Elastic Deformation

Shinichi Hirai

Dept. Robotics, Ritsumeikan Univ.

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation



Agenda

@ Soft Body Models

@ Strain and Stress

© One-dimensional Finite Element Method
@ Two/Three-dimensional Deformation
@ Two-dimensional Finite Element Method
@ Computing Static Deformation

@ Computing Dynamic Deformation

© Summary
© Green Strain

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation 2 /148



Finite Element Method (FEM)

inflatable link simulation

Step: Load Frame: 24
Total Time: 1.200000

5, Mises
SNEG, (fraction = -1.0)
(Avg: 75%)
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+0.000e+00
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Soft Body Models
Soft-material Robots

® ©

X X

1D model 2D model 3D model

y
—>
—_— X

Geometrically Deformable Robots

s g

linear in 2D linear in 3D planar in 3D
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Soft Body Models

dimension of space
1 2

— = X LX

|
G

y

dimension of bodies
N

w
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One-dimensional Soft Body Model

one-dimensional soft robot AB acts as

u
T — Ua e
uA uB T T
A B
S o ST
A B displacements

Can we conclude that AB moves but does not deform?
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One-dimensional Soft Body Model

A C B
u Uc
Ua . T Us
= ]
e eam— — S
A C B A C B
left half expands displacements
u
u/f‘ _______ Uc .. HB
T
e e —
A C B A C B
left half shrinks displacements
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One-dimensional Soft Body Model

e Gl E—
P(0) P(x) P(L)

natural state u
u(x)
. o) U
P(0) P(x) P(L) 0 x L
moved and deformed state displacement function

the motion and deformation: specified by function u(x),
where x € [0, L]
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Two-dimensional Soft Body Model

two-dimensional soft robot S acts as

natural state moved and deformed state

The motion and deformation: specified by a vector
function u(x,y), that is, by its two components

u(x,y) and v(x, y)
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Three-dimensional Soft Body Model

three-dimensional soft robot V acts as

natural state moved and deformed state

The motion and deformation: specified by a vector
function u(x,y, z), that is, by its three components

u(x,y,z), v(x,y,z), and w(x, y, z)
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Approach

Energies

motion kinetic energy T
deformation strain potential energy U
strain and stress

Calculation

finite element approximation
divide-and-conquer approach
piecewise linear approximation
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Strain and Stress

Which deforms more?

20 mm 50 mm

?JO mm I? 20 mm

L 1 I
Strain

_ deformation
strain = ——M8—
size
10 mm 20mm
c 20mm 2l © 50 mm Vil
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Strain and Stress

Which pushes stronger?
0.4 N 0.8N
b1 mm 2 mm
1 mm 2 mm
Stress
force
stress =
area
0.4N 0.8N
0 =-———=0.40MPa c=-———=0.20MPa
(1 mm)? (2mm)?
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Strain and Stress (Units)

Strain
deformation . m 1
size - m )
Stress
force _ ﬁz _ pa
area m )
N N N N
= = = 10°— = 10°Pa = MP
mm?  (1073m)? 107%m? m? ° °
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One-dimensional

Deformation

I:P:()T P(x+dx) P(L)
P(0)
u(x) u(x+dx)
P(0) P(x) P(x+dx) P(L)

strain of small region P(x)P(x + dx)
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One-dimensional Deformation

extension = u(x + dx) — u(x)

. extension
strain = —
length
u(x +dx) —u(x) _Ou
- dx = Ox
Strain
L
~ Ox
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Elasticity

relationship between stress ¢ and strain ¢

Linear elasticity
s o=Ee
E: Young's modulus (elastic modulus)
specific to materials
&
. . (e}
in reality
€ €

nonlinear  hysteresis
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Elasticity

E k
o—/\/\/\—o—> c o—/\/\/\—o—>f
(. e L » x
o= Ee f = kx
extending uniform cylinder
L f = kx
A
= X material geometry
| f
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Energy Density

E k
o—/\/\/\—o—>(5 o—/\/\/\—o—>f
L L » X

1. 1,

energy

N m
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Energy Density

E k
o—/\/\/\—o—>(5 o—/\/\/\—o—>f
|_>g L » x
1 1 1 1
“oe = ZE¢? U=>h= EkXQ
energy
Nm
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Energy Density

E k
o—/\/\/\—o—>6 o—/\/\/\—o—>f
|_>g L » x
1 1 1 1
“oe = -E¢? U=>h= 5kx2
energy

N Nm  energy Nm

m?2 m3 volume
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Energy Density

E k
o—/\/\/\—o—> c o—/\/\/\—o—> f
(. e L » x
1 1 1 1
50¢ = EEEQ U=>h= 5kx2
energy density energy

N Nm  energy Nm

m?2 m3 volume
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Strain Potential Energy

energy density of one-dimensional deformation

A(x) cross-sectional area at point P(x)
volume = (area) - (height) = A dx
strain potential energy

L
U= / (energy density) - (volume)
0

L1 ou\? L1 du\>
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Kinetic Energy
velocity of point P(x)
ou
~ ot
mass of small region P(x)P(x + dx)

u

(density) - (volume) = p - Adx

kinetic energy

L
1
T:/ i(mass)(velocity)2
0
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One-dimensional Finite Element Method

energies
strain potential energy

L1 ou\?
L1 ou\
T = —pA | —
|3 (at) o

How calculate energies in integral forms?

kinetic energy
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Divide-and-Conquer Approach

divide
L X2 X3 X4 X5
=Ll l
0 X1 X2 X3 X4

apply piecewise linear approximation

[=3teal] ]y

L
1
[“3aaa

us
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Dividing Region

PI P_I
: pf— X
0 Xj X L

nodal points

divide [0, L] into four small regions
small region size h = L/4

x1=0,x=h x3=2h x4 =3h, xs =1L
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Piecewise Linear Approximation

u(x)

0 h 2h 3h L
P1 P2 P3 P4 P5
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Piecewise Linear Approximation

u(x)

0 h 2h 3h L
P1 P2 P3 P4 P5
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Piecewise Linear Approximation
function u(x) in small region [ x;, x;]
u(x) = uj Nij(x) + uj Nji(x)

NIJ();) T XJ;: /VM();) T X_; :i
R CR A R sied

U(X,') = u,'N,"j(X,') + UijJ(X,') =u -1+ uj - 0=u
u(xj) = uiNij(x;) + uiNii(x) = vi- 0+ ;- 1 = y;

Elastic Deformation
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Piecewise Linear Approximation
in small region [x;, x;]

Xi — X X — X;
Nij(x) =~ '

1h : N;i(x) = 1 p
Ni(x) = — N (x) =+

derivative Ou/0x in small region [x;, x;|

du
() + il ()
Yty T
—U,'—|-Uj
N h
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Piecewise Linear Approximation

assume Young's modulus E is constant
%1 ou\’
—EA(— ) d
[ (5) >
X1 —u; + u; 2
= ZEA —X
2 (=5) -
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Piecewise Linear Approximation

MJ:/”Adx

1

note

represents volume in small region [x;, X; ]

assume Young's modulus E and cross-sectional area A
are constant

%1 du\? 1 EA[ 1 —-1][u
[ aea(5) s tw wl LA LD
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Synthesizing

nodal displacement vector

n
up

un

Us

describes soft robot motion and deformation
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Synthesizing

assume E and A are constant

U:%[Ul Ug}%ll
—i—l[uz U3]%_1
2 ho| -1
+1[U3 U4]%_1
2 h| -1
1 EAT 1
—|—§[U4 US]T 1

Elastic Deformation

-1

—1

Shinichi Hirai (Dept. Robotics, Ritsumeikan

||

us

1
u2

uz

us
Uy
Uy
us

|
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Synthesizing

strain potential energy

stiffness matrix

U:—UNTKUN
2

1 -1

-1 2 -1
-1 2

1
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Synthesizing

strain potential energy

1
U:—UNTKUN
2
stiffness matrix
1 -1 ]
-1 141 -1
K:% -1 141 -1
-1 141 -1

L _1 1 —
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Synthesizing

strain potential energy

1
U:—UNTKUN
2
stiffness matrix
R | ]
-1 141 -1
K:% -1 1+1 —1
-1 141 -1

L _1 1 -
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Piecewise Linear Approximation
in small region [x;, ;]

U:U,'N,'Lj—f—uj'/ij
L'I:L'l,'N,'Lj—f—L'lejJ

assume density p and cross-sectional area A are constant
1o, 0 1 L h/3 h/6 uj
IS A I

1,0Ah L 2 1 u;
=5l al| 5]
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Synthesizing

kinetic energy

1
T:iuNT/vluN
inertia matrix
o -
1 41
m=PARL T g
6 14 1
L 1 2_
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Dynamic Equation

energies
1 -
U= EUN KUN
1. :
T = EUNTMUN

work done by external forces
W = fTUN

constraint

AT
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Dynamic Equation
Lagrangian

L=T—-U+W+\auy
A: Lagrange multiplier

Lagrange equation of motion and deformation

—Kuxy +f+Xa— Min=0
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Dynamic Equation

constraint stabilization method
R + 2aR +a’R=0

—a'iiy = 2aa' ux + o?a' uy

canonical form of ODE

UN:VN
Mvy — da=—Kuyx + f

—a' vy =2aa' vy + a?a’ uy
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Example

one-dimensional soft body of length L and area A
Young's modulus E, viscous modulus ¢, density p

— P(L) f
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Example

[0, tpush | fix the bottom & force f to the top
[ tpushs tend] free motion

1 P(L) f
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Example

nodal point number n=26
dividing [0, L] into (n — 1) small regions:

h L
n—1
nodal displacement vector
uy
u
uN =
Us

up = u(0)  ws = u(L)
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Example

[07 tpush]
constraint and work done by pushing force

R = uy :aTuN

-
W = push'u6:f un

where
1 0
0 :
a . , 0
0 f,;)ush
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Example
[07 tpush]
canonical form of ODE

uy = wy

M —a f/N o —KUN—BVN—f—f
—a' A || 2@ vy + a?auy

where
EA cA
K=— B=—
h h
—Kuy: elastic force —Bwvy: viscous force
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Example

[ tpusha tend ]
canonical form of ODE

l)N = WN
M\-/N = —KUN— BVN—|— f
where f = [ faoor, 0, -+, 0] and
f;‘loor = pf/oorA

/ /
Pri — _Ef/OOI’u1 ~ Choor1 i < O
oor 0 otherwise

froor: reaction force from floor (penalty method)
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Example (body)

25+

N
o

—_
(&

position

—_
o

o (&}

o———o
o
o———9»
o——— o
o——— o
o9
o———o
e — ]
o————»o
o— o
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Example (nodal point position)

25+

N
o

—_
(&

position

—_
o
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Two/Three-dimensional Deformation

one-dimensional deformation
extensional strain ¢
Young's modulus E

1
strain potential energy density §E52

two /three-dimensional deformation

extensional & shear strains — strain vector €
Lamé’s constants A\, u — elasticity matrix Al + ul,

1
strain potential energy density EsT()\lA + pl,)e
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Two-dimensional Deformation

natural state moved and deformed state

displacement vector

) = [ 1) ]
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Two-dimensional Deformation

P Q P @

natural deformed and rotated
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Two-dimensional Deformation

u(x,y+3)

u(xy)
P

9
)

P(x,y)

Q

Q

u(x+3,y)

displacements

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

u(x,y+8)-u(xy)

R

P

Q

u(x+3,y)-u(xy)

relative displacements
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Two-dimensional Deformation

relative displacement at QQ

u(x+0,y) —u(x,y) = 8“ {g%gﬁp

relative displacement at R

U(X7y+6) o U(X7y) -

8_u5: {Gu/(‘?y](g
dy

ov /0y
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Two-dimensional Deformation

R

P Q P Q
extension along x-axis extension along y-axis

R R

—
=
L Q
-

P P
shear deformation rotational motion
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Two-dimensional Deformation

ou _ . Ou .
— = extension along x-axis — = shear — rotation
ox dy
ov . ov . :
— = shear + rotation — = extension along y-axis
ox dy

\

Cauchy strain

_@ ov _@+av
Exx = Ix’ Eyy = 8}/’ =
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Two-dimensional Deformation

strain vector

Exx

>

Eyy
PEs
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Two-dimensional Deformation

Strain potential energy density
linear isotropic elastic material

1
EsT(AlA + ply)e

where A and p are Lamé’s constants and

11
h=1|11
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Two-dimensional Deformation

Volume element
hdS = hdxdy

Strain potential energy

1
U = / EET()\I)\ -+ MIM)E h dS
S
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Two-dimensional Deformation

Volume element
hdS = hdxdy

Strain potential energy

1
U = / EET(AI)\ -+ MIM)E h dS
S

Kinetic energy
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Three-dimensional Deformation

natural state moved and deformed state

displacement vector
u(x,y, z)
u(X7 y7 Z) - V(X7 .y) Z)
w(x,y, z)
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Three-dimensional Deformation

1

3.
p 9 P

natural deformed and rotated
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Three-dimensional Deformation

| u v w
0/0x | ext. along x shr — rot in xy shr + rot in zx
0/0y |shr + rot in xy ext. along y shr — rotin yz
0/0z | shr — rot in zx shr + rot in yz ext. along z

2 - shear in yz-plane = ov 4+ ow
0z  QJy
2 - shear in zx-plane = a_W 4+ @
Ox 0z
ou Ov

2 - shear in xy-plane =
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Three-dimensional Deformation

Cauchy strain

_ Ou _ Ov _ Ow

Exx—a 8yy—@ E:ZZ_E
2¢e v a—W
¥ 0z Oy
26, = 8—W @
= 0x 0Oz
2¢ @ + @
¥ 9y Ox
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Three-dimensional Deformation

strain vector
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Three-dimensional Deformation

Strain potential energy density
linear isotropic elastic material

1 ¢

€ (A + ply)e

2

—_
—_ =
N

1

Elastic Deformation
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Three-dimensional Deformation

Volume element
dV =dxdydz

Strain potential energy

1
U= / —e' (A + ply)e dV
v 2
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Three-dimensional Deformation

Volume element

dV =dxdydz

Strain potential energy

1
U= / —e' (A + ply)e dV
v 2

Kinetic energy
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Two-dimensional FEM

region S cover by triangles
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Two-dimensional FEM

region S cover by triangles

/dSN Z /APPPk

triangles
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Two-dimensional FEM

assume density p and thickness h are constants
kinetic energy of A = AP;P;Py

1
Tijk= / “pua'ahdS
A2

21 / / u;

1. .+ .1 .o phA | 522 X2 12 N
=S[al o 0l )5 | b 2k he || 4
hyo hyxo 2hyo uy

(see Finite_Element_Approximation.pdf for details)
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Two-dimensional FEM

Partial inertia matrix

phA 2hyo  hyo by
ik =5 hyo 2bxo by
hyo hyxo 2hyo
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Example (inertia matrix)

assume ph/\ /12 is constantly equal to 1
partial inertia matrices

2hyo  hxo  hxo
Misa = Mozs = Msso=Mssz= | hxo 2byo hyo

hyo hyxo 2hyo
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Example (inertia matrix)

total kinetic energy

1
T:EugMuN
_ 1T
u
_1[ T 57 T
) u Us}
i 1 Lt |

M: inertia matrix (6 x 6 block matrix)
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Example (inertia matrix)

(1,1) block | (1,2) block | (1,4) block
Misa = | (2,1) block | (2,2) block | (2,4) block
(4,1) block | (4,2) block | (4,4) block

contribution of M; 24 to M

[ 2byo | hyo b2
hyo | 2hyo b2
hyo | hxo 2h o

68 / 148
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Example (inertia matrix)

M35 =

(2,2) block | (2,3) block | (2,5) block
(3,2) block | (3,3) block | (3,5) block
(5,2) block | (5, 3) block | (5,5) block
contribution of M35 to M
2hyo | b2 b2
hyo | 2byo b2
hy2 | bhx2 22

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic

Deformation
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Example (inertia matrix)

(5,5) block | (5,4) block | (5,2) block
Msao = | (4,5) block | (4,4) block | (4,2) block
(2,5) block | (2,4) block | (2,2) block
contribution of M54, to M
2byo hyo | by
b2 2byo | by
b hyo | 2byo

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic

Deformation
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Example (inertia matrix)

(6,6) block | (6,5) block | (6, 3) block
Msss = | (5,6) block | (5,5) block | (5, 3) block
(3,6) block | (3,5) block | (3,3) block
contribution of Mgs53 to M
2D %2 hya | hx2
b 2hya | hxa
i b hy2 | 2hy2 |

Shinichi Hirai (Dept. Robotics, Ritsumeikan

Elastic

Deformation
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Example (inertia matrix)

inertia matrix

M= M4®My35® Msa2® Mps 3

2hyo by )
hyo 6hyo by 2byo

_ hyo 4byo
| bk 2hyo 4l
2bys 2byo by

i I2><2

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation
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Two-dimensional FEM

assume A, i and h are constants
strain potential energy stored in A = AP;P;P

1
Uijk = / 5 sT()\IA + pl,)e hdS
A

u;
[ u. u. U;— } Kid’vk u;
Uy

where B N
Kijk = )\J;\’Lk + ,UJ;;I’k
(see Finite_Element_Approximation.pdf for details)
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Two-dimensional FEM

1 Yi — Yk b 1 Xj — Xk
a—ﬂ Yk = Yi | YN Xk — Xi
Yi—Y Xi = Xj
[ aa' ab'
A= baT bbT ] hes
2aa’ + bb" ba'
Au=|""ab™  2bb raa |

1,4,2,5,3,6 rows and columns of Hy, H, —
1,2,3,4,5,6 rows and columns of J/’\’f’k, JLJ,k
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Example (stiffness matrix)

assume h =2

stiffness matrix

K = K1,2’4 D K2,3,5 SP) K5,4,2 D K6,5,3
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Example (stiffness matrix)

assume A and p are constants over region

K=Ki24® K35D K542 Kes53
2, 2, 2.3, 3,
:()\Jl 4 J124)€B()\J>\ 5+,MJ535)€B
12,4 235 o 12,4 2,3,5
=AMNHhTORTE )+ TS D)
= A\ +pud,

where

J)\:J124@J235@J542@J653
Ju= I e S e M e 0l
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Example (stiffness matrix)
P;P,Py;  a=[—-1,1,0]" and b=[—1,0, 1]"

1 -10/1 0 -1
-1 1 0/-10 1
0O 0 0/0 0 O
=T —=T0 1 0 -1
0 0 0/0 0 O
-1 1 0/-10 1

1 1|/-1 0] 0 —1]

1 1/-1 0| 0 —1

pea_ | -1 -1 1 0/ 0 1

A 0 0/ 0 0| 0 O

0 0| 0 0] 0 O

-1 -1/ 1 0] 0 1
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Example (stiffness matrix)
P;P,Py;  a=[—-1,1,0]" and b=[—1,0, 1]"

[ 3 -2 —1]1 -1 0
-2 2 0]/0 0 O

P11 0 13 -1 -2
-1 0 1|-1 1 o0
| 0 0 0]-2 0 2 |
[ 3 1|-2 —1|-1 0]

1 3] 0 —1/-1 =2

pea_ | =2 0 2 0[ 0 0
" -1 -1, 0 1] 1 o0
0 1] 1 0

0 0] 0 2
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Example (stiffness matrix)

124 235 542 4653
Sl = 235 a2

1,24 2,3,5 5,4,2 6,5,3
J124 = 235 — 542 6.
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Example (stiffness matrix)

contribution of J}** to Jj

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

1 1(-1 0 0 -1
1 1/-1 0 0 -1
-1 -1 1 O 0 1
0o 0, 0 O 0 O

0O 0, 0 O 0 O
-1 -1 1 O 0 1
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Example (stiffness matrix)

contribution of J2° to Jj

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

1 1(-1 0 0 -1
1 1(-1 0 0 -1
-1 -1 1 O 0 1
0O 0, 0 O 0 O
0O o0, 0 O 0 O
-1 -1 1 O 0 1
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Example (stiffness matrix)

contribution of J2** to Jj

0 O o o0, 0 O
0 1 1 0|-1 -1
0 1 1 0|-1 -1
0 O o o0, 0 O
0 -1 -1 0] 1 1
0 -1 -1 0] 1 1
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Example (stiffness matrix)

contribution of J>** to Jj

0 0 0 0] 0 0O
0 1 1 0|-1 -1
0 1 1 0]|-1 -1
0 0 0o ol 0o o0
0 —1 1 0] 1 1
i 0 -1 -1 o] 1 1]
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Example (stiffness matrix)

1,24 2,3,5 5,4,2 6,5,3

1 1|-1 o0 0 —1
1 1|-1 0 0 —1

—1 -1 2 1|-1 0] 0 1] 0 —1
0 0/ 1 2/-1 0 1 0|-1 —2

-1 -1 1 0 0 1] 0 0

B 0 0/ 0 1 1 0|-1 —1
|70 o 0 1 1 0|-1 —1
-1 -1| 1 0 0 1| 0 o

0 —1] 0 1|-1 0| 2 1|-1 —1

-1 —2| 1 0|-1 0| 1 2/ 0 0

0 —1 —1 0] 1 1

! 0 -1 -1 0| 1 1

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation
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Example (stiffness matrix)

_ 1,24 2,3,5 5,4,2 6,5,3
Jy= S @ 235 g L2 g S

3 1|-2 -1 -1 0
1 3| 0 -1 -1 -2
-2 0, 6 1|{-2 -1 0 1|-2 -1
-1 -1} 1 o6 0 -1| 1 O|—-1 —4
-2 0, 3 O 0 1|-1 -1
-1 -1 0 3 1 0| 0 -2
-1 —-1| 0 1 3 0(-2 0
0 -2 1 O 0 3|-1 -1
-2 -1y 0 1|-2 -1 6 1|-2 O
-1 -4/ 1 0 0 -1, 1 6|-1 -1
-1 0 -2 -1 3 1
-1 -2 0O -1} 1 3

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation
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Example (stiffness matrix)

stiffness matrix
K =X\ +pud,

A, 4 material-specific
Jr, J, geometric

strain potential energy

1
U:§U1—\I|—KUN
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Inertia and Connection Matrices
Report #7  due date : Jan. 6 (Mon) 1:00 AM

Cauculate inertia matrix M and connection matrices Jy,
J,, for a two-dimensional object shown in the figure.
Length of the orthogonal sides of isosceles right triangles
is 1 and thickness h is equal to 2.

y

b

Pa 1 |P5s Pe
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Computing Static Deformation

Step 1 formulate internal energy and constraints
Step 2 derive linear equation (if possible)

Step 3 solve the derived linear equation

Step 4 visualize obtained numerical solution

or

Step 1 formulate internal energy and constraints

Step 2 apply (conditional) numerical optimization
to the internal energy with constraints

Step 3 visualize obtained numerical solution

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation 88 / 148



Internal energy
Strain potential energy

1
UZEU{\I'—KUN

Work done by external forces
W = fTUN

Constraints
R=A"ux—b=0

Variational principle in statics

minimize | =U - W
subjectto R=0
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Minimization

minimize | =U—- W
subjectto R=0

Y
J=U-W-X"TR
_ %ug Kux—fux—A(ATuy — b)
Y
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Minimization

ﬂ:/'(Ul\]—f—A)\ZO

(9uN

3= (Aluy—b)=0
4

solving the above linear equation numerically yields
displacement vector uy
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Implementation

two-dimentional finite element calculation on MATLAB

https://www.hirailab.com/edu/common/
soft_robotics/Physics_Soft_Bodies.html

Classes : NodalPoint, Triangle, Body
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Implementation

classdef NodalPoint

properties
Coordinates;
Displacement;
Velocity

end

methods
function obj = NodalPoint (p)

obj.Coordinates = p;

end

end

end
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Implementation

classdef Triangle

properties
Vertices;
Area;
Thickness;
Density; lambda; mu;
vector_a; vector_b;
u_xX; u.y; V_X; V_y,
Cauchy_strain;
Green_strain;
Partial_J_lambda; Partial_J_mu;
Partial_Stiffness_Matrix;
Partial_Inertia_Matrix;
Partial_Gravitational_Vector;

end

methods
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Implementation

classdef Body
properties
numNodalPoints; NodalPoints;
numTriangles; Triangles;
strain_potential_energy;
gravitational_potential_energy,
J_lambda; J_mu;
Stiffness_Matrix;
Inertia_Matrix;
Gravitational_Vector;
end
methods
function obj = Body(npoints, points, ntris, tris,
obj.numNodalPoints = npoints;
for k=1:npoints
pt (k) = NodalPoint(points(:,k));
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Implementation

methods of class Triangle

partial_derivaties calculating partial derivatives Ou/0x, du/dy,
Ov/0x, Ov/dy

calculate_Cauchy strain calculating Cauchy strain in the triangle

partial_strain_potential_energy strain potential energy stored in the
triangle

calculate_Green _strain calculating Green strain in the triangle

partial_strain_potential_energy Green strain strain potential energy
using Green strain

partial_gravitational potential energy gravitational potential energy
stored in the triangle

partial_stiffness_matrix calculating partial stiffness matrix Kj ; «

partial_inertia_matrix calculating partial inertia matrix M; ;

partial_gravitational vector calculating partial gravitational vector

8ijk
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Implementation
methods of class Body

total _strain_potential_energy calculating strain potential energy
stored in the body

total strain_potential energy_Green strain strain potential energy
using Green strain

total gravitational potential energy gravitational potential energy
stored in the body

calculate stiffness_matrix calculating stiffness matrix K

calculate_inertia_matrix calculating inertia matrix M

calculate gravitational vector calculating gravitational vector g

constraint_matrix constraint matrix when specified nodal points are
fixed

draw draw the shape of the body
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Example (static simulation)
13 14 15 16

9 10 11 12

5 6 7 8

1 2 & 4

Sample program ‘get_started.m’.

o [o12301 ... 23
P 000011 - 33
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Example (static simulation)

13 14 15 16
16 [\ 17 [\ 18
9 10 |11 12 |13 |14 \J15
10 [N\ 11 [\ 12
5 |6 7 8 | 8 9
4 N\ 5 6
1 2 3 & 2 3
[ 1 2 5 ]
2 3 6
3 4 7
triangles= | 6 5 2
15 14 11
| 16 15 12 |

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation
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Example (static simulation)
13 14 15 16

16 [\ 17 [\ 18
9 10 11 12 |13 14 15

10 N\ 11 [\ 12
5 6 7 8 7 8 9

4 [\ 5 6
1 2 3 & 2 3

npoints = size(points,2);

ntriangles = size(triangles,1);

thickness = 1;

elastic = Body(npoints, points, ntriangles, tri

Variable ‘elastic’ represents the rectangle body.
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Example (static simulation)

Defining elatic property to calculate stiffness matrix.

% E=0.1 MPa; \nu = 0.48; rho = 1 g/cm"2

Young = 1.0*1le+6; nu = 0.48; density = 1.00;

[ lambda, mu ] = Lame_constants( Young, nu );
elastic = elastic.mechanical_parameters(density

% stiffness matrix
elastic = elastic.calculate_stiffness_matrix;
K = elastic.Stiffness_Matrix;
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Example (static simulation)

13 14 15 16

9 10 11 12

5 6 7 8

1 2 3 4

Bottom face is fixed to floor.

Edge P14P15 is pulled up / pushed down.

ATUN =b

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation

102 / 148



Example (static simulation)

13 14 15 16

9 10 11 12

% constraints

nconstraints = 12;

A = elastic.constraint_matrix([1, 2, 3, 4, 14,
dy = -0.3;

b=1[0;0; 0;0; 0;0; 0;0; 0;dy; 0;dy 1;

103 / 148
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Example (static simulation)

Building and solving linear equation

mat = [ K, -A; -A’, zeros(nconstraints,nconstra
vec = [ zeros(2x*npoints,1); -b 1;
sol = mat \ vec;

un = sol(1:2*npoints);
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Example (static simulation)

4 4
3 3
2 2
1 1
0 0
o0 1 2 3 s o0 1 2 3 a4
natural deformed
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Computing Dynamic Deformation

Step 1 formulate Lagrangian

Step 2 derive Lagrange equations of motion and
deformation

Step 3 derive equations for constraint stabilization
(if necesary)

Step 4 formulate canonical form of ODEs
Step 5 solve the canonical form of ODEs

Step 6 visualize obtained numerical solution
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Lagrange equation
Kinetic and strain potential energies

1 1
T:?QMaM U:E@KuN

Work done by external forces
W = fTUN

Constraints
R=A"ux—b(t)=0

Lagrangian

L=T-U+W+A'R
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Lagrange equation
Lagrange equation of motion and deformation

ou dtou
\(3

—Kuy + f + AX — Miix = 0
¢

uy = wy
Mvy — AN = —Kun + F

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation 108 / 148



Constraint stabilization
Equations for constraint stabilization

R+2aR+ o’?R =0
\
(AT iix— b(t))+2a(A iy —b(t))+a?*(ATux—b(t)) = 0

J
—ATvy = —b(t) +20(A vy — b(t)) + o*(A" ux — b(t))
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Shinichi Hirai (Dept. Robotics, Ritsumeikan | Elastic Deformation

Ordinary differential equations
Canonical form

EINEE
Vg:: vr) = —b(t)+2a(AT vy—b(t))+a?(AT ux—b(t))

any ODE solver can be applied to the canonical form
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Example (dynamic simulation)

two-dimensional square soft body of width w
Young's modulus E, viscous modulus ¢, density p

divide square into 3 x 3 X 2 triangles

Shinichi Hirai (Dept. Robotics, Ritsumeikan

P13 P14 P15
P9 \[P10\|P11
P5 \IP6 \|[P7
P1 \JP2 \/P3

Elastic Deformation

P16

P12
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Example (dynamic simulation)

[0, toush]  fix the bottom & push P14P15 downward

[ toushs thoid | fix the bottom & keep P14P1s
[ thoid, tend] fix the bottom & release P14P1s

P13 P14 P15
P9 \[P10\|P11
P5 \IP6 \|[P7
P1 \JP2 \/P3

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

P16

P12

112 / 148



Example (dynamic simulation)

[0, toush]  pushing velocity Vpush
m=uw=u3=u;=0
Uy = us = 0+ vpuept

. T
Where vaSh — [07 _VpUSh]

/

Al =

/
/

_1 2 34 14 15—tf; block columns
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Example (dynamic simulation)

[07 tpush]

note

u

uz
u

AT uN = 3

(27}

U4

uis

speficies nodal points under constraints
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Example (dynamic simulation)

[07 tpush]
b(t) = by + bt
where L _ i
0 0
0 0
0 0
bO = 0 ) bl - 0
0 Vpush
0 i Vpush i

note b(t) = by and b(t) = 0, yielding
C(UN, VN) = 20[(ATVN — bl) + Oéz(ATUN — (bo + blt))
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Example (dynamic simulation)
[tpusha thold ]

©cCocoOoo

Vpush tpush

e B e I e Y o B e I )

| Vpush tpush i
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Example (dynamic simulation)
[ thoid, tend |

um=u=u3=u;=0

>
_|
I
—
—
—
[ T e I s I s B

0
0

by = e b, =
0
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Example (dynamic simulation)

% Dynamic deformation of an elastic square object (4&time
% g, cm, sec

addpath(’../two_dim_fea’);

width = 30; height = 30; thickness = 1;
m=4; n=4,;
[points, triangles] = rectangular_object(m, n, width, hei

% E=1MPa; c =0.04 kPa s; tho = 1 g/cm"2

Young = 10.0*le+6; c = 0.4*le+3; nu = 0.48; density = 1.C
[lambda, mu] = Lame_constants(Young, nu);

[lambda_vis, mu_vis] = Lame_constants(c, nu);

npoints = size(points,2);
ntriangles = size(triangles,1);
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Example (dynamic simulation)

elastic =
elastic =
elastic =
elastic =
elastic =
elastic =

tp =
th =
tf =

N O O
O o1 o

“ e

Body (npoints, points, ntriangles, triangles, tt

elastic.
elastic.

elastic
elastic

vpush =

alpha = le+6;

mechanical_parameters(density, lambda,
viscous_parameters(lambda_vis, mu_vis);

.calculate_stiffness_matrix;
elastic.

calculate_damping_matrix;

.calculate_inertia_matrix;

0.8+ (height/3)/tp;
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Example (dynamic simulation)

% pushing top region

A = elastic.constraint_matrix([1,2,3,4,14,15]);

b0 = zeros(2*6,1);

bl = [ zeros(2%4,1); 0; -vpush; O; -vpush ];

interval = [0, tp];

gqinit = zeros(4*npoints,1);

square_object_push = @(t,q) square_object_constraint_pars
[time_push, q_push] = odelbs(square_object_push, interval

% holding top region

b0 = [ zeros(2%4,1); 0; -vpush*tp; O; -vpushxtp ];

bl = zeros(2*6,1);

interval = [tp, tp+th];

qinit = g_push(end,:);

square_object_hold = @(t,q) square_object_constraint_pars
[time_hold, q_hold] = odelbs(square_object_hold, interval
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Example (dynamic simulation

0 40 40




Example (dynamic simulation

0 40 40
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Example (dynamic simulation)

two-dimensional square soft body of width w
Young's modulus E, viscous modulus ¢, density p

divide square into 3 x 3 X 2 triangles

Shinichi Hirai (Dept. Robotics, Ritsumeikan

P13 P14 P15
P9 \[P10\|P11
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Example (dynamic simulation)

[0, toush]  fix the bottom & push P14P15 downward
[ toushs thoid | fix the bottom & keep P14P1s
[ thoid, tend] free (reaction force by penalty method)

P13 P14 P15
P9 \[P10\|P11
P5 \IP6 \|[P7
P1 \JP2 \/P3

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

P16

P12

124 / 148



Example (dynamic simulation)

% Jumping of an elastic square object (4&times;4)
% g, cm, sec

addpath(’../two_dim_fea’);

width = 30; height = 30; thickness = 1;
m=4; n=4,;
[points, triangles] = rectangular_object(m, n, width, hei

% E =1 MPa = 0.04 kPa s; rho = 1 g/cm™2

Young = 10. O*1e+6 ¢ = 0.4x1e+3; nu = 0.48; density = 1.C
% Kfloor = 0.002 MPa/m = 2 KPa/cm

Epfloor = 0.02*1le+6;

[lambda, mu] = Lame_constants(Young, nu);

[lambda_vis, mu_vis] = Lame_constants(c, nu);
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Example (dynamic simulation)

% holding top region

b0 = [ zeros(2%4,1); 0; -vpush*tp; O; -vpushxtp ];

bl = zeros(2%6,1);

interval = [tp, tp+th];

qinit = g_push(end,:);

square_object_hold = @(t,q) square_object_constraint_pars
[time_hold, q_hold] = odelbs(square_object_hold, interval

% releasing all constraints

floor_force = @(t,npoints,un,vn) floor_force_param(t,npoi
interval = [tp+th, tp+th+tf];

qinit = g_hold(end,:);

square_object_free = @(t,q) square_object_free_param(t,q,
[time_free, q_free] = odelbs(square_object_free, interval

time = [time_push; time_hold; time_free]l;
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Example (dynamic simulation

90 90 90 90
80 80 80 80
7 70 70 70
60 60 60 60
50 50 50
0
30 .
20 \
NN

N NN

90 90 90 90
80 80 80 80
70 70 70 70
60 60 60 60
50 50 50 50 A
40 40 40 40 2
30 30 30 30 3 :
20 20 20 20
10 10 10 10
0 0 0 0
-10 -10 -10 -10
-10 0 10 20 30 40 =10 0 10 20 30 40 =10 0 10 20 30 40 =10 0 10 20 30 40

jump simulation movie
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Example (dynamic simulation

90 90 90 90
80 80 80 80
7 70 70 70
60 60 60 60
50 50 50
40
30 ww
20 $h
10 N

0 SN

-10
-10 0 10 20 30 40

90 90 90
80 80 80
70 70 70
60 60 60
50 50 50
40 40 40

30 20 20 SR
2 2 20 &3}2“\;\:\\0‘
10 10 10
0 0 0 0
-10 -10 -10 -10,
=10 0 10 20 30 40 =10 0 10 20 30 40 =10 0 10 20 30 40 =10 0 10 20 30 40

jump simulation movie

hinichi Hirai (Dept. Robotics, Ritsumeikan Elastic Deformation



Example (dynamic simulation)

@ motion and deformation can be simulated properly
@ results depend on mesh and include artifacts

@ finer mesh yields better result but needs more
computation time
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Summary

energies in integral forms
potential energy

U= /(potential energy density) - (volume element)
kinetic energy

T = /(kinetic energy density) - (volume element)
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Summary

integrals

/region a Z /small region

small regions

1D line segments
2D triangles / rectangles / - --
3D tetrahedra / cubes / ---

131 / 148
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Summary

one-dimensional deformation

extensional strain ¢
Young's modulus E

1
strain potential energy density §E52

1
kinetic energy density 5/)6'2
volume element Adx

Elastic Deformation 132 / 148
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Summary

two /three-dimensional deformation

strain vector e (extensional & shear strains)
elasticity matrix Aly + p/, (Lamé’s constants A, 1)

1
strain potential energy density §sT()\lA + pl,)e

1
kinetic energy density §péTé

volume element hdS or dV
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Summary

strain potential energy
quadratic form with respect to uy

1
U= §u§ K ux (K: stiffness matrix)

kinetic energy
quadratic form with respect to dy

1T

T2N

M dax  (M: inertia matrix)
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Calculating based on Cauchy Strain

elastic beam
one end of the beam is fixed to a wall
force is applied to the center of the other end

2 2
0 0
-2 -2
-4 -4
-6 -6
-8 -8
% 2 4 6 8 10 12 % 2 4 6 8 10 12
natural deformed
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Calculating based on Cauchy Strain

Cauchy strain

O ox o oy ¥ 9y o Ox

Displacements caused by pure rotation

-1 2161
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Calculating based on Cauchy Strain

Cauchy strain

ou
8XX_&_C9_1

8v

0 0
2gxy:8_;+8_"—( So)+ S =0

Pure rotation (no deformation) yields
non-zero Cauchy strain components
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Green Strain

Green strain
EXX

E=| E,
2E,,

Green strain components
1 2 2
EXX = Ux + E(ux + Vx)

1
Ey =v, + 5(”5 + Vf)
2E,, = uy + vy + (uxuy + vyvy)
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Green Strain
under pure rotation

1
Ex = ux + §(U>2< + Vf)

= (G —1)+ % {(G— 1"+ (S)*}
0

1
Ey = uc+ §(U>2< + )

G 1)+ 5 (=S + (G~ 1)

(
0
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Green Strain
under pure rotation

2E,, = uy, + vy + (uxuy + wyvy)

= (=50) + (So) + {(Co — 1)(—50) + (S9)(Cy — 1)}

=0

Pure rotation (no deformation) yields
Green strain components be zero

4

able to eliminate effect of rotation
rotation-invariant strain
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Calculating based on Green Strain
Calculating Green strain energy stored in AP;P;P
@ calculate vector a and b

o calculate partial derivatives du/0x, du/dy, Ov/0x,
and Jv/dy

@ calculate Green strain components
@ calculate U,'J,k = (1/2) ETK,'J’/(E

minimize /(ux)=U—- W

subject to A'uy =0

Applying fmincon results in static deformation
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Calculating based on Green Strain

elastic beam
one end of the beam is fixed to a wall
force is applied to the center of the other end

NN F
NN o N

natural deformed
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Calculating based on Green Strain

Cauchy strain Green strain
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Green Strain

two neighboring points P(x, y) and Q(x + dx,y + dy)
square of distance betweeen P and Q) in natural shape

(65)% = 0x° + 6y?
vector from P to Q) in deformed shape

[ x| n Cu(x +0x,y + dy) B u(x,y)
oy | v(x+0x,y +dy) v(x,y)

= -

[ Ox T 0 U OX + uydy
| VxOx + v, 0y
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Green Strain
square of distance betweeen P and Q) in deformed shape

(65') = (6x + uxdx + u,dy)* + (Jy + vidx + v, 0y)?
difference
(65')% — (95)? = 20x(uxdx + u,dy) + 25y (vidx + v, dy)
+ (uxdx + uy(Sy)2 + (v0x + vyéy)2

E. E. Ox
:2[5X 5y] [Exy Eyi] léy]

pure rotation = (8s')? — (6s)* = 0, Véx, dy
— Ew=0,E, =0 E,=0
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Handouts

Sample programs (MATLAB) are available at:

http://www.ritsumei.ac.jp/ hirai/edu/common/
soft_robotics/Physics_Soft_Bodies.html
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Simulating Viscoelastic Deformation
Report #8  due date : Jan. 20 (Mon) 1:00 AM

Simulate the deformation of a rectangular viscoelastic
object shown in the figure. The bottom surface is fixed
to the ground. A pair of forces with the same magnitude
f are applied to the both sides for a while, then the
forces are released. Action lines of the forces do not
coincide. Use appropriate values of geometrical and
physical parameters of the object.
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Simulating Viscoelastic Deformation

P13 P16
P14 P15
f P P P P
9 10 11 12
Ps P6 P7 Pg f
P1 P2 P3 Pa

Shinichi Hirai (Dept. Robotics, Ritsumeikan |

Elastic Deformation

148 / 148



	Soft Body Models
	Strain and Stress
	One-dimensional Finite Element Method
	Two/Three-dimensional Deformation
	Two-dimensional Finite Element Method
	Computing Static Deformation
	Computing Dynamic Deformation
	Summary
	Green Strain

