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Abstract

In this article, we apply the parametrix method in order to obtain the existence and the
regularity properties of the density of a skew diffusion and provide a Gaussian upper bound.
This expansion leads to a probabilistic representation.
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1 Introduction

A skew diffusion is the unique solution of the following one dimensional stochastic differential
equation (SDE) with local time:

Xi(z) =z + /Ot b(X,(z))ds + /Oto(Xs(as))dI/Vs + (20— 1)LYX), t>0,a € (0,1), (1)

where W = (W;);>0 is a one-dimensional standard Brownian motion and L°(X) = (L?(X));>0 is
the symmetric local time of X at the origin. Here, we will assume that b is bounded and measurable
and o is uniformly elliptic, bounded and a? = ¢ is a Hélder continuous function.

Suppose that b = 0 and o = 1, then the solution of (1) is called the skew Brownian motion.
Harrison and Shepp [8] prove that if |2 — 1| < 1 then there is a unique strong solution and if
|2ac — 1| > 1, there is no solution. The idea of the proof is a transformation technique to relate (1)
with another stochastic differential equation without local time.

The equation (1) is linked with various applications as can be seen in Lejay [14] and the
references therein. For example, Lejay and Martinez [15] introduce a numerical scheme for a skew
diffusion, which is based on the simulation of skew Brownian motion. Martinez and Talay [16]
prove that the expectation of a skew diffusion is a solution to a parabolic type partial differential
equation with interface conditions at zero. They also introduce a transformed Euler scheme and
provide the weak convergence rate for their numerical scheme. Another approximation scheme
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for a skew diffusion is introduced by Etoré [4] using a random walk approach. In [5], Etoré and
Martinez introduce an exact simulation scheme for skew diffusions when the diffusion coefficient is
constant.

Gairat and Shcherbakov in [7] give explicitly the joint density function of a skew diffusion with
constant diffusion coefficient and some of its functionals. They apply their results to a mathematical
finance model of stock prices with switching coefficients.

In this paper, our goal is to show that one can apply the parametrix method for stochastic
differential equations of the type 1 and provide a probabilistic representation for the density. The
other goal of this paper is to show as one possible application of this result that a Gaussian upper
bound for the density exists and the differentiability of this density with respect to the initial
variable z. The main mathematical difficulty we have to face is the fact that we have to deal with
the local time term appearing in the equation (1).

The parametrix method (cf. Friedman [6]) is a classical method in order to construct funda-
mental solutions for parabolic type partial differential equations using a “Taylor-like” expansion
argument. This method allows for coefficients to be less regular than in the Malliavin Calculus
approach for the study of the density. On the other hand, this methodology is restricted to situa-
tions where the underlying process is Markov. As a sample of recent developments of this method,
we refer the reader to Menozzi [17], Foschi et al [3] and the references therein.

Bally and Kohatsu-Higa [2] introduce the parametrix method using a semigroup approach and
obtain the probabilistic representation for the density of the solution to a diffusion equation or for
Lévy driven SDEs. They consider two kinds of parametrix methods already considered in [3]: the
first one is called “forward parametrix method” and second one is called “backward parametrix
method”. In order to construct a forward parametrix expansion for diffusion process, we need
to assume that the coefficients are CZ. On the other hand, a backward parametrix expansion
converges if the drift coefficient is bounded and measurable and diffusion coefficient is bounded,
uniformly elliptic and Holder continuous.

To simplify the discussion, we will only consider the backward parametrix method. When
one applies the parametrix method for the semigroup of diffusion equations, one uses the Euler
scheme with coefficients evaluated at the arrival point of the density as the approximation process,
in order to obtain the expansion for the semigroup around this approximation process.

For a skew diffusion case, we will take a generalized version of the skew Brownian motion (see,
(10)) as “approximation process”. The reason for this choice instead of the usual Euler scheme is
because the latter is probably not suitable for this argument and that the density function of skew
Brownian motion can still be written explicitly.

The parametrix expansion leads to a probabilistic representation for the density function of
skew diffusions and therefore also provide a representation for the expectation of f(Xr(z)) for
certain classes of functions f. Such a probabilistic representation can be used for many purposes,
notably for Monte Carlo simulation or as an extension of the classical infinite dimensional analysis
known as Malliavin Calculus. These and other applications such as lower bounds, differentiability
with respect to time will be discussed elsewhere.

Finally, we note that our results for a skew diffusion process can also be extended to a diffu-
sion process with dis-continuous coefficients by using the relation between the two processes (see
Proposition 2.7).



This article is divided as follows: In Section 2, we give the notation and assumptions used
throughout the paper. We will introduce the definition of the symmetric local time for continuous
semi-martingale and the skew Brownian motion. We will also see the relation between skew
diffusion and a SDE with discontinuous diffusion coefficient with an explicit construction of the
skew diffusion flows. In Section 3, we obtain the generator associated with X and its domain
of definition. In Section 4 we will give some key estimates in order to construct a parametrix
expansion for a skew diffusion based on skew Brownian motion. In Section 5, we provide the
parametrix method for the skew diffusion process using the semigroup approach to prove existence
and Gaussian upper bound for its density function. Our main result is given in Theorem 5.1. In
Section 6, we will show a regularity of the density function for a skew diffusion obtained in Section
5. This gives our second main result in the form of Theorem 6.1. In Section 7, we provide our
probabilistic representation for the density of a skew diffusion process which based on a parametrix
expansion. In a short Appendix, we provide an explicit calculation for beta type integrals.

2 Preliminaries

2.1 Notations and assumptions

We give some basic notations and definitions used throughout this paper. For a sequence of
operators (S;)i=1,...n, we define [[;, S; = S1...S, and Hllzn S; = S,...51. S* will denote the
adjoint operator of the operator S. The space of real valued infinitely differentiable functions
with compact support contained in R is denoted by C°(R). Similarly, L>°(R) denotes the space
of all bounded measurable functions with the norm ||f||oc := esssupgcgr|f(z)]. We define Ry :=

R\ {0}. We denote by gf the density function of the standard Brownian motion with variance
2
Y

¢, e, gi(y) = T Y € R. The associated Hermite polynomials are defined respectively
as H;(y,ct) == gf(y) '0,9{(y), i € N. We define the Mittag-Leffler function E, s defined as
Eop(z) =32, 1“(#15)’ z € R,a, 8 > 0. Throughout this paper, we will use o := T as a fixed
time where the densities will be evaluated.

We now state our main hypothesis on the coefficients of the SDE (1).

Assumption 2.1. The measurable functions b and ¢ : R — R satisfy the following conditions:

(i) o is a positive, bounded and uniformly elliptic function. In particular, there exist positive
constants @ and a, such that for any z € R, a < a(r) := o%(z) < @.

(ii) b is bounded and a = o2 is n-Holder continuous for some n € (0, 1], i.e., there exist a positive
constant K such that

a(z) —a
sup |[b(z)] +  sup 7| (z) W)l
z€R z,yER,x#y |$C - y|77

Remark 2.2. If ¢ is continuous and uniformly elliptic, then o is either positive or negative. If o
is negative, we can replace the Brownian motion W; by —W;. Therefore, the assumption that o is
positive is only for convenience.



Through the article, the constants C' and ¢ may change from line to line, where C' may depend
on (K,«,a,a,n) and ¢ may depend on («,a@). As a particular constant with explicit dependence

on time, we use the notation Cr := C(1 + Tan).

For solutions of SDE’s, we write X;(z) or X; indistinctly to denote the solution process.

2.2 Construction of the solution flow process X

In this section, we give a specific construction of the solution for (1) using a transformation method.
The arguments of this section have an intersection with parts in Lejay [14] and Kulik [12]. We give
them here for the sake of completeness so that the reader may follow easily the arguments.

Let us consider a probability space (£, F,P) with a filtration (Ft)>0 satistying the usual
conditions. We first recall the definition of symmetric local time for a one-dimensional continuous
semi-martingale Y = (Y});>0. A stochastic process (L{(Y)):>o is called the symmetric local time
of Y at a € R if it satisfies

t
Yool =l —al+ [ (10 > 0) = 10% < a)avs + L),
0

By It6-Tanaka formula, the symmetric local time of ¥ exists and is unique (see, e.g. Karatzas and
Shreve [9], Section 3.7).

Let us consider the one-dimensional stochastic differential equation
t
2 ==+ [ o)W,z € Rt 20, 2)
0
on the probability space (2, F,P). In this section, we prove that the mapping z — Z;(z) is

continuous for any ¢t > 0. We will use this in the proof of Proposition 5.6.

Theorem 2.3. Assume that p is a measurable function and that there exist positive constants
co > 1 such that for any z € R, cal < p?(z) < cp. Then there exists a weak solution for the SDE
(2) and the uniqueness in the sense of probability law holds. Moreover if p is continuous on Ry
then the mapping z — Z;(z) is continuous for any ¢ > 0 and z € R almost surely.

In order to prove the above theorem, we first introduce the result of Engelbert and Schmidt.

Lemma 2.4 ([9], Theorems 5.5.4 and 5.5.7). The stochastic differential equation (2) has a non-
exploding weak solution if and only if

I(p) € Z(p),

where

€ d
I(p) := {z € R| B Wiy) = o0, Ve > O} and Z(p) ;= {z € R|p(z) = 0}.

Moreover, the SDE (2) has a weak solution and is unique in the sense of probability law if and
only if



The explicit construction of this unique solution will be used in what follows. For explicit
details, we refer the reader to [9], Chapter 5.

Let B = (B, Gt)i>0 be a one dimensional Brownian motion on some probability space
(@, F,P') and assume without loss of generality that the filtration G := (G;);>0 satisfies the
usual conditions. For (s, z) € [0,00) x R, we define

® du
= ), mEr Ry

Then Ts(z) is strictly increasing and continuous with respect to s. Furthermore, from Problem
3.6.30 [9] (using the uniform ellipticity condition), we have that

liTm Ts(z) = 00, a.s.

Define A.(z) as the inverse of T'(z), i.e.,
Ay(z) = inf{s > 0|Ts(z) > t}.
From Problem 3.4.5 (v) in [9], A:(2) is a G-stopping time. We set

Mt(Z) = BAt(z)v Zt(Z) =z + Mt(Z), .Ft = gAt, 0 S t. (3)

Then there exists a Brownian motion W = (W, ]:_t)tzo on an extended probability space (€, F, ]f”)
such that

¢
Zi(z) =24+ M(z) =z —|—/ p(Z(2))dWs, 0 < t, P-a.s.
0

This means that (Z(z),W) is a weak solution to the SDE (2). Using these notations, we prove
Theorem 2.3.

Proof of Theorem 2.3. Since p is bounded and uniformly elliptic, we have from Lemma 2.4 that
there exists a weak solution and uniqueness in the sense of probability law holds.

Now we prove that the mapping z — Z;(z) is continuous for any ¢ > 0 almost surely. From
(3), it suffices to prove that z — A(z) is continuous for any ¢ > 0. In order to obtain that result,
we first need to prove that z — T3(z) is continuous.

Fix z € R. We take a sequence (zx)geny which converges to z. Then for given 6 > 0, there
exists K € N such that for any k > K, |z — z| < §. Moreover, for any € > 0 and k > K we have
that

t

I 1
|Tt(z) — Tt(zk)\ <— / 1(_875)(2 + Bu)du + — ]_(_575)(?:]f + Bu)du
0 0

Co Co
+ /t 1(—5,5)“(3 + Bu) . ]-(—s,s)C (zk + Bu) du
o | P2+ Bu) p*(21 + Bu)
2 [t ¢ 1(—5 E)C(Z-i-Bu) ]_(_E E)C(Zk+Bu)
<— 1 B, du+/ : — ’ du, 4
“ ¢ Jo Aes(Bu) 0 p*(2 + Buy) p?(2k + Bu) @




where A; 5 := (—e — 0 — 2,6 + 0 — z). Since p is continuous on Ry, the second term on the right
hand side of (4) converges to 0 as k — oco. Therefore, we have

9 ot
limsup |T3(z) — Ti(zx)| < —/ 14, ;(By)du.
0

k—o0 €o

Since e, > 0 are arbitrary, by taking limits as €, § tend to 0, we have from the occupation formula
(see [9], Problem 3.6.7),

2 [ 4
limsup |T3(z) — Ty (2x)] < —/ 1(By, = —2)du=— [ 1(y=—2)L{(B)dy =0, a.s.
k—o0 o Jo o Jr
Therefore we conclude that limg_,o [T3(2) — Tt(2x)| = 0 a.s. Note that the right hand side of (4)
is increasing with respect to ¢. Therefore, we also have that z — T3(z) is continuous for any t > 0
a.s.
Next we prove that for fixed tg > 0, z — A¢(z) is continuous for any t € [0,%9/co]. We first
note that since p is uniformly elliptic we have for any z € R,
to

a S Tto (Z)

Since Ty(z) is strictly increasing with respect to ¢ > 0, it holds that for any (¢,z) € [0,to/co] X R,
At(z) < Ato/co (Z) < ATtO(Z)(Z) = tO'

Fix (t,2) € [0,t0/co] x R. We take a sequence (zx)ren which converges to z and define s := A;(z)
and sy := A;(z). Note that s, sy € [0,to] for any k € N. Now, we assume by contradiction that
sk does not converge to s. Then there exists €9 > 0 such that for any n € N, there exists k, > n
such that |sg, — s| > €p. On the other hand, (si, )nen is a sequence on the compact set [0, to].
Therefore there exists a sub-sequence (s, (m))men Of (&, Jnen such that limy, oo g, (m) = 8" # 5.
Since lims_y; sup e |73 (2) — Ts(2)| = 0 then Ti(z) is continuous in time uniformly for z € R. This
result together with the continuity of T;(z) with respect to z gives the joint continuity of T3(z) for
(t,2) € [0,00) X Rg. Therefore we conclude

TS (Z) = TAt(Z) (Z) = t = TAt(Zk"('m))(zkn(m)) = Tskn(vn) (Zk'n(m)) = hm Tskn(nL) (ka(m)) = TS/ (Z)'

m—r o0

Since Ti(z) is strictly increasing with respect to ¢, we conclude s = s’. This is a contradiction,
so A:(z) is continuous with respect to z for any t € [0,tp/co] a.s. Furthermore, as tg is arbitrary,
A¢(z) is continuous with respect to z for any ¢ > 0 a.s. Therefore the conclusion follows from
(3). O

Now we consider the following one-dimensional stochastic differential equation with drift
t t
Zi(z) =z —l—/ w(Zs(z))ds +/ p(Zs(2))dWs, z € R. (5)
0 0

We introduce the method of removal of drift coefficient introduced in section 5.5 B in [9].
Assume that



(ND) : p?(2) >0, z € R,

)l
(LI) : Vz € R,3¢ > 0 such that / 5 dy < 00
se P2Y)

For some constant ¢ € R, we define the scale function

p(2) = /:exp (—2/; ;‘2((;)) dr) dy, z € R. (6)

The function p is continuous with strictly positive derivative and its second derivative, p”, exists
and satisfies

Moreover the function p : R — (p(—o0), p(c0))) has a continuous and differentiable inverse function
q: (p(—0),p(c0))) = R. Then the following proposition holds:

Proposition 2.5 (Proposition 5.5.13 [9]). Suppose that (ND) and (LI) hold. A stochastic process
Z = (Zy, Fi)i>0 is a weak (or strong ) solution of equation (5) if and only if the stochastic process
Y = (Y := p(Z), Fi)e>0 is a weak (or strong ) solution of the equation

t
Yi=yo + / FY)AW,,
0
where

(p(—00),p(c0)))

q(y))p(a(y)) ifﬁ € (p(—00),p(c0))),
otherwise .

<
(=)

I
=
N
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m
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Theorem 2.6. Assume that p is bounded, measurable and that p is a measurable function such
that there exist positive constants ¢y > 1 for which ¢y b < p? (2) < ¢ for any z € R. Then there
exists a unique weak solution of equation (5). Moreover if p is continuous on Rg then the mapping
z — Zy(z) is continuous for any ¢ > 0 and any z € R almost surely.

Proof. Under the assumption, p and p satisfy the conditions (ND) and (LI). Therefore from Propo-
sition 2.5 and Theorem 2.3, it suffices to show that g is bounded uniformly elliptic and continuous

on Ry. Since b is bounded and p is bounded and uniformly elliptic, we have p(—o0) = —co and
p(00) = oo and p’ is bounded and uniformly elliptic. Therefore p is bounded and uniformly elliptic.
If we choose ¢ = 0 in (6), then p(0) = ¢(0) = 0. Hence p is continuous on Ry. O

Clearly, from the above statement one also obtains that the process Z is a Markov process.

We will prove that the skew diffusion (1) has a unique (weak or strong) solution by using an
equivalent SDE without reflection. To this end, fix a € (0, 1) and we define the following functions:

sqa(x) := (1 — a)xl(z > 0) + arl(x < 0),



X

ro(z) =5, (2) = 1(m20)+£1(z<0),

(1-a)
fulz) = P=5al®) ; Disal® _ 1 )i > 0) +al(z <0) + %1(:5 =0).

Here D_ and Dy denote the left and right derivatives, respectively. Note that f, o ro(x) =
fa 0 5qa(x) = fo(x). Using these notations, we have the following result.

Proposition 2.7. Suppose that a € (0,1), and that Assumption 2.1 is satisfied. Define the
coeflicients

1(z) = fal2)b(ra(2)) = (1 — a)b <1za> 1(z > 0) + ab (2) 1z < 0)+ 29

1(z =0).
Similarly, p(z) := fa(2)o(ra(2)). Then there exists a unique solution for the equation

Zi(z) == +/0 M(Zs(z))d5+/0 p(Zs(2))dWs, z € R. (7)

Furthermore this solution defines an a.s. continuous flow z — Z;(z) for all ¢ > 0. Define X;(z) :=
ro(Zy(2)) with z = sq(x). Then X = (X;(z))¢>0 is a solution of the SDE (1). Similarly, if X is a
solution of (1) then Z = (Z;)i>0 = (sa(X¢t))e>0 is the solution to (7) and the flow  — X;(x) is
a.s. continuous for all ¢ > 0. In particular, for any bounded measurable function f,

Elf(Xz(z))] = E[f o ra(Z2(2))]; 2z = sa(2).

Proof. The proof of the first part is straightforward, we just show that if X is a solution of (1)
then Z = s,(X) is the solution of (7).

By the symmetric It6-Tanaka formula (see, e.g. (32) of [14]), we have

Zy = 8a(Xt) = sa(z) + /t fa(Xs)dXs + & QQL?(X)

1-2
2

:Sa(x)+/()tfa(Xs d8+/ fa s dW +(2a—1 / foé dLO(X) aL?(X)

=sq(x) + /o faoraosa(Xs)b(ra(Zs))ds + /o faoraosa(Xs)o(ra(Zs))dWs

+ (20— D) - LX)

.y /fa ) ds+/fa Do (ra(Z,)dW,
ot /O W(Z,)ds + / p(Z.)dW,.

0

Since r, = s, 1, Z is a solution of (7) if and only if X is a solution of (1). The other statements
follow from Theorem 2.6. O

Remark 2.8. Nakao [18] proved that if p is positive and of bounded variation function on any
compact interval of R, then the pathwise uniqueness holds for SDE (7) (see Le Gall [13] for a
stronger result). Therefore similar statements can be made about existence and uniqueness of
solutions for (1).



3 The generator of X

Definition 3.1. Let o € (0,1). Let D(«) be the class of continuous bounded functions f: R — R
with bounded continuous derivatives f’ and f” on Ry such that f/(0+), f/(0—) exist and af’'(04) =

(1= a)f'(0-).

For measurable functions b and o, we define the differential operator L by

%f'”(:r), f € D(a),z € Ry. (8)

Define for any bounded measurable function f, the semigroup associated to the Markov process
X as Pif(x) := E[f(X¢(x))]. The next proposition shows that the infinitesimal generator of P is
L on D(a).

Proposition 3.2. Suppose that b and ¢ are bounded and continuous functions. Then the in-
finitesimal generator of (P;);>0 on D(«) is given by

Lim - =Lf(z),f € D(a),z € Ry.
Proof. If f € D(«), then f has a generalized second order derivative given by

ulde) = (@) — 221

f/(O—)50(dJ3),

where d, is a point mass measure at a € R. From here, it also follows that f is the difference of
two convex functions. Therefore, from the symmetric It6-Tanaka formula, the fact that f/(0+) =

%f’(o-) and the occupation time formula, we have for any = € R,
f(X / FXAX.+ 5 [ LX)

/f dW—|—/f s)ds + ( a—l/f X,)dL2(X)

/L"”(X)f”(:r)dx (20[—1 (0 )LO(X)

/f dW+/fXS)b

R
/f dW+/fXS s)ds + = /f”

1
2 2
/f ) dW, +/ (X s)ds+§/0 f(X)o?(X,)ds.



Since f’ and o are bounded, we have that the above stochastic integral has expectation zero and
therefore

LI

RI@) = )+ [ B o) rex) .

Hence we get

Pif(z) — fz) 1 [* / f"(Xs)o* (Xs)
t 25/0 E[b(Xs)f (X,) + =2 }ds
1 t
:2/0 P;Lf(x)ds.

Therefore we have by continuity of X with respect to the time variable that for = # 0,

bif(x) — f(x)

; —Lf(z)| < 1/: |PsLf(x) — Lf(z)|ds — 0, as t — 0,

Hence we conclude the proof. O
Remark 3.3. Note that the above proof also gives that

dP.f
dt

() = P.Lf(z), f € D(a), x € Ry, t > 0. (9)

4 Skew Brownian motion as the approximation process

We now define the approximation process that will be used in order to construct the parametrix
in the next section. This is a slightly generalized version of the skew Brownian motion. We refer
to [14] for general information about skew Brownian motion.

Proposition 4.1. Assume that o is a measurable function, z € R and « € (0,1). There exists an
adapted stochastic process X®# which is the strong unique solution of the stochastic equation:

X% =+ o(2)W + (2a — 1) LY(X 7). (10)
As o(z) > 0, then the density of X;"*, denoted by pj(x,y), exists and can be explicitly written in

separate cases as:
Case A: For z > 0,

pi@.y) = (g1 (y =) + 2a— 1gi (y+2)) 1y > 0) +2(1 - g/ (y = 2) Ly < 0).

Case B: For x < 0

pi(z,y) = (gf(z) (y—2) + (1 —20)/ (y + x)) 1(y < 0) + 2ag;™ (y — 2) 1(y > 0).

Furthermore pj (x,y) satisfies the following properties

10



e For any fixed z,y,z € R, p*(x,y) is a continuous function on (0, co).

e p7(-,y) is a Lipschitz continuous function whose derivative is continuous everywhere except
at = 0 where we have a0,p; (0+,y) = (1 — @)0,p; (0—,y).

e If a # 1/2, then for any (t,2) € (0,00) x R, the mapping y — p(x,y) is not continuous at
y = 0. Indeed, we have pf(x,0+4) = 2agf(z) () and pf(x,0—) =2(1 — a)gf(z) (x).

Define the semigroup associated to X*?*(x) as P?f(z) = P f(z) := E[f(X;"*(x))]. Then the
infinitesimal generator of P? on D(«) is given as

7*(z)

LFf(x) =LY f(x) = 5 " (z), f € D(a),z € Ry.

Proof. We have that

X o Gas DI oy (X0
0@ "o T T ek oz T 1’Lf<o<z>>'

This equation is a particular case of skew Brownian motion. That is,

X =a+ W+ (20 — 1) LY(X). (11)

The solution of (11) is called the skew Brownian motion with parameter . Harrison and Shepp
[8] showed that there is no solution if |2ae — 1| > 1. By Revuz and Yor ([19], Chapter 3, Exercise
1.16), the density of X with X§ = x is given explicitly. Then the density pf(x,y) is obtained
by doing a change of variables. The properties of pf(x,y) are obtained from the explicit formula
obtained and the statement about the generator is a particular case of Proposition 3.2. O

Remark 4.2. Assume that o(w) > A\g > 0 for any w € R. Let (X;"");>0 be the unique solution
of the stochastic equation (10). Define Z;"" := s,(X;""). Then from Proposition 2.7, (Z;""):>0
is the solution to the following SDE:

t
zpv =zt [ pu(zemaw,
0

where z = s,(x) and
pu(x) = o(w) fo(x) = o(w) ((1 —a)l(z>0)+al(z<0)+ %1(3: = 0)) .

Then since X" has the density function p¥(x,-), using the change of variables theorem for
densities of random variables, we can obtain the density of Z;"" explicitly. This gives

P ra)) o ) PEa()ra()

1o o u < 0).

Py, (2,u) =

Therefore, choosing w = r,(u) on the “backward parametrix method”, we can also get a parametrix
expansion for Z.

11



4.1 Some auxiliary estimates

In this section, we introduce some key estimates (Lemmas 4.4 and 4.5) in order to construct a
parametrix expansion for the skew diffusion (1).

We define ®(¢,z,y) := (L — LY)¢Y(z) and p(t,z,y) = ¢(x) := p{(x,y). Here, we need to
explain why we need to use these three notations for the same mathematical object: The first
D(t, z,y) is used to make clear how the time-space convolutions are taken. For more on this, see
Section 5. The second is used in order to know to which variable the derivative operators are
acting on. Finally, the third is used in order to note that the density is just a variant of the skew
Brownian motion density.

Lemma 4.3. Let a € (0,1). Then ¢} € D(«a) for any (t,y) € (0,00) x R.

The proof of the above statement follows directly from Proposition 4.1. Moreover the function
¢} satisfies the following Gaussian estimate.

Lemma 4.4. Under Assumption 2.1, there exist positive constants C and c¢ such that for any
z,y e Rt >0,

¢} (x) < Cyily — ).

Proof. Since o is bounded and uniformly elliptic, there exist positive constants C' and ¢ such that

Cyi(y) if v =0,
oY (z) << Cyi(y — o) ify<O0<zorz<0<Ly,
Clgily—x)+gi(y+x) ify>0,z>00ry<0,z<O0.

If the signs of y and x are the same, we have ¢ (y + ) < gf(y — «), hence the proof is finished. [

We now give the essential estimate that will be used in order to prove the convergence of the
parametrix method.

Lemma 4.5. Under Assumption 2.1, there exist positive constants Cp = C(1 +T(1="/2) and ¢
such that for any z,y € Rg, ¢ > 0,

Cr
|(b(taxay)| < tl_n/ggt (yix)

Proof. We first compute the action of the operators on the function ¢7 explicitly. As before, we
need to separate the study in various cases:

Case 1: If x,y > 0, then
(L = £9)6} (@) =b(a) (~Hi(y = @, ta(y))gi " (y = 2) + (20 = DHi(y + 2, ta(y))g; " (y + 2))
4 D) (1, taf))f ) (0 — ) + By + . ta(9) 20— 1 (4 7))

2
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Case 2: If z > 0 > y, then

(L t(0) =201 - ) (=b(a) sy — . tat) + ST D sy~ .t £ (- ).

Case 3: If x < 0 < y, then

(L - t(0) =20 (<o)~ o talu)) + DT D by s tal) ) 6 0 - o),

Case 4: If z,y < 0, then

(L = 26} (2) =bx) (—Hily — 2. ta(y))g; " (y = 2) + (1 = 20) H(y + 2. ta(y))g; ) (y + 2))

, al@) —ay)

T (Haly = @, ta(y))gi™ (y = @) + Haly + 2, ta(y)(1 - 20)g; (y + 2))

As all the cases follow similarly, we only consider the case z,y > 0.

From Assumption 2.1 and the inequality |x|pe’qm2 < (p/(2qe))?/? for any p,q > 0 and = € R,
we have

(L~ LY (@) < (6 (0 — ) + 5 (y )

, Cla(a) — aly)

; (9f (y—2) +g; (y+x)).

Note that for z,y > 0, we have g§ (y + ) < gf (y — x). Hence, using the Hélder continuity of a
and t > 0, we have

C‘.’E — y|77 c

C
(L — LY)] ()| < a7l (y =)+ i (y— )

IN

Cr .
mgt (y—z).

This concludes the proof. O

5 Parametrix for skew diffusion

In this section, we prove the existence of the density of the skew diffusion (1), using the parametrix
method for the semigroup P.

We first define the following time-space convolutions ® for functions f,g: [0,00) X Rx R — R
and time dependent operators A and B

t
f®g(taxay) ::/0 dS/Rdzf(s,:v,z)g(t—&z,yL

(Ao B).f ::/O A By, fds.

13



We denote f®! = f, f®F = f® f®* =1 and f® ¢®° = f and similarly for the time convolution of
operators. That is, A% = Ao A°=D for k € N.

Now we introduce the following operators for f € L*°(R) and y € Ry,
Quf) = (P ) = [ F@wtede = [ @tz
S, f(y /f WL — LY)¢! (x dx—/f O(t, z,y)d

(SO"L o)
Qto (

:/f(x)]?@@(’a"(t,x,y)dx.
R

Qe fly), ifn>1,
) if n =0,

i) =

Moreover, we define Ito (yo,y1) == pi2 (Y1, y0) and for n > 1,

I (Y0, Yn+1) =D ® D" (o, Ynt1, Yo)

to tn_1 n—1
=/ dty -- / din [ dyr--dyn [T @t = tirr, vivr, P8 Y1, 9n)-

0 0 R® o

Furthermore, we define the adjoint operators for x € Ry and f € L>(R):
/f ptxydy—/f p(t, z,y)dy,

/f (L— L") (x dy—/f B(t,2,y)dy,

() () :—{ ch ((39*)°">0f(x), ﬁﬁié

- /R F@)P ® 8% (to, 2, y)dy.

We will extend the definition of Q;‘ f(z) at = 0 by continuity. Under Assumption 2.1 and using
Lemmas 4.5 and 4.4, there exists a positive constant C' such that for any f € L>®(R),

iggmax{tl_"”\ls'tf\loo,tl_”/2\|52‘f|loo, 1QeSlloe: 1@ fllso} < Ol flloe- (12)

Therefore S;f, S; f, Qif and Q; f are well defined. Now, we will prove that I (f), 1;"*(f) and
Ity (40, Yny1) are well-defined. Indeed, from (12) and Lemma 4.5,

n—1 n—1
Cr 1
Sty | Qe f <foo 175 = Crllflle || 777>
H(H ti—t > t || H g(tifti-}-l)lin/Q T|| H g(tifti—i-l)lin/Q

14



hence f[f)(f)(y) is well defined due to Lemma 8.1. In fact,

- ) )
ZNQWWW<Z¥wNMAdH“A

[e'e] n—1
=[1flle d_ta PR T BO +in/2,n/2)
n=0

dty, —_—
pr b )10/

=0
_ o (,(1-n/2) L
_||f||ooT§(tO " CTF(n/2)) T(1+ nn/2)

= |IfllocByyor (ty " P CrT(1/2)) < 0.

So >, ft’:; (9)(y) converges absolutely and uniformly for (¢,y) € (0,7] x R. Due to a similar
argument, we have

0 n—1
) 3 1
: ot <o T — 3
@ (i—nl " tl_l) ! . HI7l g (t; — tigq) =1/ (13)
So f;’)*(f)(x) is well defined and
S]] <o "
n=0

From here, we conclude that $°°  I"*(f)(z) converges absolutely and uniformly for (t,z) €
(0,77 x R.

Now we state our main results for the parametrix expansion of skew diffusions.

Theorem 5.1. Suppose that Assumption 2.1 holds and that the drift coefficient b is continuous.
Define

[e'S)
pT(xay) = ZI%(y7J;)7 HARS Rvy S IRO-
n=0

Then pr(z,y) converges absolutely and uniformly for z € R,y € Ry and it is continuous at any
x € R, and it has Gaussian upper bounds. That is, there exists positive constants C' and ¢ such
that for any z € R, y € Rg

pr(z,y) < By (C(V T)B3=2/2) g8 (y — ).

Moreover, for any bounded measurable function f and z € R,
B (Xr(@)) = X1 ((@) = [ fwpr(a.)ds (15)
n=0

Therefore, pr(x,-) is the probability density function of X¢(x) for any (T, z) € (0,00) x R.

15



Proof. The idea of the proof requires two steps: In the first step, done in Proposition 5.2, we use
the parametrix method for the semigroup associated to X. We first prove that (15) holds for any
f € C°(R) and almost every & € Rg. So pr(x,-) is the density function of Xp(z) for almost every
x € Ro.

This weakness in the argument is due to the duality that is used in order to apply the backward
parametrix method. For more details, see the proof of Proposition 5.2.

In the second step, done in Proposition 5.3, using the continuity of flows of X;(-) and the
continuity of pr(-,y), we will obtain the density of X;(x) for all x € R.

As a consequence, we also get similar results for Z;(z) in Corollary 5.6. O

Proposition 5.2. Assume that Assumption 2.1 holds and that the drift coeflicient b is a continuous
function. Then for any f € C2°(R), o2 177" (f)(z) converges absolutely and uniformly for z € Ry
and the following expansion holds:

E[f(Xr(2))] =) 177 (H)(@), ae. € Ro.

Proposition 5.3. Assume that Assumption 2.1 holds and that the drift coefficient b is a continuous
function. Then pr(z,y) converges absolutely and uniformly for z,y € Rg and is continuous at any
r € R, and it has a Gaussian upper bound. That is, there exists positive constants C' and ¢ such
that

pr(,y) < By (COLV T)E2072) gh (y — ).
Furthermore the density of Xp(z) is given by pr(z,-) for all x € R.

We first prove the following continuity lemma.

Lemma 5.4. Let f be a bounded and continuous function on R. Then for any x € R, we have

lim Q;f(z) = lim /f )oY (z)dy = f(x).

t—0+4 t—0+4

Proof. We first consider (t,z) € [0,T] x Ry. Then we have

- / F ()Y (z)dy
R

0 oo
- / F0)Y (2)dyL so0)() + / F@)S! (@)dyL oo 0)(2)

0 0
[ st@ditos @)+ [ @) @y (@
. 0
=:J; (t7 .T) + Jg(t, {L‘) + J3(t, (E) + J4(t, .’E)
First, we consider the limit of J;(¢,z). From the definition of ¢Y(z) = p{(z,y), we have

Jl(t,x) =
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0 0
- / F@)g ™ (y — 2) dyL oo y(x) + (1 — 2a) / F@) (g + 2) dyl oo ()
:ZJl)l(t, .’E) + Jl’z(t, CU)

By a similar proof of Theorem 1 of [6], lim; 0 J1,1(¢, 2) = f(2)1(—x,0)(7). Since o is bounded and
uniformly elliptic, using the change of variables z = (y + x)/v/t, we have
0 Vi
Ta(t.) < Ol [ 9800+ 0100 = Cllf e | G5 () =0, a5t 0+
—00

— 00

So we conclude Jyi(t,z) 4+ Jo(t,z) — f(2)l(_0)(x) as t — 0+. In the same way, Js(t,z) +
Ju(t,x) = f(2)1(0,00)(x). Therefore, we have lim; o Qi f(x) = f(x) for any z € Ro.

In a similar fashion, one deals with the particular case x = 0. O
Proof of Proposition 5.2. Let to =T and x # 0. We first prove that

O (P Pp2 )t (x) = Pi(L — L)y (%) (16)

Since X7 is a time homogeneous Markov process, by the Chapman-Kolmogorov equation, we have

P} (x / Z(y)pi (z,y)dy = / PE(y, 2)pi (v, y)dy = pZyy(2, 2) = o244 (). (17)

From equation (17), using Lemma 4.3 and (9), we have for x # 0,

O PPyl )oY () =(0uPy) P 6% () — PO Py 67 ()
:(3tPt)¢%1_t+s(l’) - PtLyl qul_téﬁgl (x)
:Pt(L - Ly1)¢%1_t+5(1’)7
which gives (16).

We will now consider an argument by duality. Therefore we need to introduce the following
inner product notation (f,g) := fR x)dx, for two measurable functions f,g : R — R such
that fg € L'(R).

Fix for the moment, f,g € C°(R). Using (16), we have

/ dyrf (1) (g, Pr¥t) — (g, PL V1)) = / dy f () / dzg(z) (Pr — PX) ¢¥' ()
R R R
- / dyf (1) / dzg(z) / a0, (PP )P (x)

/ dyn f (o / dagla) | P (L - LMot 0) (@)
(18)
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Now we consider the limit of both sides of (18). From Lemma 4.5

/dxlg(x)\Pt </ dy|f (y2)| [(L — L") t+s()|> ()

c 50
<(T—tT—||—fl|1 n/2/d:v|g )IE (/ dyr (97— ¢4- ( _))> ()

_ Onllflle Crl|flloollgll s
_(Tt+5)1n/Q/Rdx|g(x)|Pt1R(x)< (T —t)i-n/z

Since 1 —n/2 € [1/2,1), the above expression is integrable on [0, T] and by the dominated conver-
gence theorem, the right hand side of (18) converges to

lim Tdt/Rdwg(x)Pt (/Rdylf(yl)(L L) p_ t+e()> ()

e—0 Jo

-/ "t [ass@r, ([ s -27)62,0)) @) (19)

Next, we consider the left hand side of (18). We define P;(z, A) := P(X;(z) € A) for any A € B(R)
and t > 0. Then from Fubini’s theorem, Lemma 5.4, (12) and dominated convergence theorem, we
have

tiy [ ), Prot )y = lin / dyn £ (31) / dzg(z) Prot (z)
—hm/dylf Y1 /da:g /PT x, dw)e?t (w) = hm/dwg /PT(x,dw)Q:f(w)
~tin [ g@)PrQ:fa)de = [ g(@)Pri()dz = (Pr1.g) (20)
R R

Finally, we consider the second term on the left hand side of (18). Before doing that note that

lim (P2, ) g(z) = lim | g(z)p¥).(z,2)dz.

e—0 e—0 R

Therefore using Lemma 4.4 and the dominated convergence theorem we have that for any x € Ry,
lim. (P}, .)*g(x) = (P{)*g(z). Applying this result, we obtain

tim | f(n)(a. PP o2y, = Jim / T (PR g 621 Yy
~ lim / i) [ do(PE) o) @) = iy [ Fn) (P2 (PF) g(n)dn
= lim Rf(yl)(P%lg)*g(yl)dy1 = (@11, 9)- (21)
Therefore from (18), (19), (20) and (21), we conclude

(Prf.g) =(O3f. ) /dt [asa@r ([ ansoe-me0) @
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—(O3f.9) / dt / dzg(z / Py(z, dys) / dyr £ (y1) (L — L6 (1)
(it ) / dt / dzg(z / Py, dy) S f (32)
(O3 f.0) + / it [ deg(@)PSi (@)

T
(Ot g) + / (9, PS5 fdt. (22)

Note that, by taking an appropriate sequence of smooth bounded functions, one can claim that
the equation (22) holds for any f € L°(R) and g € C°(R).

Hence by replacing f by S’;_t f in the equation (22) and iterating, we have
R N-—1 to tno1 R R R
(Prf.g)=(Qrf.9)+ ) / dty - / At (Q5, S0, st St )
n=1"0 0

to tN—1 A
+/ dtl/ dtN(‘PtNSZKN —tn .S:O,t1f7g>.
0 0

Now, we apply Fubini’s theorem in order to exchange time and space integrals which is assured
by the hypothesis that f € C°(R) and the estimates in Lemma 4.5, so that

2

(Prf,g) =(Qpf,9)+ > ((Q 0 (5)°™)ef,9) + (RN (f). 9),

n=1

where

Y@ = (Po (3N = [ dte [T RSy, S0

0

(=)

From (13) and Lemma 8.1 with a =1 — /2 and b = 0, we have

to tnN—1
RY(Plle <CF dty--- dtn w%O,asN—)oo.
[ Ry, T

0 0

(t; — tipq)t—1/2
Hence we have
(RN (£), 9] < 1IRY (H)llsellgllzr — 0, as N — oo.

Therefore, using (14), we get the infinite sum expansion

(Prf,g),=(Q7f,9) + > _(Q 0 ()™ )i [, 9)
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=<Zf?’*(f),g>~
n=0

o0
Prf= Zf;*(f), a.e. x € Ry.

This implies that

This concludes the statement. O

Proof of Proposition 5.3. We first prove that pr(x,y) is well defined. Let yg =y, to = T. Define
for z € R and y € Ry,

Ktrf) (ya IE) =p® |(I)|®n(t03 z, y)
Then from Lemma 4.5 and 4.4, we have

to tn_1 n—1 C
T < YT e N c _
Kto (y,r) < /0 dty /0 dt, /R" dyy -+ - dyn g) (t; — ti+1)1_n/2 Jti—tisa (Yi — Yir1) 9t, (Yn — ).

By the Chapman-Kolmogorov property, we get

R to tn—1
R < Cp [ i [ e, H Tt ). (23)

Since 1 — /2 € [1/2,1), we have

tn—1 1 n
(1-n/2) n

= (“ e r(n/2>)
Z I'(1+4nn/2)

< En/2,1(to R CrI(5/2) < 0o
Therefore, pr(z,y) is well defined and (23) gives

pr(e,y) < Eypi(CLVT)P20/2))gh(y — 2).

Since for any n > 0 and f € C°(R), I ( = [o ()1} (y, z)dy is satisfied we obtain that
Prfa) =3 I3 (f) Z/ FO )y = [ Sy, ac. a € Ro

which implies that pr(x,y) is a density of Xr(z) for almost every x € Ro. As p{"(z,yn) is
continuous at z € R (see Proposition 4.1), then pr(z,y) is also continuous for z € R.
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Moreover, the law of Xr(z) is absolutely continuous with respect to the Lebesgue measure
and for almost every x € Ry, pr(x,-) is its corresponding probability density function. Therefore,
we conclude that for any bounded measurable function f,

o0

Elf(Xr(@)] = 3 B3 (f) (@) = / F@)pr(z,y)dy, ac. =€ Ry.

n=0

Next, we use Proposition 2.7 which gives the continuity of E[f(Xr(x))] with respect to € R and
f € C*(R) and then finally leads to the conclusion. O

By using appropriate approximation arguments, we can extend the statement of Theorem 5.1
for bounded measurable drift coefficients.

Corollary 5.5. Under Assumption 2.1, all the statements of Theorem 5.1 hold.

Proof. By Theorem 174 of Kestelman [10], page 111, there exists a sequence of continuous functions
(bn)nen such that

lim by =b, ae., (24)
N—o00
Sup [[bn|loo < [18]|oo- (25)
NEN

Let X(V) = (X§N>)t20 be the unique weak solution to the following SDE
t t
xM =g +/ bN(X§N>)ds+/ (XN dW, + (2a — DLAXDN)), ¢ > 0,0 € (0,1).
0 0

Let T' > 0. We first prove that there exists a subsequence (X;N’“)) ken of the sequence (X(TN)) NeN
such that for any f € C>°(R),

Jlim E[f(X5")] = E[f(X7)). (26)

Let Z; := so(X;) and Zt(N) = Sa (Xt(N))7 t € [0,7]. Note that from Lemma 2.7, the drift coefficients
of Z and Z") are bounded measurable functions and the diffusion coefficient p(2) = fo(2)0(ra(2))
of Z and ZW) is a bounded, uniformly elliptic function. The proof of Theorem 2 of Krylov [11]

shows that there exists a subsequence (Z;Nk)) ken of the sequence (ZéN)) ~Nen such that
lim E[|Z") — z7)2] = o.
k—o0

Since r, is a Lipschitz continuous function, by using Jensen’s inequality, it holds that

E[f (X)) — E[f(X7)]| < [1f || E| X5 — Xr 2?2 < CE[|ZE — 2022 = 0,

21



as k — oo for some constant C'. This implies (26).
Let p(TN) (x,-) be the density function of X(TN). Then from Theorem 5.1, it holds that

(N) ZI,IN Y, T 7xER7yER07 (27)
P (2, y) < Epyaa(C(LV T)C=20/2) e (y — 1), (28)

Here ftOO’N(yo,yl) = p?(? (y1,%0) and for n > 1,
fﬁj"N(yo-, Ynt1) =D ® P (to, Yn+1,Y0)
n—1

Lo lp—1
=/ dty - / dtn/ dyy - dyn [ @n (8 = tiva, Gir, 4L (Wns1, ),
0 0 0

Oy (t,z,y) := (Ly — LY)¢{(x) and Ly is the differentiable operator defined on (8) with drift
coefficient by. Note that from (25), the constants C' and ¢ in (28) do not depend on N. From (24)
and (28), by using dominated convergence theorem, we have

prte) = i (5 = 3 i BV 0) = 3 B £ € Ry € Ro
n=0
This fact and the equation (26) imply that pr(z,-) is the density function of Xr. O

Now, due to the functional relation between X and Z, we can also present similar results for
the density of Z.

Corollary 5.6. Suppose that Assumption 2.1 holds. Let Zp(2) := s4(Xr(z)) where z = s,(z).
Then Zy = Zp(z) has the probability density function, pz.(z,-) for any z € Ry, and its given by

pr(ra(2),7a(u)) 1(u>0) + pr(ra(2),7a(u))

1 .
s o (u<0)

Pz (2,u) =

Moreover pz,(z,-) satisfies the following Gaussian upper bound:

1

1
Pz (2, 1) < max { —a a} E,21(C(1V T)(3 277)/2)) (u—2z).

for some C, ¢ > 0.

Proof. We prove that pz, (z, -) is the density function of Zr(z) for every z € R. For any f € C°(R),
by the change of variables u = s,(y) we have for every z € R,

E[f(Zr(2))] =E[f (sa(Xr(2)))]
il

Sy 1-a

= / fw)pz, (z,u)du
R

0 u
prira@)radu+ [ Ty @), vy

— 00

22



Therefore, pz,(z,-) is the density function of Zp(z) for all z € R. Now we prove the Gaussian
upper bound for pz,.(z,-). From Proposition 5.3, we have for some C, ¢ > 0,

1 1 —2n c
pzaei) < max{ o 2By s (COV TS0 2)g8 (o) — 1)
g7 (u—2), if z,u >0,
1 1 _ F((l—au—az), ifz>0>u
< - (3—2m)/2 ar ) 5
max{l—a’a}E"/Q’l(C(l\/T) ) 95 (au— (1 —a)z), ifz<0<u,
g5 (u—2z2), if z,u < 0.

Let z > 0> u. If a/(1 —a) > 1, then —3=2%=22 > > _ 4 > 0 and if a/(1 — a) < 1, then

-«
_Uzouzaz o o 4> 0. Let 2 < 0 < u. Ifoz/(l—a)ZLthen%l;a)zzu_z>0andif

[e%

a/(1 —a) < 1, then W > u — z > 0. Therefore, we obtain that

pza(ei) < max{ o 2 Byaa(COV )20 (u - 2),

—a’ «

which concludes the statement. O

6 Regularity of the density for a skew diffusion

In this section, we prove that x — pr(z,y) is differentiable function on Ry.

Theorem 6.1. Suppose Assumption 2.1 holds. For any y € R, pr(z,y) is differentiable with
respect to x € Ry and we have

o0

Ozpr(,Y) 26 Ito Y, Z(@wﬁ) ® O (tg, 7,y)
n=0

where tg = T. Moreover, we have

Ey21/2(C(1V T)'+n/2)
T1/2

|07 (2,9)| < g7 (y — ) (29)

and for any x,y € Rg, we have

Proof of Theorem 6.1. We first prove that for yg := v,

R to tn—1 n—1
amItT(l) (ya SU) = / dtl T / dtn / dyl T dyn H (I)(tz - tiJrlv Yi+1, yi)axp%: (.’E, yn) (31)
0 0 " i=0

For any z,y € Ry,

—Hy(y — z,ta(y)gi ™ (y — ) + 20 = V) Hi(y + z,ta(y))g¢"” (y + ), ifz,y >0,
21 -a)Hi(y—= ta(y))g a(v) (y —x), ife>0>y,
—2aH,(y — x,taly))g; Y (y — ), itr <0<y,
—Hi(y — ,ta(y)gi™ (y — 2) + (1 — 20) Hi(y + z, ta(y)) g™ (y + ), if 2,y < 0.

Oupi (x,y) =
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Therefore, from |x|pe_qf’32 < (p/(2qe))?/? for any p,q > 0 and = € R, we have for any z,y € Ry,

c .
102pt (@, y)| < 7790 (y — ).

As in the proof of Proposition 5.3, from Lemma 4.4 and Chapman-Kolmogorov’s equation, we have

n—1

to n—1
/ dty-- / dty, / dy - dyn H |D(t; — tit1, i1, ¥i)|102PL) (2, Y )|
0
to tn—1 n—l C C
< dty - - dt,, dyy -+~ dy,, < e = Yin1) —= S (yn —
f/o 1 /0 /Rn Y1 Y 11—[ (t: — tiH)l,n/ggtftlﬂ (Yi — Yit+1) t}/ggtn (y x)

to tno1 )
’ 0 ! 0 H t _terl 1 (£ — t:,1)1-1/2 1/2gto (y )

Cntt" 2 (n/2)T(1/2)
_ Gt (n/2)L'(1/ )gt,0 (0 — ) < 00,
ty' " T(1/2 + nn/2)

where we used Lemma 8.1 with b = —1/2 and @ = 1 — 1/2 in the last equation. Hence the, right
hand side of (31) is well defined. Then from the dominated convergence theorem, we obtain (31)
and

. oty (n/2)  T(1/2)
|azIto (y,x)l < (1)/2 F(1/2 + ’I’L'I’]/z

)gtco (yo — ) < oo.
Therefore,
sup |8mfg(l)(y,x)| < 0.
n=0 z,y€Ro

From here, we conclude the first two statements of the Theorem. Finally, since for any y € Ry and
t >0, p{(-,y) € D(«), then one obtains (30). O

From Theorem 6.1, we have the following gradient estimate for the semigroup.

Corollary 6.2. Suppose Assumption 2.1 holds. We assume that f is a measurable function such
that [, |f(y)]g%(y — x)dy < oo for any ¢ > 0. Then E[f(X7(x))] is differentiable with respect to
r € Ry and it holds that

0. Prf(a /f Dupr (@, y)dy.

Proof. For x € Ry and h € (—1,1) with x £ h # 0, it follows from the mean value theorem and the
upper bound for d,pr(x,y) in (29) that

lpr(z + h,y) — pr(z,y)| = Lpr (2 + 0h, y)do
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(y—z—h6)?

< |h|E77/271/2(C(1\/T)1+77/2) /1 e~ 2¢cT a0
o T1/2 0 27T ’
Using the inequality (@ — b)? > a?/2 — b?, we have
(y 1)2
pria-+hy) = pr(ey) | _ Byyoap(COVT)H0/2) o5
h - T1/2 onT
Therefore, from the dominated convergence theorem, we have
. E[f(Xr(z+ h)] —E[f r(z+ h,y) — pr(z,y)
e e e N R
which concludes the statement. O

Theorem 6.3. Suppose that Assumption 2.1 holds. Let Z(z) be the solution to SDE (7). For
any (z,u) € Ry X R, pz,.(z,u) is differentiable as a function of z € Ry and we have

1(u > 0) n 1(u < 0)

/(1 - a)ra) ). itz>o.

0:pzr (2,u) = 11 1(u > 0) 11@a< 0) .
—0ppr(2/a, o (u)) ( = + > , if z < 0.
« 1l -« «

As a consequence of the above result and 29 one can obtain a similar result as Corollary 5.6.

7 Probabilistic representation

In this section, we introduce a probabilistic representation of the density function of the skew
diffusion Xp(z) and E[f (X7 (z))].

We first define the following counting process.

Definition 7.1. Let R; := >.°2  1(7,, < t) where (7, — T,_1)nen With 79 = 0 are independent

n=1
and identically distributed random variables with density function ¢. Then R = (R;);>¢ is called

the counting process with jump times (7, )nen-

Remark 7.2. Usual choices for the density function ¢ are: ((f) = Ae 1 o) (t) then, R =
(R¢)¢>0 is a Poisson process with parameter A > 0. Another choice is {(t) == 41 o7)(t) where
A= (1-p)/(2T)}? and 3 € (0,1). For more on this, see Andersson and Kohatsu [1].

Lemma 7.3. Let R = (R;):>0 be the counting process with jumps times (7,,)nen. Then for any
t > 0, n € N and any measurable bounded function V,, : R — R,

Rt—n V(Tlv 'an)}

n—1

/ dsn/ dsp_ 1/0 dsan(sl,...,sn)(l—Fg(t—sn))E}((siH—si),
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where F¢(x f ¢(y)dy and sy = 0. In particular, if R is a Poisson process with parameter
A >0, then we have

t Sn S2
E[L(R: = n)Vp(T1,..., )] = A”e‘”/ dsn/ dsp—_1 -+ / ds1 V(81,5 8n)-
0 0 0

Proof. We first prove by induction that the joint probability density function of (r1,...,7,) is
given by

n—1

H C(Si-l-l — Si)l(o <85 < < Sn) (32)

If n = 1, the statement holds by the definition of . Assume that (32) holds for » > 1. Then since
Tn+1 — Tn is independent from 7;, for any ¢ = 1, ..., n, we have for any z1, ..., zp41 > 0,

P(r1 < Z1y.oyTng1 < Tpt1) = P(Tl <XlyeeyTn 4+ (Tag1 — Tn) < Tng1)

:/ dsy -+ / dsn/ dtn+1 H C Sit1 — (0 <5 <0 < sn)C(th)l(sn T+l < {,Cn+1)
0

T1 Tn41
:/ dsy-- / dsn41 H C(sig1 — i),
0 0 i=0

where in the last equation we use the change of variable s,+1 = s, + t,+1. Hence (32) holds for
any n € N.

From (32) and the Fubini theorem, we have

E[L(R: = n)Vp (71, ..o, T)] = E[L(7n <t < Tpy1)P(71, .., Th)]

/ d3n+1/ dsn/ dsp_1 - / dsan(sl,...,sn)HC(sHl—si)

i=0
/ dsn/ dsp_1- / dsl/ ds$n+1C(Snt1 — Sn)Vn(s1,...,s HC Sit1 —
. s, 59 n—1
:/ dsn/ dsnfl.../ dsiVa(s1, -, 50) (1 = Fe(t — s2)) [T Csi11 — s2),
0 0 0 i=0
which concludes the proof of Lemma 7.3. O

Let ¢f () be a strictly positive density function of a time-homogeneous Markov process Y;*
with Y§ = z. We define a function 0;(z, z) as

(0.2) L= L)) i and 2 20,

O¢(z, 2

= ©i ()
0 if x or z=0.
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Note that when a = 1/2 and ¢} (x) := ¢F (), i.e., the diffusion case, it holds that

0:(x, 2)¢7 (x) = (L — L7)of ().

However, in the general skew diffusion case, this kind of property does not hold.

Let mo = (83 AT)sen with 0 =: 59 < 81 < -+ < 8, < ---. Suppose that for any partition 7
there exists a time continuous Markov chain Y*™ (y,) such that

Y5 (y0) = vo,

* 7T *, 7T i 33
P(Y;2™ (yo) € dyis1|Yeo™ (vo) = yi) = ¥ .., Wit1)dyis1- (33)

Let yo := y and to := T. From the definition of pr(z,y) and using the change of variables
Sp = to — ty,, we have

o0 to Sn So
Dt (2, Y) :Z/o dsn/o dsn_1-~-/0 ds1hn(S1y. -, Sn, Y, T). (34)
n=0

Here,

n—1

hn(sla e Sy Y, .%') = / dyl e dyn H é3i+1*8i (yi+17 yi)@iﬁrsi (yi+1)pij(?fsn (.’1?7 yn)
" i=0

Then from Lemmas 4.4, 4.5 and the Chapman-Kolmogorov’s equation, we have

n—1 C
Bn(s1, ..y Snsy, 1) < r
onfor 78ny$)|7H (Si+1— 8i

)17,,7/29?0 (y - l') N
=0

This gives the needed integrability properties for the convergence of the sum (34). In the proba-
bilistic representation to follow this condition will imply the L!(£2)-integrability of the probabilistic
representation.

Theorem 7.4. Assume that Assumption 2.1 holds. Let R = (R;);>0 be the counting process with
jump times 7 := (7, )nen independent of (Y*™), . Let f : R — R and define D := supp f C R.
Also, let Z be a D-valued random variable independent of R and (Y*7™), . Assume that g is the
density function for Z such that g > 0 on D. Suppose that [, |f(y)|g5(y)dy < oo for any ¢ > 0.

Then for every z € R, we have

Y7 (2) *, T -1 *, T *, T
f(2)pr?, (2, Y27 (Z)) RlT—[1 Ors1—m (Y20 (2), Y7 (Z))

@l = o T ra - L ((ries —72)

Here, 7r := 7R,.. Furthermore the density of Xt can be represented as

YETW) L y .
pr(z,y) = E prt, (2, Y5 (y) RIT_Il Or,r—r (YT (), Y™ ()
T (T, 1= F(T —7r) % C(Ti1 — 72)
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Proof. First, note that since the density pr(x,-) of Xr(z) satisfies a Gaussian upper bound then
using Young’s inequality, we get that E[|f(Xr(x))|] < oo.

We will obtain a representation formula for h,. For n = 1, since ¢¥° is a density function of
Y™ (yo), we have

mmwm=/@ﬂ%%M%mM&J%m@1
R

Y770 (y) 7 i *, 70
=E [pygte, (@ Y )06 (V™ (0),9)]

For n = 2, we have
ha(s1,82,y, /951 Y1,%0)0% (1 /952 s1 (W2, 1)l o ()i, (@, y2)dyo

X s 0 (Y) . o
= [ Bl ) 0B B O ) Vi WV 0) = ]

Ys*g)”o( ) *,70 N *,7T0 *,70 *,70
=E [pr,2, " (@, Y™ )0 (V™ (0):90) sy (V™ (1), Y2 ™ ()]

In the same way as in the case n = 2, we obtain that

Yo (y)

hn(s1,- - 5m00,) =E | p,) (2, Y H9s1+1 —s (Y (9), Y™ ()

Let R = (R:)t>0 be the counting process with jump times (7, )nen independent from Y*7™. From
Lemma 7.3, we get for every z € R

0 to Sn s2 n—1
pole) =3 [ s [ s [T dsiVitonsnpa) (- B = s) T 6o - 50
n=0"v0 0 0 =0

where
hn AR ] n»y )
Vn(sla'“asn,yvx) = (81 tjlfly x) :
(1= Fe(T = sn)) [ Tizo C(siv1 — si)
Therefore, we have
ZE RT_n (Tl,---;Tn,% ZE RT—TL (7—17"')7—7’Hy7x)]

:E[VRT(H,.-.,TT,% z)]

Yo () - -15 wm xm
_g |Pree (YR (W) Rﬁl Or - (Y77 (9), Y7 (y)
].—Fg(T—TT) i—0 C(Ti+1 —Ti)

Since Xr(x) has a density pr(z,-) and Z is independent from R and Y*7, we have

fy) f(2)

Bl e = [ L greas = [ LD pr(0,2)
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i i Y,,_*‘W(y) *,70 -1 5 *, T *,7T
g | £ | o @5 0) " s 055 ). Y7 0)
9(%) L=F(T—71r) C(Tiyr — i) vz
i i Yo" (2) *, T -1 *, 0 *, 7T
—]E f(Z)E ij/'rT (x7Yqu (Z)) RIT_II 97’11+1—7'1: (Yn;rl (Z)aYn7 (Z)) O'(Z)
9(%) L= F(T=7r) 5 ¢(Titr — i)
This implies the statement. 0

For example, if we choose ((t) = /\e*Atl[om)(t) , then we have

Rr—1
— Y7 () *, T 2 *, T *, T
pr(z,y) = TE N rp @, YT W) [ Orps o V2T (), Y5 (y))} :
i=0
We also have the following probabilistic representation for the derivative of the density of Xrp.

Theorem 7.5. Assume that Assumption 2.1 holds. Let R = (R;)+>0 be the counting process with
7 := (Tn)nen independent of (Y*7), . Then for any x € Ry,

YT (y) o 4 oA o o
o » (JJ y) _E &cpT_TTT (x,Yqu (y)) RlT_Il 97’i+1*ﬂ (Y’Fi:rl (y)’YTi, (y))
T\ Ly —
1= F(T =) =0 C(Tig1 —7i)

Moreover, if we assume the same hypothesis as in Theorem 7.4 then we have the following proba-
bilistic representation:

Y2 (y) Rr—1 j
_ f(Z) aﬂprj‘l'qw (xv Y:q:ﬂ—(y)) c 97—i+1—7i (Y-;:fl (y)7 Y:jﬂ(y))
O E[f(Xr(z))] =E "D 1T ) ll o

In the same way the following probabilistic representation for the density of Z; holds.

Theorem 7.6. Assume that Assumption 2.1 holds and also the same hypothesis as in Theorem
7.4. Then for any x € Ry,
Y77 (ra(u)) - Rr—1
pry,(ra(2), Y7 (ra(u)) IT—[ i (
1-— Fc(T — TT) T

X(uuzm+1w<m>.

pzr(z,u) =E Yol (ra(w), Yo" (ra(u))

1=0

l-«a «
Example 7.1. One example of a Markov process Y? satisfying the assumptions in this section is
Y7 =24 o(2)W;
and its density is given by

_ (w—2)2
o(z 2
a(z) e 2to(2)

Pt (v) =gy ' (x —2) = 7m-
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In this case, the Markov chain Y*™(yq) is given by

Y5 ™ (yo) = yo and Y™ (yo) = Y570 (yo) + o(YS ™ (50)) (W, — W, )
and we have the following cases:
Case 1: If z,y > 0,

0¢(z,y) =b(z) (—H1(y —xz,ta(y)) + (2a — 1)Hy (y + z, ta(y)) exp (— aQ(ZZ)/t>)

+ M (Hz(y — o ta(y)) + 2o — 1) Ha(y + 2, ta(y)) exp (_az(:zc/g)jt» '

Case 2: If t > 0>y,

o) =201 ) (=) = vtat) + Oy~ antaly) )

Case 3: If x <0<y,

O =2 (00— 2. ta() + U Dty a0l ).

Case 4: If x,y < 0,

0 (z,y) =b(x) (—H1(y —z,ta(y)) + (1 — 2a)Hy1(y + 2, ta(y)) exp (_ j(igt))

n M (Hy(y — z,ta(y)) + (1 — 20) Hy(y + @, ta(y))) .

8 Appendix

8.1 On some Beta type integral

Lemma 8.1. Let b > —1 and a € [0,1). Then for any ¢, > 0,

n—1

to - gt _ g)I(1 + b)
DY b ;T 1 _a: 0
/O dt, /0 dtaty, [T (15 = t351) TA+b+n—a)

=0

Proof. Let b > —1 and a € [0,1). Using the change of variables s = ut, we have

¢ 1
/ s(t —s)"%ds = th*“/ (1 —u) %u =t*T1*B(1 4+ b,1 - a),
0 0

where B(z,y) = fol t*=1(1 — ¢)¥~1! is the standard Beta function. Using this repeatedly, we obtain
the statement. O
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