,=0
far2 = favr + fu
It is called the Fibonacci sequence. Then, the theorem
fnz+2 — fu+1fu — fnz = fnz+1 = faszfn = (D"

exists. This property is important to research the CFS.

- Definitions of the Complex Fibonacci sequence {F,} and {G,,} —

In this research, let a4, a,, by, b, be real numbers, and the sequence {F,} is defined by
Fi =aq + byi,F, = a, + b,i
Foy2 = Fpy1 + By
It is named the Complex Fibonacci Sequence (CFS). Moreover, when for arbitrary integer n,

E, # 0 is true, the sequence {G,} is defined by the following.



Results

- Relationship between F, and f,, -

The Complex Fibonacci Numbers F, can be expressed as the Fibonacci number f,,.
Fy = (a1fn + azfns1) + (bifn + bafpi1)i

It is proven trivially using the recurrence relation, or the mathematical induction. Using it, we
can utilize most of properties the Fibonacci sequence has.
Proof.
Forn =1, it is trivially that F; = (a,f; + ayf;) + (b1 f1 + baf2)i = aq + byi. Similarly, for
n = 2, it is trivially that F, = (a,f; + ayf3) + (b1 fo + by f3)i = a, + b,i. Assume that the
claim holds forn = kandn =k + 1. Forn = k + 2, we have

Fri2 = Fro1 + Fy

= ((alfk+1 + azfirz) + (D1fir + bsz+2)i) + ((alfk + azfis1) + (b1fi + bsz+1)i)

= (a1 fk+2 + A2fic43) + (D1fis2 + bafies3)i,

which proves the claim. For n = k — 1, we have
Fr—1 = Fry1 — Fi
= ((alfk+1 + azfi2) + (b1fisr + bsz+2)i) - ((alfk + azfi+1) + (bifi + bsz+1)i)

= (a1fk-1 + azfi) + (b1 fx—1 + b2 fi)i,

which proves the claim.

- General Terms -

- General Terms of {F,} -



Let « = F, —YF,,a = F, — @F;. Then, the general term of F,, is expressed as the

following.

a(pn—l _ ﬁlpn—l
V5

It is proven using the method of the second-order recurrence relation.

E, =

Proof.
The recurrence relation can be rewritten as follows:
Fpiz = YFapq = 9(Fpy —YE),
Fpyz = @Fny1 = Y(Fpyr — 9F).
Since these are recurrence relations for geometric sequences. we have
Fry1 —F, = ap™ ™,
Fry1 — @F, = By

Subtracting these equations gives the general term.

- General Terms of {G,} -

From the definition, the following is obtained trivially.

ap™ — By
a(pn—l — ﬁlpn—l

G, =

Using these, we can research other properties easily.

- Generating Function of {F,} —

The generating function I'(F,; z) is expressed as the following.



(Fz - 2F1)Z - (Fz - Fl)
z2+z-1

F(Fn;Z) =

_ (Fo—F)z—F,
z2+z-1

It is proven by the formula of the sum of infinite geometry series. It can be analytically
continued expect these poles z = —¢, —.

Proof.

n=0 V5
-= (%i«pz)n - gi(lpz)”).
n=0 n=0
By the ratio test, I'(F,; z) converges inside the open disk |z| < %, and using
Zz" = — (21 <D,
n=0

we obtain

a B )

1
M9 = = (oo~ 3 =99

:_< —YF; _ Fz_(PF1)
V5\o(1—9z) Y(1—1z)

_ (1 - @2)(F, — oF,) — (1 —yz)(F, — Y F,)
V5(1 — z)(1 - 2)

_ (F, —2F)z — (F, — Fy)
z24+z-1 '

This completes the proof.

- Limits -



- Limits of F;, -

About {F,}, the following limits are true.

. _ 0 (G1 = Eb)
rlll—{?o fn = {00 (otherwise)

. _( 0(G1=9)
n1—1>r—noo o= {oo (otherwise)

Using these, the shape of curves points lied on is expected.

Proof.
ao™ 1 — Y1
lim F, = lim L v
n—-oo n—-oo ,Jg
=2 lim "l ——limy"?!
\/—n—>oo \/—n—mo )

When G; = i, we have @ = 0, and thus

0 B
lim F, = —"limp™" 1 ——-0
V5

n—-oo 5 n—-oo
= 0.

When G, # 3, we have a # 0, and therefore

limF, =-L.0-F
imF,=—-0——"o
wow " T8 VB
= 00,
n-1 _ n-1
lim F, = lim L v
n——oo n—-—oo \/g

When G; = ¢, we have a = 0, and thus

im Fo=. 0= jim gn
lim F, = 0 lim y

n—-—oo \/§ \/g n—-—oo

=0.



When G; # ¢, we have a # 0, and therefore

lim £, =%.0-F
im =—:0——=-
NN
= 00,
- Limits of G,, -
Firstly, these lemmata are proven.
n 45
lim 2- =% (¢ 2 0)
n-o [, a
A
lim —=0
n-—oo Fn
n
lim 1/)_ =0
n-w F,
Y V5¢
lim —=—-————(f #0)
n--o fy B
Proof.
9" V59| |ap"—+5¢F,
E, a | aF,
_ |ae™ = plap" ™t =y
B ak,
,Bl/Jn_z
- aF, |
<Ll
allE,
When G; # 1, we have
li Ll - 0
nl—>no}o E, o




By the squeeze theorem, we obtain

Similarly,

n

lim — = lim ¥" - lim —
n—-oo n n—-oo n—-oo Fn

" ([ VEP\| _ By +VEYE,
F, )| BF_,

Y +Plap™ T = pYTH)
BF_n

alp -n-2
PFn

IA

oc| 1
BIIF_,I

When G; # 1, we have

By the squeeze theorem, we obtain

lim

n—-oo

From those lemmata, the following limits are true.




lim G, = ¢ (G, # )
n—->oo
lim G, = ¢ (G # @)
n——oo
Then, the sequence {G,} is expected that it is bounded.

Proof.

When a = 0, we have

0-¢"— By _ .

Gn = 0- §0n_1 — ,31/)"‘1 -

for all n, hence {G,} is constant. When a # 0, we compute

lim 6. = li ap" — pY"
nl_{?o n _nl_r,rolo apn~1 — pyn-1
ap" — By

o Ve B,
V5 a5
:(p_
When S # 0, we have
a(pn_o_l/)n
Gp = 2

a(pn—l -0 wn—l =

for all n, hence {G,} is constant. When  # 0, we compute

lim G. < Ii ap™ — pyY"
n_l)rpoo n - n_l)rpoo apn-1 — Byn-1
i ap™ — pyY"
n——oo \/an

n . l/)n
m —

" B
\/gna—oo Fn \/gn—)—oo Fn



- Series -
ZF ={—F1 (G, =)
™ (oo (otherwise)

n=0

s

G, = o (F, # 0)

S
1l
o

Proof.
When G, = ¥, we have & = 0 and § = —/5F;. Hence

3 0- (pn—l _ (—\/gFll/)n_l)
- V5

I
s

I
|
=7

When G, # 1, by the ratio test we have

Fn+1

lim

n—-oo

=lim|G,| = ¢ > 1.
n—-oo

n

lim G, = lim RG,, + lim 3G,

n—oo n—oo n—oo
= @,

and therefore lim RG,, = ¢. Hence, }.n—o RG,, = oo, and thus

n—-oo



n=0 n=0 n=0
= 00 + iz 3G,
n=0
= 00,
- Plot of {F,,} -

Let P, Q, R, S be the following.
P = b? + b,b, — b?
Q = 2a,b; — 2a,b, + a1b, + a,b;
R =a?+a,a, — a3
S =a,;b, —a,b,.

Then, {F,} lies on the conic curves Px* — Qxy + Ry? = S2(—1)™.

Fig. the conic curves and the plot of {F, }



Proof.

Let
x =RE, = a1fu + azfn+1,
y =3F, = bify + bafni1
When S # 0, we have
bix —ayy
for1 = T
b,x — ayy
o=

Substituting these into

fnz+1 — fasifn — n2 = (D"

we obtain

(_ byx — a1}’)2 B (_ bix — aly) . b,x —a,y B (bzx — azy)2 _ (—1)n

S S S S
(bix — a1y)? + (b1x — ayy) * (byx — ayy) — (byx — ayy)? = S2(—1)"
(b? + byb, — b2)x? — (2a,b; — 2a,b, + a;b, + azby)xy + (af + aja, — a3)y?
= S*(-D"
Px? — Qxy + Ry? = S?(—1)™

This equation also holds when S = 0.

Consideration

From the results of limits and plot, the conic curves the CFS lies on is always

hyperbola expect it degenerates. Here, it is normalized and researched.

The conic curve Px? — Qxy + Ry? = S?(—1)" is normalized as the following.

X? y?
Tt =
v W



Proof.
Let
x=XcosO +Ysing,
y =—Xsinf +Y cos 6.
Then
P(XcosB +Ysin0)2 —Q(Xcos@ +YsinB)(—Xsinf + Y cos0)
+ R(—Xsin@ + Y cos 0)? = S2(—1)"
(Pcos?8 + Qcos@sinf + Rsin?0)X? + (Qcos26 + (P — Q) sin20)XY + (Psin? 8
+ Q cos@sinf + R cos? 9)Y? = S2(—1)™.
Choose 0 such that the coefficient of XY vanishes, and define
V =Pcos?8 + QcosBsinh + Rsin?0,
W = Psin?6 + Q cos@sinf + R cos? 8.
That we have

VX% +WY? = S2(—1)"

X? Y?

5_2 + ? =(—1"

v W
Conclusion

This time, about the sequences {F, }, {G,}, not only the basic properties, such as the relationship
with {f,}, general term, generating function, and limits but also the properties in the complex
plane were obtained. However, conjectures, such as whether the conic curves {F,} lies on is
always a hyperbola or not and an expression of the curve a general {G,} lies on are unsolved.

In the future, we would resolve these problems and research the relationship with the Lucas



sequence. Moreover, we would like to research it more with learning complex analysis and

complex dynamics etc.
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Generation and Generalization of the Complex Fibonacci Sequence
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Abstract

The Fibonacci sequence 1s one of the most important sequences in mathematics and appears 1n some parts of nature. However, the relationship between the Fibonacci sequence and complex numbers
had been hardly researched before. Thus, the aim of this research 1s to clarify the properties of the Fibonacci sequence expanded into the complex numbers and to become the basis for future research.
From the previous research, it was hypothesized that the new sequence has properties similar to the Fibonacci sequence because of its linearity. Define the Fibonacci sequence {f,,} and the Complex
Fibonacci Sequence (CFS) {F,}as f1 = 1,f, =0, fr,42 = fre1 + fnn F1, F, be arbitrary complex numbers, F,,,, = F,,.1 + F, respectively. In this research, a lot of properties of the CFS were obtained.
Not only the basic algebraic properties of the CFS, such as the relationship with the Fibonacci sequence, the general term, the generating function, and the limits but also the geometrical properties such
as the location of the point sequence of the CFS in the complex plane were obtained. In this research, the properties of the CFS were clarified and this research could become the basis for future
research, so the aim seems to be achieved. However, there are still some unsolved problems and conjectures, so the next aim 1s to solve these problems and conjectures.

Introduction Location of the Point Sequence (PS)

The Fibonacci sequence 1,0,1,1,2,3,5,8,13,21, ... appears in some parts of nature. One example is spiral Consider a curve passing through the PS {F,} in the complex plane and let the real axis be the x-axis and the

phyllotaxis. The angle between leaves sprouted can be expressed as 2w — % [rad] ~ 137.51°. Here, the golden imaginary axis be the y-axis. Let , i
P = b? + by b, — b2
1+2\/§ 1s known to be difficult to approximate. Plants decrease the leaf overlap in order to Q = 2a,;b, — 2a,b, + a;b, + a,b;

number ¢ =

R =a% +aja, — a3

S = albz — azbl.
Then, the PS {F, } exists on the following 2 curves.

” Px? — Qxy + Ry? = S2(-=1)" - (12)
Definitions Because the sign of the right-hand side changes by the parity of n, the PS {F,} exists on one of two curves which

Let the variables and constants be as the following. depends on the parity of n. The following figure is an example of the PS {F, }. The curve passing through the red
point F; is Px% — Qxy + Ry? = —S?, and the other passing through the blue point F, is Px? — Qxy + Ry? =

photosynthesize more. However, the relation between the Fibonacci sequence and complex numbers has been
hardly researched. The goal 1s to reveal the properties of the Fibonacci sequence in complex numbers and
become a base for future research.

. . SZ
n 1S an 1nteger '
a,, by, a,, b, are real numbers
[ 1s the imaginary unit v—1

e . . 1+V5 1-/5
@, are the golden number and its irrational conjugate respectively +2\/_, 2\/_

Then, let the Fibonacci sequence {f,,} be

fi=11=0fn2=fas1 + fn-r (D)
And let the Complex Fibonacci Sequence (CFS) {F,} be
F1 = aq + bli, Fz = Ay + bzi, Fn_|_2 - Fn_|_1 + Fn (2)

. . F
and the sequence of its ratio {G,} be G,, = ’:’1.

n

Fig. 2 The curve on which the PS {F, } exists

There is a relationship between the Fibonacci sequence {f,,} and the CFS {F,}. Series

F, = (ayfn + azfns1) + (b1fy + bafni1)i - (3)

This 1dentity means F,, is able to be expressed as a linear combination of f,,. f,, has lots of known properties. The properties of series were obtained from limits.

Then, they can be used to research {F,}. *  Xn=o Fy converges to the following values.
N » —F; where G; =
~J5
1 » oo where G; #
w 1
* anoa<OO(Fn=/—'O)

° Zg:OGnZOO (F, #0)

Generating Function

The generating function of the CFS I'(E,;; z) is defined as the following.

['(E;z) = z Ez" - (13)
n=0

O } > R Calculating it, it converges on the open disk |z| < o

[(F,; z) = (Fy — ZZle?I_ZZ__(Zz — F) .- (14)

Using analytic continuation, it can be defined on the entire complex plane except the poles.

These are the general terms of the CFS {F,} and the sequence of its ratio {G,, }.

n—-1 __ n-—1
agp by A
NG - (4) Is the generating function I'(G,,; z) = ).5 =0 G,2z™ able to be solved?

n _ n
ap B : Is the conic curve on which the sequence {F,} lies on a hyperbola if the first and second terms are arbitrary
n—1 n-—1’ (5) 1 vP
ap — py complex numbers?
where a = F, —yF;,f = F, — @F;. Using the general terms, it becomes easier to research properties, and the What is the value of the series Y%L, E1?
following properties were obtained.

Real and Imaginary Parts

In this research, not only the basic algebraic properties, such as the relationship, the general terms, the generating
These are the real and imaginary parts of F,, G,. Let a, = R(F, —YF), a; = I(F, — YF), Br = R(F, — function, and limits but also geometric properties, such as the location where the sequences 1s located within the
oF,),B; = 3(F, — oF;). complex plane are obtained. Thus, 1t 1s thought that the goals were achieved. However, there are still remaining
n—1 n—1 conjectures. In the future, these unsolved problems will be resolved, and similar sequences, such as the Lucas
e By d the tribonacci heir relationship shoul h
.+ (6) sequence and the tribonacci sequence and their relationship should be researched.
V5 In the future, I will learn complex analysis and complex dynamics, know the way to use functions and sequences
a; (pn—l _ ,Bﬂ/)n_l in the complex number, and research their properties more deeply.

S(F,) = - (7)

)’
(0™ — B ™) (@™ — B ™ 1) — (a;0™ — Bip™) (a;0™ 1 — Byp™ 1) ) cierences

R(Gyp) = n—1 n—1\2 n—1 n—17\2 - (8) Endo, K. (2002). Fukuso Fibonacci suretsu [Complex Fibonacci sequence]. Suken Tsushin, 45(3).
(argo ~ Bry )*+ (aigo — By ) https://www.chart.co.jp/subject/sugaku/suken tsushin/45/45-3.pdf
(ar§0n - ,Brl/)n)(aiggn_l - ﬁilpn_l) + (“iQDn — ﬁilpn)(argon_l - ,Brl/)n_l) . (9 ujimoto, H. (2001). Iwanami kouza gendai sugaku no kiso — fukuso kaiseki [Iwanami’s present mathemat-ical
(9) lectures — complex analysis]. Tokyo: Iwanami Shoten.

(arggn_l o ,Brl/)n_l)z + (ai¢n_1 o ﬁilpn_l)z
Brown, J. W. & Churchill, R. V. (2009). Complex variables and applications eighth edition. New York: McGraw

Limits il | |
Nagaura, M. & Peng, Q. (2021). Proof of Inverse Triangle Inequality. https://www.math.nagoya-

The limits of the CFS {F,} exist. u.ac.jp/~richard/teaching/f2021/SML MNPQ.pdf
lim E, = oo, lim F, = o --- (10) Nakamura, S. (2008). Fibonacci su no mikrokosmos — Fibonacci su, Lucas su, ogon bunkatsu (Kaitei ban)

Nn—>00 n—>—00

However, where G; = ¢, nl_lf_noo Fn = 0, and where Gy =¥, ,JLEE‘O b = 0. (Revisededition)]. Tokyo: Nippon Hyoron Sha.

Rudin, W. (1976). Principles of Mathematical Analysis. New York: McGraw Hill.
The limits of G,, exist, too. Sakamoto, S. (2013). Fibonacci suretsu no bokansu [ Generating function of the Fibonacci sequence].
lim G, = @, lim G, =¢y - (11) SukenTsushin, 76(5).
q for arbit here € T:l_)oo = "g_oﬁ C o= G — https://www.chart.co.jp/subject/sugaku/suken tsushin/76/76-5.pdf
owever, for arbitrary n, where Gy = ¢, Gn = ¢, and where Gy =1, Gn, = . Sugiura, M. (2013). Kaiseki Nyumon 1 [Introduction of Analysis 1]. Tokyo: University of Tokyo Press.
Sugiura, M. (2009). Kaiseki Nyumon 2 [Introduction of Analysis 2]. Tokyo: University of Tokyo Press.

Fy

What is the curve the sequence {G,,} lies on?

G, =

R(F) =

3(Gp) =

[Mikrokosmos of Fibonacci numbers: Fibonacci numbers, Lucas numbers, and the golden ratio
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