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Agenda

@ Open Link Mechanism
@ Kinematics of Open Link Mechanism
@ Dynamics of 2DOF open link mechanism

© Closed Link Mechanism
@ Kinematics of Closed Link Mechanism
@ Dynamics of 2DOF closed link mechanism
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Kinematics of 2DOF open link mechanism

two link open link mechanism

;i length of link i

I; distance btw. joint / and
the center of mass of link /

m; mass of link /

J; inertia of moment of link /
around its center of mass

61 rotation angle of joint 1

6, rotation angle of joint 2
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Kinematics of 2DOF open link mechanism

position of the center of mass of link 1:

position of the center of mass of link 2:

A | Xe2 G Cipo
e2 [}’cz} 1{51}-1_2{51%}
orientation angle of link 1:
01

orientation angle of link 2:

01 + 0
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Kinetic energy
velocity of the center of mass of link 1:
fa =ty | 2]
angular velocity of link 1: _
01
kinetic energy of link 1:

1 . 1 .
T = §m1XCT1Xc1 + 5-/19%

1 .
- §(m1/31 + J]_)ef
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Kinetic energy
velocity of the center of mass of link 2:

_ : S . .. [_s
Xco = l191 |: Cll :| + /c2(91 + 92) |: Cljj;2 :|

angular velocity of link 2: _ _
01+ 0,

kinetic energy of link 2:

1 . 1, . :

T> =§m2XCT2Xc2 + §J2(91 + 6,)?
1 . . . .. .
:§m2{/12(9% —|— /32(01 —|— (92)2 + 2/1/c2 C2t91(91 + 02)}+
1

§J2(91 + 92)2
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Kinetic energy
total kinetic energy

1 A A Hll H12 0.1
T=Ti+Th=- .
1 + 2 5 |: 01 02 ] |: H21 H22 92

where

H]_]_ = J]_ + mllfl + J2 + m2(/12 + /32 + 2/1/,:2C2)
H22 = Jz + mglfz
H12 = H21 = J2 + mg(lfz + /1/,:2C2)

inertia matrix
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Partial derivatives
Hi1 and H;» = H,; depend on 6;:

OH OH OH
89121 = —2hyp, Wf = 5921 = —hpp (h12 é m2/1/c252)
Hyy = —2h1o60s,  Hio = Hoy = —hiob,
oT - . oT . .
—— = Hi101 + Hi20>, —— = Hxi61 + Hxbs
91 892
doT o ) o )
———— = —H{10; — Hy101 — Hip0, — Hi50
dt 06, 1101 1101 1202 1202
= 2h12010> + h129§ — Hi101 — Hi20,
doT o ) o )
——— = —H510; — Hy10; — Hx0, — Hyy0
dt 06, 2101 2101 220> 220>

= h12élé2 - H219.1 - H22é2
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Partial derivatives
Hi1, Hay, and H;» = H,; are independent of 6;

oT 1.. . .[00][6]
8_61—5[91 92]{0 0”9'2}_0

Hi1 and Hy» = H»; depend on 6,

orT 1. . . —2hi» —h 0 ) ..

contribution of kinetic energy:

oT doT . : ; ;
96, dtop,  2mefalat hia0 — Hh1th — Hiabs
oT  doT - i
8_62 _ 58—02 = _h129§ — H2191 - H2292
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Gravitational potential energy
gravitational acceleration vector:

g:{—og}

potential energies of link 1 and 2:

Ur = —mig ' xa, Uy = —mog " xea
potential energy:
U=U+ U,
contribution of potential energy:
ou ou
—— =G + G —— =G
20, 1+ G2, 90, 2
where
_ o[ =S P T
Gy = (Ml + moh)g C ;. G =mlog C
1 142
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Work done by actuator torques

work done by 77 applied to rotational joint 1:
7161
work done by 7, applied to rotational joint 2:
T2
work done by the two actuator torques:
W = 161 + 120,

contribution of work:

ow _ ow
9. " o6,
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Lagrange equations of motion

Lagrangian:
L=T-U+W

Lagrange equations of motion
oc_doc
00, dtog,
oc_doc
00, dtod,

let w1 é 9-1 and Wo é 9-2:
— Hllwl — ngc'ug + hlzwg + 2h12w1wz + G1 + G2 + T = 0
— H22(,ZJ2 — H12d}1 — hlgw% + G2 + Ty = 0
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Lagrange equations of motion
canonical form of ordinary differential equations:

9:1 | W
92 N (%)
{ Hiix  Hiz ] { w1 ] _ { h1ow3 + 2hppwiws + Gy + Gy + 7

H21 H22 0:22 —hlzw% + G2 + p)

state variables: joint angles 61, 6, and angular velocities wy, wy

the inertia matrix is regular — 2nd eq. is solvable
—> we can compute w; and w,

91, (92, (,Z.Jl, (,ZJQ are functions of 91, 02, W1, W

4

we can sketch 61, 65, wy, wy using an ODE solver.
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Sample Programs

@ class Link

o class Link_Cylinder

@ class Open_Mechanism_Two_DOF
@ class Closed_Mechanism_Two_DOF

class Link_Cylinder is a subclass of class Link
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Sample Programs
file Link.m

classdef Link
properties
length;
length_center;
mass;
inertia_of_moment_center;
inertia_of_moment;
end
methods
function obj = Link (1, 1lc, m, Jc, J)
obj.length = 1;
obj.length_center = lc;
obj.mass = m;
obj.inertia_of_moment_center = Jc;

obj.inertia_of_moment = J;
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Sample Programs

Sentence
>> 1inkl = Link(2, 1, 0.0157, 0.0052, 0.0210)

builds a link with / = 2, [. =1, m = 0.0157, J. = 0.0052, and
J =0.0210.

>> link1
linkl =
Link properties:
length: 2
length_center: 1
mass: 0.0157
inertia_of_moment_center: 0.0052
inertia_of_moment: 0.0210

>>
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Sample Programs
building two cylindrical links of length 2, radius 0.05, and density 1

len = 2.00; radius = 0.05; density = 1;

len_c = len/2;

m = density * len * (pi*(radius)”2);

Jc = (1/12) * m * (3*radius”2 + len~2);
J=Jc+m* (len - len_c)"2;

linkl = Link (len, len_c, m, Jc, J);
1link2 = Link (len, len_c, m, Jc, J);

>> linkl
linkl =
Link properties:

N

length:
length_center:

>

m o A
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Sample Programs
building two cylindrical links of length 2, radius 0.05, and density 1

len = 2.00; radius = 0.05; density = 1;

linkl = Link_Cylinder (len, radius, density);
1link2 = Link_Cylinder (len, radius, density);
>> link1
linkl =
Link_Cylinder properties:
radius: 0.0500
density: 1
length: 2
length_center: 1
mass: 0.0157
inertia_of_moment_center: 0.0052

inertia_of_moment: 0.0210
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Sample Programs
building an open mechanism consisting of two links

base = [0; 0];
grav = [0; -9.8];
robot = Open_Mechanism_Two_DOF (1link1l, link2, base, grav)

>> robot
robot =
Open_Mechanism_Two_DOF properties:
linkl: [1x 1 Link Cylinder]
link2: [1x 1 Link_Cylinder]
base_position: [2x 1 doublel
gravity: [2x 1 double]

thetal: []
theta2: []
omegal: []

omega2: []
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Sample Programs
setting joint angles and angular velocities

theta = [ pi/3; pi/6 1;

omega = [ 0; 0 ];

robot = robot.joint_angles (theta, omega);
>> robot

robot =

Open_Mechanism_Two_DOF properties:
linkl: [1x 1 Link Cylinder]
link2: [1x 1 Link_Cylinder]

base_position: [2x 1 doublel

gravity: [2x 1 double]
thetal: 1.0472
theta2: 0.5236

omegal: O
omega2Z: O

-0 ATATA
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Sample Programs

calculating inertia matrix and torque vector
[ mat, vec ] = robot.inertia_matrix_and_torque_vector

nat — Hix  Hiz vec — h1ow3 + 2hppwiws + G + Gy
Hyy Hyp |’ —h12w% + G

Note vec does not include 7 or 7.

Solving
mat w = vec + T

where 7 = [ 11, 7], yields angular acceleration w.
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Driving by external torques

Sample Programs

@ open_mechanism_2DOF _external_torques.m
2DOF open mechanism driven by external torques

@ open_mechanism_2DOF _external torques_params.m
equation of motion

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Analytical Mechanics: Link Mechanisms 22 / 57



Driving by external torques

Result
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Driving by external torques

Result

.
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PD control

7 = —Kp1 (61 — 69) — Kp1bs
T2 = —KP2(92 - 95’) — Kpzb>

U

9:1 | W

92 B w2
[ Hii Hio } {@1 } _ { "'—Kpl(el—gf)—KDlwl
Ha1  Hap wo e KP2(92 - 95) — Kpowo

current values of 6y, 65, wy, wo

4

their time derivatives 91, 92, w1, Wo
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PD control

Sample Programs

@ open_mechanism 2DOF_PD.m
PD control of 2DOF open mechanism

@ open_mechanism_2DOF_PD _params.m
equation of motion
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PD control

Result

14 T T

0.6 - 7

0.2 7
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PD control
Result
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Pl control

T = —Kpl((gl KH/ { 01 T)} dT
s = —Kpa(fs — 69) — KI2/0 (0, — 02(r)} dr

Introduce additional variables:

62 / (6 — 03(r)} dr
= (62— 05} dr

él 291—9:7, 1 = —KP1(91 9 ) K&
52 =0, — ‘9‘21, T2 = —KP2(92 - 92) - Klzfz
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Pl control

4

9:1 | W
02 N (%]
{ Hi1  Hiz } |:w1 } _ [ oo — Kpy (01 — 09) — Kn&
Hy  Ha W oo — Kpa(fa — 09) — K&
& =0, —0f
& =0, — 63

current values of 61, 05, wy, wy, &1, &

4

their time derivatives 61, 6, W1, wa, &1, &
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PD control (multiple desired values)

interval = [ O, 1;

gqinit = [0;0; 0;0];

thetad = [ pi/3; pi/6 1;

open_mechanism_2DOF_PD_ode = @(t,q) open_mechanism_2DOF_P
[timel, ql] = ode45(open_mechanism 2DOF_PD_ode, interval,

5
0

interval = [ 5, 10 ];

qinit = qi(end,:);

thetad = [ pi/4; -pi/6 1;

open_mechanism_2DOF_PD_ode = @(t,q) open_mechanism_2DOF_P
[time2, g2] = oded45(open_mechanism 2DOF_PD_ode, interval,

time = [timel;time2];
q = [q1;92];
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PD control (multiple desired values)

Result

15 T T

movie
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Report

Report #3  due date : Nov. 18 (Mon) 1:00 AM

Simulate the motion of a 2DOF open link mechanism under PID
control. PID control is applied to active joints 1 and 2. Use
appropriate values of geometrical and physical parameters of the
manipulator.
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Kinematics of 2DOF closed link mechanism

(x1,y1) (x3,y3)

joint 1, 3: active
joint 2, 4, 5: passive

01, 02, 03, Oy
rotation angles

T1, T3:
actuator torques

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Analytical Mechanics: Link Mechanisms

34 /57



Kinematics of 2DOF closed link mechanism

decomposition of closed link mechanism into open link mechanisms:
left arm  link 1 and 2

right arm link 3 and 4
end point of the left arm:

X1,2 X1 G Ciio
=| | = / /
12 [Y1,2} [Y1]+1[51]+2{51+2}

end point of the right arm:

X34 X3 G Cipa
= T = / /
X34 [h,z&} [Y3]+3[53]+4[53+4}
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Kinematics of 2DOF closed link mechanism

constraint vector: R
R = X12 — X34 = 0

components of vector R:

A
X=x1p0-x34=hC +hCip—hEG—14Cs+x — x3

A
Y = Yi2 — V34 = hSy + /251+2 — 1S3 — /453+4 +y—y
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Kinematics of 2DOF closed link mechanism

Jacobian of left arm:
Joo = { 8X1,2 8x172 :| _ |: 8x1,2/861 6x1,2/802 :|
12 00, 00, Oy12/001 Oy1/06,
_ { —hS — bS1o —hSipo }
hGi+hCio  hCyo

Jacobian of right arm:

Joo— | Oxsa Oxsa | | Ox34/003 Ox34/00
T 0 0 | | Oyse/005 Oysa/004

)

_ [ —BS3 — 145314 —13S344 }

hG+ hCra  hGaia
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Lagrangian
Lagrangian of the closed link mechanism:

L=Lip+L3s+ AR

L1, L34 Lagrangians of the left and right arms
A=[A, A/ ]" Lagrange multiplier vector

Lagrange equations of motion:

oL d oL
80172 dt@wlg
oL d oc

80374 B aaw374
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Contributions of £ 5

contributions of Lagrangian £, to the Lagrange egs:

— Hiowip + Ti2 + Tier

0
where

Hy o — _ o Jo + mo(I3, + hle2 )

e | L+ my (12, + hle2 G) b+ mol?,
S [ +hws + 2hpwiws + G + G

12~ L —h12w% + G2

o

Tleft = 0

*kk — Jl -+ m1/C21 + J2 + mg(/12 —+ /C22 + 2/1/52 Cg)
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Contributions of L34

contributions of Lagrangian L34 to the Lagrange egs:

0

— H3’4 L;J3,4 + T34 + Tright

where
H _ [ *kk J4 + m4(/§4 + /3/C4C4)
34 i J4 + m4(l624 + /3/C4C4) J4 + m4/f4
Taa — [ +h34w£ + 2h34w3w4 + G3 + G4
M i —h3aw3 + Gy
Tright = 75

*kk — J3 + m3/623 + J4 -+ m4(l32 + /C24 + 2/3/54C4)
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Contributions of AT R

since x3 4 is independent of ¢; and 0,

IR Ix, OR _ Oxip
06, 06y’ 00, 06,

contributions of AT R to the first Lagrange eq:

)\T(?R/ael [ AT8X172/891 - (8x172/801)T)\
)\TaR/&% i )\T5’x1’2/802 o (8x1,2/5’82)T)\

- I (8x1,2/891)T
i (6’x1,2/802)T :| A

r T
_ 6’x1,2 (9x1’2 :| A

96, 06,
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Contributions of AT R

since xp o is independent of 03 and 0,

OR o 8X374 OR o 8X3,4

03 903 00, 00,
contributions of AT R to the second Lagrange eq:
AT(?R/893 - —)\TaX374/893 - —(8X3,4/893)T)\
}\T@R/804 o —AT8X3’4/894 o —(aX3,4/894)TA

- | St oy |

B { Ox34 OX34 ]T)\

03 06,
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Contributions of AT R

contributions of constraint term AT R to the Lagrange eqgs:
T
oA
T
VP

where J; » and J; 4 are Jacobians:

J — |: _/151 - l251+2 _/251+2 :|
b2 hG +hGyo hGoo

Jus = [ —hS3 — 4S04 —14S344 }
34 BC3+ 1aCya 14Capa
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Lagrange equations of motion

—Hipwip + T+ Tier + J1T,2)‘ =0

- T
—Hs 4 w34+ T34+ Tright — J3,A =0

4

W34

w
Hio  Osxo —JlT,z} 1.2 _ [ T12 + Tleft }
A

L
Oxs2 Hsa J374 T3,4 + Tright
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Equation stabilizing constraint
constraint vector

R = X1,2(91, 92) - X3,4(93, 94)
time-derivative

p— 8X1’2w 4 3X1,2w _ aX3,4cu _ 8X3’4w
T 00, YT 0, 2 a0y > 00, °

. 3X1,2 8X1,2 wr | 8X3,4 aX3,4 w3
N 891 692 ) 693 894 Wy

= J1,2w1,2 - J3,4w3,4

second-order time-derivative

R = Jipwin + Jipwio — Lawss — S34w34
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Equation stabilizing constraint

dOxip  9Px12 0?12
dt 00, 06,00, " 96,00,
d dx1o  0x12 0?12
a3t 00, 00,00, " 96,00,
introduce Hessian matrices
[ ?x12  OPx12 ]
Quox = 00100, 00,00, | _ [ —hG — hCo —hGCyo }
. Px1o  OPxio i —hCiyr —hCii2
L 00,060, 00,00,
i 32}/1,2 82}’1,2 1
Quoy = 001001 060100, | _ [ —hSi— hSi12 —hSi }
= Py Pyia - —hSio —hS112
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Equation stabilizing constraint

_j w [ d 6x12 iaxl,g w1
VLT 4t 00, dt 06, ws

_ 8x12 +5’X12 8X12 _|_3X12 :|lwlj|
891891 691892 w2 892891 892892 w2
[ 62X1 2 2 + 82X1 2 82X1 2 L+ 82X172 w%
o 891801 8«91802 862861 00,00,
B 82)’1,2 2 82y1 2 0? Y12 0? Y12 2
| 96,06,“" " 96,00, " 56,00, T 56,00,

_ [ w1 w2 | Qua { w2 ] _ [ wip Quax Wi ]
[ w1 w2 } @2,y [ Z: ]

>
Wi Q12 w12
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Equation stabilizing constraint
similarly

-
. W34 Q3,4;x W3 4
J3,4<-’3,4 =

5
w34 Q34 W34

where Hessian matrices are

[ X34 0%x34

Qsay = 003005 005005 | _ [ —hG — 1,Ga —/4C3+4]
o Px34  0Px3a i —14C344 —14C344

| 00,004 00,00,

i 52}/3,4 32}/3,4

003005 005003 [ —hS3 — 1S3 —14S34a

Qsary = Pysa  Pysa - i 125314 —la53+4 }

L 004005 004004
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Equation stabilizing constraint

R+20R+a*R=0
U
w3T7 4 Q3,4;x w34

5
w34 R34y W34

+20(hpwr 2 — J34w34) + R =0

T
Wi Qi2x w12 .
— J4w34

=
Wi, Quay Wi

+ Jiowin — [

4
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Equation stabilizing constraint

[ —Ji2 Jza ] [ 31’2 } =C

3,4
where
T T
C— Wio Ql,z;x w12 W34 Q3,4;x w34
- T - T
Wio Ql,z;y Wi,2 W34 Q3,4;y w34

+20(hpwip — Jrawss) + R
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Dynamic equations for closed link mechanism

Combining Lagrange equation of motion and equation stabilizing
constraint yields

T .
Hio O — 12 w12 T12 + Tleft
T .
Oxso Hsa J3,4 w34 | = | T34+ Tright
—hpo ha O A

C

coefficient matrix is regular — we can compute w; through wy
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Physical Interpretation

J12 and J34 1 Jacobian matrices of the left and right arms
A= [A, Ay]" : constraint force
equivalent torques around rotational joints 1 and 2:

JT\ = M(—=hS1 — bSi12) + A (WG + hCiyo)
12 M(—hS142) + A b G

reaction force —A
equivalent torques around rotational joint 3 and 4:

T (—A) = A(BSs + 145354) + A (=BG — 1 Capa)
34 AclaSzia + Ay (=14 Caia)

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Analytical Mechanics: Link Mechanisms

52 / 57



PD control

= —KP1(91 - 9‘11) - KD191
T3 = —KP3(93 - 95’) — Kpsbs

Sample Programs

@ class Closed_Mechanism_Two_DOF

@ closed_mechanism_2DOF_PD.m
PD control of 2DOF closed mechanism

@ closed_mechanism _2DOF_PD _params.m equation of motion
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PD control

Result
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PD control
Result
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Report
Report #4  due date : Nov. 25 (Mon) 1:00 AM

Simulate the motion of a 2DOF closed link mechanism under PID
control. PID control is applied to active joints 1 and 3. Use
appropriate values of geometrical and physical parameters of the
manipulator.
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Summary

Open link mechanism
@ inertia matrix depends on joint angles

@ Lagrange equations of motion of open link mechanism

Closed link mechanism
@ two open link mechanisms with geometric constraints

@ synthesized from Lagrange equations of open link mechanisms

v
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