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Agenda

@ Open Link Mechanism
@ Kinematics of Open Link Mechanism
@ Dynamics of 2DOF open link mechanism

e Closed Link Mechanism
@ Kinematics of Closed Link Mechanism
@ Dynamics of 2DOF closed link mechanism
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Kinematics of 2DOF open link mechanism

two link open link mechanism

I length of link i

I; distance btw. joint i and
the center of mass of link /

m; mass of link i

J; inertia of moment of link /
around its center of mass

f; rotation angle of joint 1

0, rotation angle of joint 2
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Kinematics of 2DOF open link mechanism

position of the center of mass of link 1:

& Xa | _ G
Xd_{}’cl}_d[&}

position of the center of mass of link 2:

A | Xe2 G C1+2
e |:.yc2:| 1[51}+C2[51+2:|
orientation angle of link 1:
61

orientation angle of link 2:

01+ 6>
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Kinetic energy
velocity of the center of mass of link 1:
sl | 2]
angular velocity of link 1: )
01
kinetic energy of link 1:

1 . 1 -
Tl = Emllexcl -+ 5./1(9%

1 .
= §(m1/c21 + h)07
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Kinetic energy
velocity of the center of mass of link 2:
TR ! ; ; —S142
X2 = h6 |: G } + lea (61 + 62) |: Ciio
angular velocity of link 2: ) )
01 + 0
kinetic energy of link 2:
1 . 1, . .
T2 :§m2x‘j—zxc2 + 5./2(01 + 02)2
1 . . . . .
=§m2{/129§ + 1501 + 02)% + 211y o1 (61 + 62) 1+
1 . .
§J2(01 + 0,)?
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Kinetic energy
total kinetic energy
Leo o [ Ha Holf 6
T=T1i+To=-|06, 6 :
! 2 2[1 2}[Hm Hay 0>
where
H11 = J1 + ml/C21 + J2 + ITIg(/f + Ic22 + 2/1/C2C2)
H22 = J2 + m2lC22
Hi=Hn=h+ m2(l522 + hla )
inertia matrix
o | Hu Hip
HZ2
[ Hx1  Hax }
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Partial derivatives
Hi1 and Hi; = Ho; depend on 6s:
8H11 8H12 0H21 A
= —2h = =—h h1p = myhlsS,
00, 12, 90, o0, 12 ( 12 = Malile2 2)
Fiy = —2h1o6s,  Hip = Hoy = —hiobs
oT . . oT . .
—— = Hi01 + Hioby, —— = Hab1 + Hxb
0, 00,
doT . . . ..
——— = —Hy101 — H1101 — Hi205 — Hi20
dt 06, 1101 1101 1202 1202
= 2h120105 + h1s05 — Hi161 — Hi20,
doT L. . .. .
———— = —Hy0; — Ho161 — Hax — Honf
dt 06, 2101 101 2202 2202
= h12610> — H101 — Hxo0
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Partial derivatives
Hi1, Ha, and Hyp = Ho; are independent of 60

oT 1., . .[00][6: ] _
o8 2l ‘92]{0 0”9'2}’0
Hll and H12 = H21 depend on 02

OT 1. . . [ —2hy —hy ][ 6 : y
90, "2 [ 61 6] { —hp 0 b |~ —h1o6; — h12616,

contribution of kinetic energy:

oT doT
9, dtos,
aoT doT
9, dtod,

= 2/7129-16.'2 + h129§ - H11é1 - H12é2

= _h12é% - H21é1 - H22é2
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Gravitational potential energy
gravitational acceleration vector:

e 5
—&
potential energies of link 1 and 2:
Uy = _mlgTXch U= —m2gTXc2
potential energy:
U=Ui+ U,
contribution of potential energy:
ou ou
—— =G+ G —— =G
o0, 1+ Go, a0, 2
where

Gy = (Ml + maly)g’ [ 31 ] . Gy=mylog’ [ —Su2 ]
C1 C1+2

Work done by actuator torques
work done by 7; applied to rotational joint 1:
7161
work done by 7, applied to rotational joint 2:
T20>
work done by the two actuator torques:
W = 101 + 126,

contribution of work:
ow ow
801 = T1, -

Lagrange equations of motion
Lagrangian:
L=T—-U+W

Lagrange equations of motion

oL _doc
00, dtod,

oL _doL
0, dtoh,

9/57

10 / 57

11/ 57

let w, 2 91 and wy E 92:
— Hiwi — Hippws + huw§ + 2hpwiws + G+ G+ 11 =0
— H22u-}2 — ngo'.zl — hlzw% -+ G2 + 71 = 0

12 /57

Lagrange equations of motion
canonical form of ordinary differential equations:

9:1 | W
92 - %]
|: H11 H12 :| [ (;}1 :| _ l: h12w§ + 2h12W1W2 + Gl -+ Gz -+ T1

H21 H22 C:.)Q —hlgw% + GQ —+ T

state variables: joint angles 0y, 6> and angular velocities wy, w»

the inertia matrix is regular — 2nd eq. is solvable
— we can compute w; and w;

01, 6>, wy, wy are functions of 0y, 05, wq, wo

¢

we can sketch 61, 05, w1, wo using an ODE solver.

[Shinichi Hirai (Dept. Robotics, Ritsumeikan [ Analytical Mechanics: Link Mechanisms

Sample Programs

@ class Link

@ class Link_Cylinder

@ class Open_Mechanism_Two DOF
@ class Closed_Mechanism_Two_DOF

class Link_Cylinder is a subclass of class Link
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Sample Programs
file Link.m

classdef Link
properties
length;
length_center;
mass;
inertia_of_moment_center;
inertia_of_moment;
end
methods
function obj = Link (1, lc, m, Jc, J)
obj.length = 1;
obj.length_center = Ilc;
obj.mass = m;
obj.inertia_of_moment_center = Jc;
obj.inertia_of_moment = J;
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Sample Programs

Sentence
>> linkl = Link(2, 1, 0.0157, 0.0052, 0.0210)

builds a link with / =2, [. =1, m = 0.0157, J. = 0.0052, and
J =0.0210.

>> link1
linkl =
Link properties:
length: 2
length_center: 1
mass: 0.0157
inertia_of_moment_center: 0.0052
inertia_of_moment: 0.0210

>>
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Sample Programs
building two cylindrical links of length 2, radius 0.05, and density 1
len = 2.00; radius = 0.05; density = 1;

len_c = len/2;

m = density * len * (pi*(radius)”~2);
Jc = (1/12) * m * (3*radius”2 + len"2);
J=Jc +m* (len - len_c)"2;

linkl = Link (len, len_c, m, Jc, J);
link2 = Link (len, len_c, m, Jc, J);

>> link1
linkl =
Link properties:
length: 2
length_center: 1
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Sample Programs
building two cylindrical links of length 2, radius 0.05, and density 1
len = 2.00; radius = 0.05; density = 1;

linkl = Link_Cylinder (len, radius, density);
1link2 = Link_Cylinder (len, radius, density);

>> link1
linkl =
Link_Cylinder properties:
radius: 0.0500
density: 1
length: 2
length_center: 1
mass: 0.0157
inertia_of_moment_center: 0.0052

inertia_of_moment: 0.0210
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Sample Programs

building an open mechanism consisting of two links
base = [0; 0];

grav = [0; -9.8];

robot = Open_Mechanism_Two_DOF (linkl, link2, base, grav)

>> robot
robot =
Open_Mechanism_Two_DOF properties:
linkl: [1x 1 Link_Cylinder]
1link2: [1x 1 Link_Cylinder]
base_position: [2x 1 double]
gravity: [2x 1 doublel

thetal: []
theta2: []
omegal: []
omega2: []
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Sample Programs

setting joint angles and angular velocities

theta = [ pi/3; pi/6 1;

omega = [ 0; 0 ];

robot = robot.joint_angles (theta, omega);

>> robot
robot =
Open_Mechanism_Two_DOF properties:
linkl: [1x 1 Link_Cylinder]
link2: [1x 1 Link_Cylinder]
base_position: [2x 1 double]
gravity: [2x 1 double]
thetal: 1.0472
theta2: 0.5236
omegal: 0
omega2: 0

. N aYaYa
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Sample Programs

calculating inertia matrix and torque vector
[ mat, vec ] = robot.inertia_matrix_and_torque_vector

H11 H12 h12w§ + 2h12w1w2 + Gl + Gz
t = , =
e { Hx  Hx vee —hpw? + Gy

Note vec does not include 71 or 75.

Solving
mat w = vec + T

where 7 = [y, 72]", yields angular acceleration w.
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Driving by external torques

Sample Programs

@ open_mechanism 2DOF _external torques.m
2DOF open mechanism driven by external torques

@ open_mechanism _2DOF _external torques_params.m
equation of motion
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Driving by external torques

Result

1

Driving by external torques
Result
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PD control

71 = —Kp1 (01 — 07) — Kpi6s
T2 = —KP2(92 - 95) — Kpat>

9:1 | w1

92 B [%%]
H11 H12 (*-Jl — T KPl(Hl - ‘9‘11) - KDlwl
H21 H22 U.)2 T KP2(62 - 92d) - KD2W2

current values of 0y, 65, wy, w»

4

their time derivatives él, 92, w1, Wy
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PD control

Sample Programs

@ open_mechanism 2DOF_PD.m
PD control of 2DOF open mechanism

@ open_mechanism 2DOF _PD _params.m
equation of motion
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PD control

Result

14

08 -

06

04t

02
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PD control
Result
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Pl control

71 = —Kp1(61 — 9?) — Kn /Ot{(el - 9;’(7)} dr

T

N

t
= —Kpz(f2 — 93) - KI2/ {(62 — 93(7)} dr
0
Introduce additional variables:
t
&2 [ {60t ar
A R
&2 [ {0~ 04(r)) ar
0

5.1 =0 — 937 L= —KP1(91 - 9?) - Kn&
&=0,—05, 7n=—Kpa(0h —05) — K&
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Pl control

4

9:1 _ | W
92 n w2
{ Hii Hi } |:":}1 } _ [ oo — Kp1(61 — 6§) — K&
Hx  Hax W oo — Kpa(02 — 09) — Kioka
G1=0,—0f
& =10,—03

current values of 61, 65, wy, wy, &1, &

4

their time derivatives 61, 65, 61, o, &1, &
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PD control (multiple desired values)

interval = [ 0, 5 ];

qinit = [0;0; 0;0];

thetad = [ pi/3; pi/6 1;

open_mechanism_2D0OF_PD_ode = @(t,q) open_mechanism_2DOF_P
[timel, ql1] = ode45(open_mechanism_2DOF_PD_ode, interval,

interval = [ 5, 10 1;

gqinit = ql(end,:);

thetad = [ pi/4; -pi/6 1;

open_mechanism_2DOF_PD_ode = @(t,q) open_mechanism_2DOF_P
[time2, q2] = ode45(open_mechanism_2DOF_PD_ode, interval,

time = [timel;time2];
q = [q1;92];
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PD control (multiple desired values)

Result

15

movie
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Report
Report #3  due date : Nov. 18 (Mon) 1:00 AM

Simulate the motion of a 2DOF open link mechanism under PID
control. PID control is applied to active joints 1 and 2. Use

appropriate values of geometrical and physical parameters of the
manipulator.
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Kinematics of 2DOF closed link mechanism

joint 5
I joint 1, 3: active
64  joint 2, 4, 5: passive
nk 4
joint 2 o (04, 05, 03, 04
joint4 @ .
rotation angles
y link 1 link 3 By, s
joint 1 03 actuator torques

O\
(x3,y3)

O\
(x1,y1)
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Kinematics of 2DOF closed link mechanism

decomposition of closed link mechanism into open link mechanisms:
left arm  link 1 and 2
right arm  link 3 and 4

end point of the left arm:

X1,2 X1 G Ciio
= | = / /
%12 [}’1,2} [}/1:|+1[51}+2[51+2]

end point of the right arm:

X3,4 X3 C3 C3+4
= ’ = l /
X34 {}’3,4} [Y3}+3[53}+4{53+4]
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Kinematics of 2DOF closed link mechanism

constraint vector: N
R=x15—-x34=0

components of vector R:

A
X=x12-x34=hC+hCi2—5EG~-LGtx—x

A
Y = Y12 = Y34 = hS + /251+2 — kS; — /453+4 + -y
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Kinematics of 2DOF closed link mechanism

Jacobian of left arm:
o= [ 8X172 aXLQ :| o {8}(13/801 8X1,2/892 :|
12 00,1 00, Oy1,2/001 Oy12/06,

[ ~hSi—hSie —hSi
L hG +hGio hGao

Jacobian of right arm:

s =
3 003 00, 0y34/003 Oys3.4/00a

_ [ —hS; — /453+4 —l453+4
| BG+hGra  LGia

[ BX374 8X3,4 :| _ |:6X374/893 6X3y4/8€4 :|

Shinichi Hirai (Dept. Robotics, Ritsumeikan | Analytical Mechanics: Link Mechanisms 37 /57

Lagrangian
Lagrangian of the closed link mechanism:

L="L1s+ L3+ AR

L1, L34 Lagrangians of the left and right arms
A=[XA, A/]" Lagrange multiplier vector
Lagrange equations of motion:
oL d oL
00,5, dtdwi,
oL d oc

803’4 B aaw“ -
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Contributions of L »

contributions of Lagrangian £, to the Lagrange egs:

— Hipwip+ T+ Tier

0

H _ *okk J2 + mz(lfz + lllc2C2)
Y27 b my(% 4 hleG) I+ myl?,
Tio = |: +h12&)§ + 2h12&)1&}2 + Gl + GZ :|

*hlzw% + G2
1
Tleft = |: 0 :|

rokk — Jl + mllfl + J2 + I‘l’72(l12 + lc22 + 2l1/c2C2)
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Contributions of L34
contributions of Lagrangian L34 to the Lagrange egs:
0

— H34 w34 + T34 + Tright

where
H _ *Ex J4 + m4(/624 + /3IC4C4)
BT Jo 4 ma(I2 + s Cy) 4+ ml?,
P +h3aw? + 2hzawsws + G3 + Gy
- —h3sw} + Gy
Tright = |: 7(-)3 :|

Rk — J3 + IT)3IC23 + J4 + m4(l§ + /c24 + 2/3/C4C4)
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Contributions of AT R Equation stabilizing constraint

since X3 4 is independent of ¢; and 6, constraint vector
% B 8x172 % _ 8x1,2 R= X1,2(91792) - X3,4(93794)
06, 06, 06, 06, time-derivative
contributions of AT R to the first Lagrange eq: R= 3(;(911,2“}1 38);12,2“}2 — 8(;(;;4% — aaxgrw
[ ATOR /06, } _ [ AT0xq /96, } _ { (9x12/961) T A } [ Oxp Oxip | [ wr Ox3a Oxsa | [ ws
)\TOR/892 )\T8X1’2/892 (8X1’2/892)T)\ - 691 862 Wy - 693 694 Wa
— [ (8x112/891)1 } by = Jipwip — S4wss
(0%1.2/002) . second-order time-derivative
= [ 3(;;1,2 a(;;l: } A R = j1,2w1,2 + J1,2d)1,2 - -j3,4w3,4 - J3,4d)3,4
= JIT oA
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Contributions of AT R Equation stabilizing constraint
since xy 5 is independent of 65 and 6,
d Ox; 0 x 0Px
OR Ox: OR Ox: doxip 1,2 1.2
=T S e dt a6, 00,00, " 90,00,
: } N ¢ gaxlﬁ B 82X1,2 w 62X1,2 w
contributions of AT R to the second Lagrange eq: dt 00, 00,00, " 00,00, *
)\TaR/893 —)\T8x3 4/893 —(8X3 4/893)T)\ introduce Hessian matrices
[ ATOR /90, } - [ ~XT0x34/00, } - [ —(0x3.4/002) A [ Pxip Pxp ]
—(0x3.4/003)T Quan — 8021891 6921802 _ [ ~hC —hCyr —hCi ]
T | —(0x34/004)T A - Fxip Oxp —hCiio —hCiy
P 9 T L 00,001 06,00, |
=— [ 8)(93,4 8)(93‘4 } A [ 82}’1,2 62)’1,2 i
- 3 4 Quo = 001001 96100, | _ | —hS1— bS5z —hSi2
= —J4A i Py Pyip —hS112 —hS142
L 00,001 060,00, |
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Contributions of AT R Equation stabilizing constraint
contributions of constraint term AT R to the Lagrange egs:
T : [ d ox d Ox:
_Ei hanz = | at o0, at azalj } [Z:J 2
where J;, and Js 4 are Jaco:)i;ns: s s = i gel)gglwl + (,?91);’922@2 59;;;1 wy + ;)0;;;2”2 ] [ Z: }
Jip = { _/11Cll+_/22Cll;2 _I;C 1:2 } B ;:;g;lwf ;;ngwlwz + ;0:5’921@20.11 + ;::algzwg
— — — - 2 2 2 2

[ w1 w2 ] Q12x 1 T
’ %) W) Q1,2;x w12

— = 5
w1 |: wy, Q1 2,y W12 :|
w1 Wy Ql,2;y 1,2 2y R
w2
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Lagrange equations of motion Equation stabilizing constraint
similarly
: T ; w3, @3,4,x W34
—H1’2 w12+ T12 + Tt + lez)\ =0 J3awsa = :_”r:4 WX EE 3y
—Hs 4 W34+ T30 + Tright — J3T4)\ =0 W3y Qs4y w34
where Hessian matrices are
U’ [ 82X3’4 82X3,4 i
Hiz O _J1-|:2 :’1,2 [ Tt Ter Qs — 88923893 88923893 _ [ —/3C3I—C/4C3+4 —;4g3+4 ]
Oz Hya )3‘,4 = | Tan + Toght X34 X34 —l Gy —1a G314

00,005 00,004
82}’3,4 32)’3,4
003003 003003 | [ —BSs — I4S314 —14Ss514 }
a2}’3,4 82}/3,4 B —/453+4 —/453+4

00,00, 004,00,

Q3,4:y =
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Equation stabilizing constraint

R+2aR+a*R=0
3
“"3T,4 Q3,4;x w34

T
W34 Q34 W34

+2a(J1’2w1,2 - J3’4(.U3,4) + Oé2R =0
I

T
W12 Ql,2;x Wi 2 .
- J3,4w3,4

T
Wio Q12 w12

+ Jrpwio — |:
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Equation stabilizing constraint

[ —J172 J3’4 } [ 91’2 :| =C

w34

where

T T
C— W12 Q1 2x W12 W3y R34 W34
- T - T
Wy, Quay w2 w34 @3y w3s
2
+2OC(J112(4J1,2 — J3,4(.U3’4) +« R
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Dynamic equations for closed link mechanism

Combining Lagrange equation of motion and equation stabilizing
constraint yields

- .

Hiz Oaxa —Jio wip T12 + Teeft
L .

Ooxo Hsa J3,4 w34 | = | T34+ Tright

—h2 ks O A (o

coefficient matrix is regular — we can compute w; through wy
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Physical Interpretation

J12 and J34 : Jacobian matrices of the left and right arms
A=)\, A/]" : constraint force
equivalent torques around rotational joints 1 and 2:

T — Ac(=hS1 = bS12) + A (WG + b Ci2)
12 A(=hS142) + Ay Ciypr

reaction force —A
equivalent torques around rotational joint 3 and 4:

JT (—A) _ )\X(I3S3 + /453+4) + /\y(—/3C3 _ /4C3+4)
3 AclaSzia + Ay (—1aCata)
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PD control

71 = —Kpy (61 — 05) — Kpa6:
T3 = —KP3(93 - 9;) - KD393

Sample Programs

o class Closed_Mechanism_Two_DOF
o closed_mechanism_2DOF_PD.m
PD control of 2DOF closed mechanism
@ closed_mechanism 2DOF_PD_params.m equation of motion
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PD control

Result
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PD control
Result
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Report
Report #4  due date : Nov. 25 (Mon) 1:00 AM

Simulate the motion of a 2DOF closed link mechanism under PID
control. PID control is applied to active joints 1 and 3. Use
appropriate values of geometrical and physical parameters of the
manipulator.

(x1,y1) (x3,y3)
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Summary

Open link mechanism
@ inertia matrix depends on joint angles
@ Lagrange equations of motion of open link mechanism

Closed link mechanism
@ two open link mechanisms with geometric constraints

@ synthesized from Lagrange equations of open link mechanisms
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